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An analytical-numerical approach to solving the spatial problem of the theory of 

elasticity for a half-space rigidly coupled to a layer is proposed. In the half-space, 

parallel to its boundaries, there is an infinite circular cylindrical cavity. Both the 

layer and half-space are homogeneous isotropic materials, different from each 

other. It is necessary to investigate the stress-strain state of the elastic bodies of 

both the layer and half-space. On both the surface of the cavity and upper bound-

ary of the layer, stresses are given. On the flat surface of contact between the 

layer and half-space, conjugation conditions arise. The solution to the spatial 

problem of the elasticity theory is obtained by the generalized Fourier method 

with regard to both the system of Lamé equations in cylindrical coordinates asso-

ciated with the cavity and Cartesian coordinates associated with both the layer 

and half-space. The infinite systems of linear algebraic equations obtained as a 

result of satisfying both the boundary and conjugation conditions are solved by a 

reduction method. As a result, displacements and stresses are obtained at differ-

ent points of both the elastic layer and elastic half-space. The fulfillment of 

boundary conditions was reduced to 10
-4

 by using the selected reduction parame-

ter for the given geometric characteristics. An analysis of the stress-strain state of 

both the layer and half-space with the given physical and geometric parameters 

has been carried out. Graphs of stresses at the boundary between the layer and 

half-space, on the surface of the cavity and upper boundary of the layer, as well 

as on the bridge between the cavity and boundary of the half-space are presented. 

The indicated stress graphs show that the maximum stresses are concentrated 

both on the surface of the cylindrical cavity and surface of the half-space. The 

proposed method can be used to calculate parts and components, underground 

structures and communications, whose design schemes coincide with the purpose 

of this paper. The stress analysis presented above can be used to select geometric 

parameters at the design stage, and the stress graphs at the boundary between the 

layer and half-space, to analyze the coupling strength.  

Keywords: cylindrical cavity in a half-space, composite, Lamé equation, conjugation 

conditions, generalized Fourier method. 

Introduction 
When designing complex technical underground structures and communications, as well as parts and 

components made of composite materials containing cylindrical cavities, it is necessary to have an under-

standing of the stress state that arises in these elements. For this purpose, it is necessary to have a method of 

calculation that would allow us to obtain the result with the required accuracy. 

The most developed topic is the one where the cavity is located transversely to the boundaries of a 

plate or layer [1–4]. However, the methods, that the authors use, cannot be applied to the layer with a longi-

tudinal cavity or inclusion. For such cases, [5–7], based on the Fourier series decomposition method or the 

image method, consider the stationary problems of wave diffraction and stress value determination. 

For problems with multiple boundary surfaces, it is necessary to use the generalized Fourier method 

[8], which is the basis of this paper. 

On the basis of the generalized Fourier method, the problem for the half-space with a cylindrical 

cavity or inclusion is solved in [9–13], for the cylinder with cylindrical inclusions, in [14], for the layer with 

a cylindrical cavity or inclusion, in [15, 16], and for the layer with a longitudinal thick-walled tube, in [17]. 

The problem for the half-space with a longitudinal cylindrical cavity and a layer rigidly coupled to the 

half-space has not been studied before, but it can be found in the calculation schemes, and therefore it is relevant. 

                                                      
 Vitalii Yu. Miroshnikov, 2019 
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Problem Formulation 

In a homogeneous elastic half-space, there is a circular cy-

lindrical cavity of radius R. A layer is perfectly coupled to the half-

space boundary (Fig. 1). 

The cavity will be considered in the cylindrical coordinate 

system (ρ, φ, z), the layer, in the Cartesian coordinate system (x1, 

y1, z1), the half-space, in the Cartesian coordinate system (x2, y2, z2) 

combined with the cavity coordinate system. The boundaries of the 

layer are located at the distance y1=h1 and y1 =0, and the half-space, 

at the distance y2=h2, with h2>R. 

It is necessary to find a solution to the Lamé equation 
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Fig. 1. A half-space with a cylindrical 

cavity and a layer 

where j=1 corresponds to the layer and j=2, to the half-space. At the upper boundary of the layer y1=h1 and at 

the surface of the cavity ρ=R, are given the stresses 
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are known functions; 
( )k
je
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, j = 1, 2, 3 are the unit vectors of the Cartesian (k=1) and cylindrical (k=2) coordi-

nate systems. 

At the boundary between the layer and half-space, are given the conjugation conditions 
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modulus of elasticity of the layer (j=1) or the half-space (j=2).  

All the given vectors and functions will be considered to be rapidly decreasing to zero at long dis-

tances from the origin of coordinates along the z coordinate for the tube and along the x and z coordinates for 

the boundaries of the layer. 

Problem Solution 
Choose the basic solutions to the Lamé equation for the given coordinate systems in the form [8] 
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where m is a member of the Fourier series; σ is Poisson's ratio; ( )xIm , ( )xKm  are the modified Bessel func-

tions; mkmk SR ,, ,
rr

, k=1, 2, 3 are, respectively, the inner and outer solutions to the Lamé equation for the cyl-

inder, 
( ) ( )+−

kk uu
rr

,  are the solutions to the Lamé equation for the layer. 

We present the solution to the problem in the form 
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formulas (4); and the unknown functions ( )( )µλ,1
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~ 1
kH , ( )( )µλ,2

kH , and ( )λmkB ,  must be found from 

boundary conditions (1) and conjugation conditions (2) and (3). 

To relate the basic solutions in different coordinate systems, we use formulas [17]: 
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 are the unit vectors in the cylindrical coordinate system. 

To satisfy the boundary conditions at the upper boundary of the layer y1=h1, we find the stress for (5) 

and equate it to the given ( )zxFh ,0
r

 represented as the double Fourier integral. In this way, we get three equa-

tions (one for each projection) with six unknowns ( )( )µλ,1
kH , ( )( )µλ,

~ 1
kH .  
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To satisfy the conjugation conditions, we substitute expressions (5) and (6) into (2), using the for-

mula of transition from the basic solutions mkS ,

r
 for the cylinder to the basic solutions ( )−

ku
r

 for the layer (7). 

We carry out a similar operation for stresses (3). 

Having obtained a system of nine infinite equations, we express from them ( )( )µλ,1
kH , 

( )( )µλ,
~ 1

kH , 

and ( )( )µλ,2
kH  through ( )λmkB , . 

The determinant ∆ of this system has the form 
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where 
22 µ+λ=γ ; ( )γΦ  is a function that has a cumbersome appearance and, as a consequence, is omit-

ted. The study of ( )γΦ  showed that, for γ>0, it has only positive values and does not converge to zero, which 

is why the equation system has a single solution. 

To satisfy the boundary conditions on the surface of the cavity ρ=R, we, using the transition formulas 

from the solutions ( )+
ku
r

to the solutions mkR ,

r
 [17, formula (8)] rewrite the right part (6) in the cylindrical coor-

dinate system. For the obtained vector, we find the stress and equate it to the given ( )zFR ,0 ϕ
r

 represented by the 

integral and Fourier series. We substitute ( )( )µλ,2
kH  for the obtained relations through the functions ( )λmkB , . 

As a result, we obtain a set of three infinite systems of linear algebraic equations with respect to ( )λmkB , . 

These systems have the properties of equations of the second kind and, as a consequence, a reduction 

method can be applied to them [18]. The numerical studies have also shown that the determinant of the re-

duced system does not converge to zero at any m, for 0≤m≤12, and as a consequence, this system of equa-

tions has a single solution. 

Having obtained the values of the functions ( )λmkB , , we can find the values of the unknowns 

( )( )µλ,1
kH , ( )( )µλ,

~ 1
kH , ( )( )µλ,2

kH  which we have previously represented through ( )λmkB , . This will identify 

all unknown tasks. 

Numerical Studies of the Stress State  
The cylindrical cavity is located in the homogeneous isotropic half-space perfectly coupled to the 

homogeneous isotropic layer. The physical properties of the layer (concrete B30) are the following: Poisson's 

ratio σ1 = 0.16 and the modulus of elasticity E1=3,250 kN/cm
2
. The physical properties of the half space 

(aerated concrete) are the following: σ2=0.2, E2=160 kN/cm
2
. The radius of the cylindrical cavity R=10 cm. 

The thickness of the layer h1=10 cm. The distance from the half-space boundary to the center of the cylindri-

cal cavity h2=15 cm. 

At the upper boundary of the layer are given stresses from the action of technological equipment in 

the form of waves along the z axis and along the x axis, 
( )( ) ( ) ( ) 2222228 101010,

−−
+⋅+⋅−=σ xzzxh

y , 

( ) ( )
0=τ=τ h

yz
h
yx ; on the surface of the cylindrical cavity, the stresses 

( ) ( ) ( )
0=τ=τ=σ ρρϕρ

R
z

RR
. 

The accuracy of boundary conditions depends on the order of the system m and the distance between 

the boundary surfaces. For the proposed geometric characteristics, the accuracy of satisfying the boundary 

conditions on the surface of the layer, depending on m, is shown in Table 1. 

Table 1. Error in satisfying boundary conditions  

Results obtained, σy, kN/cm
2 

Surface for calculation Given 
m=4 m=6 m=8 m=10 m=12 

On the layer boundary 1 0.98398 0.98855 0.99536 0.99961 0.99991 

On the cavity boundary 0 0.00412 0.00062 0.00011 0.00004 10
-6 
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A finite system of equations of order m=12 was solved. The calculations of the integrals were per-

formed using Filon's quadrature formulas (for the functions having λλ
de

zi  and µµ
de

xi ) and Simpson's ones 

(for other functions). 

Fig. 2 shows the stresses (in kN/cm
2
) in the body of the half-space at z=0. Figure 2, a shows the 

stresses on the surface of the cylindrical cavity from φ=0 to φ=2π, and Fig. 2, b, on the bridge between the 

cylindrical cavity and the half-space boundary along the y axis. 

The maximum stresses ϕσ  occur on the cavity surface at φ=0.63 and φ=2.51 (Fig. 2, a). 

As far as the bridge is concerned (Fig. 2, b), the stresses ϕσ  and zσ  on the surface of the cavity are 

positive, and at the boundary of the half-space they converge to negative ones.  

Fig. 3 shows the stresses (in kN/cm
2
) at the upper (Fig. 3, a) and lower (Fig. 3, b) boundaries of the 

layer along the z axis in the plane x=0. 

With the given stresses yσ  (Fig. 3, a, line 1), the stresses xσ  and zσ  at the upper boundary of the 

half-space, at z=0, acquire almost identical values. Further along the z axis, the stresses gradually decrease. 

In addition, the stresses zσ  at ≥z 13 cm have positive values (Fig. 3, a, line 3). 

At the lower boundary of the layer (Fig. 3, b), the stresses xσ  and zσ  gradually decrease, acquiring 

only negative values. 

The stresses zσ  along the x-axis have almost the same appearance as along the z axis (Fig. 3, b, 

line 3). The stresses along the x axis, unlike the stresses along the z axis (Fig. 3, b, line 2), decrease some-

what faster. Because of the slight deviations of the stress graph along the z axis (Fig. 3, b) from the stress 

graph along the x axis, the latter is omitted. 
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Fig. 2. Stresses in the half-space body:  
a − on the cavity surface; b − on the bridge between the cavity and half-space boundary 

1 – ρσ ; 2 – ϕσ ; 3 – zσ  
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Fig. 3. Stresses in the layer body along the z-axis: 

a − at the upper boundary; b − at the lower boundary; 1 – yσ ; 2 – xσ ; 3 – zσ  
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Conclusions 

An analytical-numerical method for solving the spatial problem of the elasticity theory for the half-

space with a longitudinal cavity and a coupled elastic layer has been developed using the generalized Fourier 

method. The problem is reduced to a set of infinite systems of linear algebraic equations, which are solved 

by the method of reduction to a finite system. 

The graphs give a picture of the stress distribution at the upper surface of the layer, at the boundary 

between the layer and half-space, as well as on the cavity surface. 

The stresses xσ  and zσ  found at the boundary between the layer and half-space can be used to cal-

culate the coupling strength. 

Compared with [5–7], the proposed method allows us to obtain an exact solution to the problem in 

the spatial variant and, in comparison with [9–17], take into account the new boundary surfaces by adding to 

the boundary conditions the conditions of the layer and half-space coupling. 

The numerical analysis of the stress-strain state of the given composite shows: 

– the maximum stresses are concentrated both on the surface of the cylindrical cavity (Fig. 2, a) and 

on the surface of the half-space (Fig. 2, b); 

– the stresses zσ  on the surface of the layer have both positive and negative values. 

The numerical studies of the algebraic system for the given composite make it possible to state that 

its solution can be found with any degree of accuracy by the reduction method (Table 1). This is confirmed 

by the high accuracy of satisfying the boundary conditions. For the geometric parameters of the problem 

solved at m=12, the boundary conditions are satisfied with an accuracy of 10
-4

. As the order m of the system 

increases, the accuracy of the calculations will increase. 

To check for validation, the materials of the layer and half-space were considered to be the same. 

The combined material and geometric characteristics were adopted as in [10] and, further, in [11]. 

The comparative analysis of the stress state of the bridge between the cavity and half-space bound-

ary, at m=10, with the results in [10] is summarized in Table 2. 

Table 2. Comparative analysis of the results obtained with the results in [10] 

Results obtained, σy, kN/cm
2 

Data for comparison 
y=10 y=13.3 y=15 y=16,7 y=20 

Results from [10] -0.00047 -0.31152 -0.52902 -0.75062 -1.00080 

Results from this paper -0.00047 -0.31153 -0.52889 -0.75060 -1.00077 

Table 2 shows that the error in the results is at the level of calculation accuracy (table 1). The com-

parative analysis with [11] has similar results. 

Convergence with the known results and the high accuracy of boundary conditions testify to the reli-

ability of both the method and results obtained. 

One of the disadvantages is that the method does not allow us to solve problems when the bounda-

ries of a body touch or intersect. 

A further development of this area of research is possible with increasing the number of cylindrical 

cavities or calculating the problem with other boundary conditions. 
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Дослідження напруженого стану композиту у вигляді шару та півпростору з повздовжньою 

циліндричною порожниною, за заданих на граничних поверхнях напружень  

В. Ю. Мірошніков  

Харківський національний університет будівництва та архітектури,  
61002, Україна, м. Харків, вул. Сумська, 40  

Запропоновано аналітико-числовий підхід до розв’язання просторової задачі теорії пружності для півпрос-

тору, жорстко зчепленого з шаром. В півпросторі, паралельно його межам, розташована нескінченна кругова цилін-

дрична порожнина. Півпростір та шар – однорідні ізотропні матеріали, відмінні один від одного. Необхідно дослі-

дити напружено-деформований стан пружних тіл шару та півпростору. На поверхні порожнини та на верхній ме-

жі шару задані напруження. На плоскій поверхні контакту шару та півпростору виникають умови спряження. 



ДИНАМІКА ТА МІЦНІСТЬ МАШИН  

ISSN 0131–2928. Проблеми машинобудування, 2019, Т. 22, № 4 31 

Розв’язок просторової задачі теорії пружності отримано узагальненим методом Фур’є стосовно системи рівнянь 

Ламе в циліндричних координатах, пов’язаних із порожниною, та декартових координатах, пов’язаних із шаром та 

півпростором. Нескінченні системи лінійних алгебраїчних рівнянь, які отримані в результаті задовольняння гранич-

них умов та умов спряження, розв’язано методом зрізання. В результаті отримані переміщення та напруження в 

різних точках пружного шару та пружного півпростору. Виконання граничних умов доведено до 10
-4
 за рахунок піді-

браного параметра зрізання для заданих геометричних характеристик. Проведено аналіз напружено-деформованого 

стану шару та півпростору за заданих фізичних та геометричних параметрів. Подані графіки напружень на межі 

шару та півпростору, на поверхні порожнини та верхній межі шару, а також на перешийку між порожниною та 

межею півпростору. Зазначені графіки напружень показують, що найбільші напруження концентруються на повер-

хні циліндричної порожнини та на поверхні півпростору. Запропонований метод може використовуватись для роз-

рахунку деталей, підземних споруд та комунікацій, розрахункові схеми яких відповідають  постановці задачі даної 

роботи. Наведений аналіз напруженого стану може бути використаний для підбору геометричних параметрів на 

стадії проектування, а графік напружень на межі шару та півпростору – для аналізу міцності з’єднання. 

Ключові слова: циліндрична порожнина в півпросторі, композит, рівняння Ламе, умови спряження, уза-

гальнений метод Фур'є.  
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