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UDC 539.3 The creep problem of complex-shaped functionally-graded bodies of revolution is

considered. For the variational statement of the problem, the Lagrange functional

METHOD TO STUDY is used, defined at kinematically possible displacement rates. A numerical-

analytical method is developed for solving a non-linear initial-boundary creep

THE CREEP problem. It is based on the combined use of the R-functions, Ritz and Runge-Kutta-
OF COMPLEX-SHAPED Mertvon ?e}ihods. The.ac.l\/}mtagefv of Zze pr;l)ptl))sed Zethodlinclud; exact zonsid-
eration of the geometric information about the boundary-vaiue problem at the ana-

FUNCTIONALLY- Iytical level, without any approximation thereof; representation of an approximate
GRADED BODIES solution to the problem in an analytical form; exact satisfaction of boundary condi-
tions; automatic time step selection. Solved are the problems of creep both for a

.e hollow straight cylinder and a complex-shaped body of revolution (a cylinder with
ssn(:ill;l;ulsv([@.u?(rkrlztpus a rectangular cut-out on the outer surface), both cylinders being loaded with a
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constant inner pressure, made of the functionally graded material (FGM) based on
SiC particle-reinforced aluminium. The creep of the material is described by Nor-
ton’ law. Both Young's modulus and creep characteristics of the material depend

A. Podgorny Institute on the volume part of the reinforcing material. Both ends of the cylinder are free of
of Mechanical Engineering external load, and are fixed in such a way that the radial displacements are equal
Problems of NASU, to zero. A corresponding partial solution structure is constructed that satisfies the
2/10, Pozharskyi St., Kharkiv, boundary conditions for displacement rates. The calculations were performed for
61046, Ukraine cylinders of two different composite materials: a material with a uniform distribu-
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tion of SiC particles and an FGM with a difference in the volume content of rein-
forcing particles along the radius, with the average volumetric content of reinforc-
ing SiC particles in the two cases being the same. The influence of both the gradi-
ent properties of the material and geometric shape on the stress-strain state (SSS)
under creep conditions was investigated. The presence of a rectangular cut-out on
the outer surface of a cylinder in all cases leads to an increase in displacements
and stresses. Moreover, the degree of influence of the geometric shape on the SSS
during creep substantially depends on the gradient properties of the material. For
a cut-out cylinder made of the material with a uniform distribution of SiC particles,
there is a significant increase in displacements and stresses after 100 hours of
creep compared with a straight cylinder. For bodies of revolution made of a func-
tionally graded material, the cut-out effect on the SSS is less pronounced.

Keywords: functionally graded material, body of revolution, creep, R-functions
method.
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Introduction

Axisymmetric bodies, as structural elements, are used in power engineering, space engineering, chemi-
cal industry, and other branches. These are pressure vessels (hydraulic cylinders, pipes, boilers, fuel tanks, etc.),
gas turbines, accumulator shells, cylinders for the aerospace industry, nuclear reactors, pipelines of nuclear re-
actors. They can be made of both uniform and composite materials, which include functionally graded materi-
als (FGM). The composition and structure of FGMs change according to some law, which leads to correspond-
ing changes in both mechanical and physical properties. This allows them to be used in structural elements op-
erating in extreme conditions with significant thermo-mechanical loads. The theory and methods of calculating
the creep of structural elements, in particular FGM cylinders and bodies of revolution are being intensively de-
veloped. Most often, bodies of a canonical geometric shape are considered: straight hollow cylinders, spheres,
cones [1-6]. In this case, various assumptions are often introduced both to simplify the initial-boundary creep
problem and obtain an analytical solution. If the body of revolution has a complex geometric shape, then the
creep problem fails to be solved analytically. In this case, to solve the boundary-value problem, it is necessary
to use numerical methods that allow finding an approximate solution in complex-shaped areas, for example, the
finite element method [7, 8], the R-functions method [9,10], the immersion method [11, 12], and others. Unlike
other methods, the R-functions method allows us both to accurately take into account the geometric informa-
tion about the boundary-value problem and to present an approximate solution in the form of a formula — a so-
lution structure that exactly satisfies all boundary conditions (general structure) or their part (partial structure).

The aim of the article is to develop a numerical-analytical method for solving the creep problems of
complex-shaped axisymmetrically-loaded functionally-graded bodies of revolution, as well as to study both the
influence of gradient material properties and geometric shapes on the SSS of bodies of revolution under creep
conditions.

Problem Formulation. Solution method
Let us consider an axisymmetrically loaded FGM body of revolution with an arbitrary shape of me-
ridional section in the cylindrical coordinate system Or@z. The Oz axis coincides with the axis of rotation.

The elastic and creep characteristics monotonically vary in the radial direction. The components of the total
strain rate tensor € (r,z,t) can be represented as the sum of the rates of both the elastic strains £ (r,z,1)

and creep strains p,, (r,z,1)
e s e e e e e
€p T ¥ Dy € T8, TP 5 € TEGe T Pogs &y TEL ¥ Dy -

Hereinafter, the dot above the symbols means the total time derivative .
The main unknowns of a creep problem at any point of the body at time instants # >0 can be found
from solving the time-dependent Cauchy problem for the system of ordinary differential equations

du . du .
r:u. Z:u.

a7 a7
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dlzz - }\'l(r)(szz - pzz)+ 7\,(}")(8,, +8‘9‘P P p(p(p); (1)
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Here, u,(r, z,t), uz(r, z,t) are the displacements along the axes Or and Oz, respectively;

€, €., €y €,, are the components of the total strain tensor; p,,, p_.. Pyy» P,, are the components of the creep

rr27zz? T e
E(r)v(r)

strain tensor; ©,,,0,.,0,,,0, ~are the components of the stress tensor; Alr)= ;

= Ogw O P )= i +v0)

A (r)=Mr)+26(r); G(r)= %, where E(r), v(r) are Young's modulus and Poisson's ratio of the material.
+Vir

At the initial time instant, the creep strains p,, = p,_ = po, =2p,, =0. The initial conditions for the

remaining unknown functions are found from the solution to the elastic deformation problem.

The right-hand sides of the equations of system (1) depend on the form of the constitutive equations
for creep strain rates. Suppose that the creep of a material can be described using Norton’s law [5]. In this
case, the constitutive equations of creep will have the form

. 3 ) 1 . 3 nr)- 1

. 3 n(r 1 . 3 n(r)-
Poo :EA(F)Gi( H(Gw_gllj s Pr :EA(F)Q( ) 'c,.; (2)

where ©; = \/Gfr +($§Z +($(2p(p —6,0,, 706,04, =0,04,+ 3sz is the stress intensity; I, =G, +0_ +GC,;

A(r), n(r) are the FGM creep characteristics.

We will solve the initial problem for the system of equations (1) by the Runge-Kutta-Merson (RKM)
method with automatic time step selection. The right-hand sides of equations (1) at the time instants corre-
sponding to the RKM scheme are found by solving the variational problem for the Lagrange functional [13]

Alv)=05(] Va2, +i2. + 7202 )+ GO, .+, P+ 20, i+, + i, )drdz—
Q
([, N i N+ Ny + NG, i, bdrde— [(Bd, + B Jadg. 3)
Q Q,
Here, U is the vector of kinematically possible deplacement rates: U= (u'r(r, 2 1), uz(r, z1): Q is
the meridional section of the body; 02, is part of the boundary where external forces are applied; P, PT are
the rates of the normal and tangential components of external boundary forces; n, T are the external normal

and tangent to the boundary dQ; u, =u,n, +u u,=u.n, u.n,;n,,n, arethe direction cosines of the
normal n. The rates of "fictitious forces" caused by creep are calculated by the formulas

NS =N, + A +p ) NS =N p + A, +p ),

N =N + N p,, + )l NG =2G60)p,..

The creep strain rates in functional (3) are assumed to be known, and therefore they do not vary.

We will solve the variational problems for functional (3) by the Ritz method in combination with the
R-functions method [9, 10].

The advantages of the proposed method include: accurate consideration of geometric information about
a boundary value problem at the analytical level, without any approximation thereof; presentation of an ap-
proximate solution to the problem in an analytical form; exact satisfaction of boundary conditions; automatic
time step selection.

znz 4

Numerical Studies

Let us consider the creep of both a straight hollow cylinder and a complex-shaped body of revolution
(a cylinder with a rectangular cut-out on the outer surface) formed by rotating a plane figure around the Oz
axis (Fig. 1) and made of the FGM based on SiC-reinforced aluminum. Both the cylinder and the body of revo-
lution are loaded by the internal pressure with intensity P;,=50 MPa. Geometrical dimensions are: a=0.01 m,
b=0.02 m, ¢=0.018, d=0.02 m, length /=0.1 m.
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Numerical Studies 7t
Let us consider the creep of both a straight hollow cylinder and a b
complex-shaped body of revolution (a cylinder with a rectangular cut-out on
the outer surface) formed by rotating a plane figure around the Oz axis .
(Fig. 1) and made of the FGM based on SiC-reinforced aluminum. Both the _I;
cylinder and the body of revolution are loaded by the internal pressure with
intensity P;=50 MPa. Geometrical dimensions are: a=0.01 m, »=0.02 m,
¢=0.018, d=0.02 m, length /=0.1 m.
The content of ceramic SiC particles varies linearly along the radius,
and the volume fraction of ceramics (%) with a given radius obeys the law [14]

V(r) =V —[ ;:ZJ(VW Vo)

where V. and V. are the maximum and minimum contents of reinforcing

max

Fig. 1. The plane region
Jorming the body of revolution

SiC particles both on the inner and outer surfaces, respectively.

Young's modulus [MPa] of the FGM depends on the volume part of the reinforcing material, and ap-
proximately obeys the linear law [15]
E(r=6.9-10"+1.33-10°V(r).
Poisson's ratio v=0.3.
The FGM creep characteristics depend on V(r), and vary along the radial coordinate as follows [16]:

Alr)— A{MT, n(r):n{wr,

Yo Yo

where 4, = 9.972-10°"° MPa"h'; n,=3.75; ¢=0.7; V, is the average volumetric content of ceramics in
the cylinder.
Both ends of the cylinder z==1/2 are free of external load, and are fixed in such a way that the radial

displacements u, are equal to zero. In this case, the boundary conditions of the creep problem will have the form
u,=0,6,=0at z=%1/2;
6,=-P,=0,6,=0atr=a;
6, =6, =0 for points on the outer surface.

; . —a 2 2
Here, o©,, O, are the normal and tangential  stresses:  ©,=0,n. +20, nn +0_n;,

. 2 2
G = (Gzz =G, )nrnz +0,, (nr -n, ) :
The corresponding partial solution structure satisfying the boundary conditions for displacement
rates can be written as follows:

u,=w® , i, =z9,, 4)
e . e , . .
where ®,,®, are the indefinite components of the solution structure; ®, :; Z— Z~ |20 is the strip Q, en-

closed between the lines z=-1/2 and z=1/2 (®, =0, ®,,, =—1 on the border 0Q;, ®, >0 inside the strip).

In the numerical implementation, the indefinite components &,, &, are represented as finite series
of the form

Nl NZ
®,(r,z.1)=Y VOO 2); @, (r2.0)=> CP0) 12, 2),
n=1 n=1

where C,(ll)(t), C,gz) (r) are the indefinite coefficients, which at each time step are found by the Ritz method; ¢

is a certain fixed instant of time discretization of the RKM scheme or time discretization to produce compu-
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tation results; {fn(l)}, { fn(z)} are the systems of linearly independent functions, which are based on Schoen-
berg bicubic splines. Spline systems are built on a regular grid K, xK_, where K,, K_ are the numbers of
discretization segments along the axes Or and Oz, respectively.
The equation of the boundary of the region shown in Fig. 1 can be written as
o(r, z)= (@ Ay ®,) A (@ v, ®,)=0. Q)

1(12 ZJ’ wzz(r—a)(b—r)

Here, o, ®,, ®,, ®, are the supporting regions forming the region Q: o, =; 2 Z b
-a

>

1
Wy=c—r, ®,= —(z2 —d 2), Ags A denote the R-conjunction and the R-disjunction [9,10]:

2d
fl/\Of2=f1+f2_\/flz+f22’ f1Vof2=f1+f2+\Jf12+f22-

Since the structure of solution (4) satisfies only kinematic boundary conditions, the function
0= co(r, Z) that describes the geometry of the region is not included therein. Equation (5) was used to spa-
tially discretize the problem and to find the coordinates of the nodes of the integration grid. The spatial sam-
pling parameters are the following: K, =20, K, =20 for a cut-out cylinder and K, =10, K, =20, for a

straight cylinder. The specified calculation error in the RCM method is € =107,

The calculations were performed for cylinders of two differ- The content of reinforcing particles
ent composite materials (see the table): a material with a uniform dis- in the material
tribution of SiC particles (I) and an FGM (II) with a difference in the || Material | Vi, % | Vo, % | Vinin, %
volume content of reinforcing particles along the radius. The average I 20 20 20
volumetric content of SiC particles is the same in all cases. I 30 20 12

Some calculation results in the centers of the cylinders are presented in Figs. 2 to 6. The solid lines
show the results of calculations for the straight cylinder, and the dashed lines, for the cut-out cylinder. Figs. 2
and 3 show the growth of radial displacements on the inner surface of the cylinders, where they are maximal.

Figs. 4 to 6 illustrate the time variation of the circumferential stresses on the inner and outer surfaces
of the cylinders.

In the creep process, there is an increase in displacements and redistribution of stresses. The circumfer-
ential stresses at the initial instant of time are maximal on the inner surface. Then, due to creep, in the cylinder
with a uniform distribution of the reinforcing material, stress relaxation occurs on the inner surface (Fig. 4), and
stress increase, on the outer surface (Fig. 6, curve 1). The opposite picture is observed for FGM cylinders: stress
increase occurs on the inner surface (Fig. 5), and stress relaxation, on the outer surface (Fig. 6, curve 2).

250 20

15

1.0

u=10%, m

05
0.0 |
0 20 40 60 80 100
t,h
Fig. 2. The growth of the radial displacements Fig. 3. The growth of the radial displacements
on the inner surfaces of cylinders with uniform on the inner surfaces of FGM cylinders

distribution of reinforcing particles
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Fig. 4. The temporal variation for the circumferential Fig. 5. The temporal variation for the circumferential
stresses on the inner surfaces of the cylinders with a stresses on the inner surfaces of FGM cylinders
uniform distribution of reinforcing particles
The presence of a rectangular cut-out on the 60 -
outer surface of the cylinder in all cases leads to an in- — 1
crease in displacements and stresses (Figs. 2-5), with 50 r

the degree of influence of a geometric shape on the SSS
during creep substantially depending on the properties &
of the material. Figs. 2, 5 show that for a cut-out cylin- < 30 |
der made of a material with a uniform distribution of g

SiC particles, there is a significant increase in displace- I

ments (=70 %) and stresses (=32 % ) after 100 h of 10 L

creep, in comparison with a straight cylinder. For FGM
bodies, the effect of the cut-out on the SSS is less pro-
nounced (Fig. 3, 5). This is explained by the fact that the
part of the cylinder where the content of reinforcing par-

ticles is minimal and creep is most intense was re- | Fig. 6. The temporal variation for the circumferential

moved. stresses on the outer surfaces of straight cylinders:

1 — cylinder with a uniform distribution of reinforcing
particles, 2 — FGM cylinder

2

0 20 a0 60 80 100
t.h

Conclusions

The statement of the problem of creep of complex-shaped FGM bodies of revolution is presented. A
numerical-analytical method is developed for solving the non-linear initial-boundary creep problem, which is
based on the use of the R-functions, Ritz, and Rune-Kutta-Merson methods. Solved are the problems of
creep both for a hollow straight cylinder and a complex-shaped body of revolution (a cylinder with a rectan-
gular cut-out on the outer surface), both cylinders being loaded with a constant inner pressure, and made
from the FGM based on SiC-reinforced aluminum. The influence of both gradient material properties and a
geometric shape on the SSS under creep conditions is investigated.
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Meton xociinkeHHsI NOB3y40CTi (PyHKIIOHAIBHO-TPAXIEHTHUX TiJI CKJIATHOI (hopMHu
C. M. Ckaenyc

IHcTUTYT MpobieM MarmHOOYmyBaHHs iM. A. M. ITinropaoro HAH Vkpainm,
61046, Yxpaina, M. Xapkis, By:1. [Toxapcekoro, 2/10

Posensanymo 3a0auy nogzyuocmi min obepmanmsi ckiaoHoi popmu i3 hyHKyioHanbHO-epadichmuux mamepianie. /s
sapiayitinoi NOCMAHO6KY 3a0a4i BUKOPUCMOBYEMbCs yHKyionan y (opmi Jlaspamica, 3a0aHutl Ha KIHEMAMUYHO MONCTIUBUX
weuoOKocmsx nepemiujervb. Pozpobieno uuciogo-ananimuunuti Memoo po3e’si3aHHs HeIHIHOT NOYamKO80-Kpauogoi 3a0aui
nogzyyocmi, sIKull 0a3yeEMvbCsi Ha CRLILHOMY 3ACMOCY8aHHi Memodié R-gpyukyiil, Pimya ma Pynee-Kymma-Mepcona. /lo nepe-
642 3aNPONOHOBAHOL0 MEMOOY MOJNCHA BIOHECHU.: MOYHE YPAXYBAHHS 2e0MeMpPUYHOL inpopmayii npo Kpaiiogy 3a0aui Ha aHa-
Mamuunull 8UOIp 4aco8o2o Kpoky. Po3e’sa3ano 3adaui nozyyocmi noposIcHUCO2o Yyuninopa i mina 0bepmanHs CKIaoHoi ¢o-
PMU — YUiHOPA 3 NPSMOKYIMHUM 8UPTI30M HA 306HIWMHIL NOBEPXHI, HABAHMANCEHUX NOCMIUHUM BHYMPIUHIM MUCKOM, BUKOHA-
HUX 13 PYHKYIOHATLHO-2PAOIEHMHO020 MAMEPIANTY HA OCHOBE ATIOMINITI0, APMOBAH020 YacmunKkamu kapoioy kpemuiio SiC. Ilos-
3yuicme mamepiany onucyemuca 3akonom Hopmouna. Mooyne FOuea i xapakmepucmuku noe3ydocmi 3anexcams 6io 00'emHol
yacmunu apmyiouo2o mamepiany. O6u0ea Kinyi yuninopa GiibHi 6i0 306HIUHLOCO HABAHMANCEHHS T 3AKPINIeH] MAKUM YUHOM,
wo padianvri nepemiujerHst 0opieHIOomb Hymo. 11o0ydosana i0nN0GIOHA YacmMKO8a CMPYKmMypa po36° 3Ky, Wo 3a0060/IbHAE
SPAHUYHI YMOBU OJI51 WIBUOKOCMEl nepemityerb. Po3paxyrku GUKOHAHE 05t YUIHOPIG 3 080X PI3HUX KOMROUYIUHUX Mamepianie
— mamepiany 3 00HOPiOHUM po3nodiiom SiC-uacmuHOK i PYHKYIOHAILHO-2PAOIEHMHO20 MAMEPIATy 3 Nepenadom 00 €EMHO20
BMICTY APMYIOYUX YACIUHOK Y3006dic padiyca. TIpu ybomy cepeone snauenns 06'emnozo emicny apmyiowux SiC-4acmuHox 6
060x guUNAOKax 6y10 0OHAKOBUM. J{OCTIONCEHO 6NIUG SPAVIEHMHUX GLACIMUBOCIEL MAMEPIATY | 2eomempuyHol popmu Ha Ha-
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npyoiceno-0eghopmosanuii cman npu nogzyyocmi. Hasenicmo na 308HiWHIL NOBEPXHI YUTTHOPA NPIMOKYIHO20 8UPIZY NPU3BO-
Ooumb y 6cix 6unaokax 00 30inbuieHHs nepemityets i Hanpyxicensv. Tlpu ybomy cmynins eniugy ceomempuunoi popmu Ha Ha-
npysiceno-0ehopmosanuli cmar npu NOG3yYOCHIE iICMOMHO 3ANeHCUNDb 6I0 2pAdICHMHUX enacmueocmell mamepiany. s yuni-
HOpa 3 8UPI30M, 8UKOHAHO20 3 Mamepiany 3 0OHOPIOHUM po3nodinom SiC-uacmuHoK, cnocmepicacmscs 3HaA4He 3POCMAHH
nepemiwens i Hanpyoicenv nicas 100 200un noe3ywocmi, 6 NOPIGHAHHI 3 PAMUM YUTTHOPOM. ISt min, GUKOHAHUX i3 pYyHKYIO-
HANIbHO-EPAOIEHMHO20 MAMEPIATY, 8NAUS BUPIZY HA HANPYHCEHO-0eDOPMOBAHUL CIMAH MEHUL BUPAICEHO.

Kniouosi cnosa: ¢ynkyionanvro-epadienmuuii Mamepian, mino 06epmarHsi, nog3yuicms, memoo R-gyuxyiil.
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