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To ensure vehicle safety at the design stage, of primary importance is the development of 

a mathematical model, within whose framework it is possible to effectively predict crack 

initiation in the break drum of a braking wheeled vehicle. Considered is the contact frac-

ture mechanics problem of the initiation of a cohesive crack in the brake drum of a 

wheeled vehicle. It is believed that during the multiple braking of a wheeled vehicle, the 

vehicle material is destroyed during friction due to contact interaction. It is considered 

that the real surface of the brake drum is never absolutely smooth, but it has technologi-

cal micro- or macroscopic irregularities that make the surface rough. A mathematical 

model is proposed, within whose framework crack initiation in the brake drum of a brak-

ing wheeled vehicle is described. The crack initiation zone is modeled as a region of 

weakened interparticle bonds of the material (pre-fracture zone). The location and size of 

the pre-fracture zone are not known in advance and must be determined in the process of 

solving the problem. Both the perturbation method and the apparatus of the theory of 

singular integral equations are used. The equilibrium problem of the wheeled vehicle 

brake drum with an embryonic crack reduces to the solution, in each approximation, of a 

nonlinear integro-differential equation of Cauchy type. When a collocation solution 

scheme is used in each approximation, the singular integral equation reduces to a system 

of nonlinear algebraic equations. To solve them, both the method of successive approxi-

mations and an iterative algorithm of elastic solutions are used. From the solution of the 

obtained system of equations, normal and tangential stresses in the pre-fracture zone are 

found. The condition for the initiation of a cohesive crack in the brake drum is formulated 

taking into account the criterion of the ultimate stretching of material bonds. 

Keywords: brake drum, pre-fracture zone, crack initiation, rough surface. 

Introduction  

The friction pair "drum-lining" of drum brake shoes works [1–3] in conditions of complex stress. To 

ensure vehicle safety at the design stage, it is important to develop a mathematical model within which it is 

possible to predict crack initiation in the drum of the breaking system in a braking wheeled vehicle. 

The fracture toughness of materials and machine elements determines their resistance to the initiation 

and growth of cracks leading to a partial or complete fracture. Strength and durability calculations according to 

the fracture toughness criteria are performed in the cases where there is a real danger of crack initiation during 

operation of machines, or when the traditional calculation without taking into account crack initiation is not 

able to provide answers to the questions regarding brittle fracture prevention measures. Thus, for a wheel drum 

brake, the prediction of crack initiation plays a decisive role during prolonged multiple braking. 

Problem Formulation 

As the friction pair "drum-lining" of a wheeled vehicle is used, a pre-fracture zone will appear in the 

metal brake drum. We will model it as a region of weakened interfacial bonds of the material, and the drum it-

self, as a real brittle body. In the process of deformation, at some points of the drum, there may appear zones in 

which Hooke's law is not satisfied, i.e. stresses exceed the elastic limit. 

In the intermittent braking mode, the drum of the braking mechanism of a wheeled vehicle experiences 

multiple cyclic loading. It is accepted that in the brake drum, there is a stress concentrator − a region (zone) of 

weakened interparticle bonds of the drum material. In the region of weakened interparticle bonds of the mate-

rial, inelastic deformation occurs. The region of weakened interparticle bonds is small compared to the elastic 

part of the brake drum. Therefore, the region can be mentally removed by replacing it with a cut whose surfaces 

interact with each other according to a certain law corresponding to the action of the material removed. 

After some of brake applications, in the zone of weakened interparticle bonds, the material loses the 

ability to deform, and the opening of crack faces occurs. Crack initiation will occur when the opening of the 

faces of the zone of weakened interparticle bonds of the material reaches the limit value for this material [4]. 

In the case under study, the occurrence of an embryonic crack is a process of transition of the pre-fracture 

zone to the zone of broken bonds between the surfaces of the brake drum material, with the location and size  
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of the pre-fracture zone not being known in advance and 

having to be determined in the process of solving the 

problem. 

Thus, the cohesion crack initiation zone is mod-

eled as a pre-fracture zone (zone of weakened interparti-

cle bonds of the material). At the center of the pre-

fracture zone, there is the origin of the local coordinate 

system x1O1y1 (Fig. 1). The x1 axis coincides with the 

line of the pre-fracture zone, and forms the angle α1 with 

the Ox axis. The brake drum of a wheeled vehicle is 

modeled as an isotropic homogeneous elastic body. It is 

accepted that the conditions of plane strain are satisfied. 

It is known that the real surface of the brake 

drum is never absolutely smooth, but it has technological 

micro- or macroscopic irregularities that make the sur-

face rough. Despite their extremely small sizes, such 

irregularities significantly affect the operational proper-

ties of the drum [5, 6]. 

 

Fig. 1. A scheme of the wheeled vehicle brake 

mechanism drum with a pre-fracture zone 

Consider some implementation of the rough inner surface of the drum. It is believed that the inner 

contour of the drum is close to circular. We assign the drum to the polar coordinate system r, θ with the ori-

gin at the center of the concentric circles L0 and L with radii R0 and R, respectively. 

Imagine the boundary of the inner contour 0L′  in the following form: 

)()( 0 θε+=θρ= HRr . 

Here, ε=Rmax/R0 is a small parameter; Rmax is the maximum height of the protrusion (trough) of the 

roughness of the inner drum surface; H(θ) is the function independent of the small parameter. 

Consider the pre-fracture zone of length 2l1, located on the segment x1≤l1, y1=0. Recall that l1, the 

angle α1, and the pre-fracture zone center 0
1

0
1

0
1 iyxz +=  are not known in advance and must be determined. 

The pre-fracture zone faces interact with each other. This interaction (interfacial bonds) restrains the 

initiation of a cohesive crack. For the mathematical description of the pre-fracture zone, it is accepted that there 

are bonds between them whose deformation law is given. During braking, as a result of the action of contact 

pressure and friction forces on the drum in the bonds that connect the pre-fracture zone faces, both the normal 

stresses )( 11
xqy  and tangential stresses )( 111

xq yx  will arise. Consequently, both the normal and tangential 

stresses, numerically equal to )( 11
xqy  and )( 111

xq yx , respectively, will be applied to the pre-fracture zone faces. 

These values are not known in advance. 

The boundary conditions of the problem on the inner and outer brake drum contours of a braking 

wheeled vehicle will be 

 

)(),( θ−=τθ−=σ fpp ntn   at r =ρ(θ)   on the contact area;  

 0,0 =τ=σ ntn        at r =ρ(θ)   outside the contact area;   (1) 

0,0 =τ=σ θrr    at r=R;  

 
11 yy q=σ ,  

1111 yxyx q=τ    on the pre-fracture zone faces.  (2) 

Here, p(θ) is the contact pressure; f is the friction coefficient of the pair; σr, τrθ are the components of 

the stress tensor in a polar coordinate system. 

In the boundary conditions (1), it is assumed that in the contact zone there are both  the contact pres-

sure p(θ) and the tangential pressure connected therewith  by the Amonton-Coulomb law. 
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Conditions (1)−(2) must be supplemented by the relation connecting the opening of the pre-fracture 

zone faces with the stresses in the bonds 

 ( ) ( ) ( ) ( ) )(,)(, 11111111 111111
xqqxixqqxuuivv yxyxxyyy Π−Π=−−− −+−+ .   (3) 

Here, ( )−+ − 11 vv  is the normal and ( )−+ − 11 uu  is the tangent component of the opening of the pre-

fracture zone faces; the functions ( )
1

,1 yy qxΠ  and ( )
11

,1 yxx qxΠ  are the effective bond compliances depending 

on bond tension. With constant values of the functions Πy and Πx, in (3) we have the linear law of bond de-

formation. In the general case, the law of bond deformation is given and is nonlinear. 

To find the contact pressure at which a cohesive crack initiates, the formulation of the problem must be 

supplemented by a cohesive crack initiation criterion (breaking of the interparticle bonds of the drum material). 

Such a criterion is the criterion of the critical opening of the faces of the zone of weakened interfacial bonds 

 ( ) cxvxvixuxu δ=−−− −+−+ )0,()0,()0,()0,( 11111111 ,   (4) 

where δс is crack resistance (a value characterizing the resistance of the drum material to crack initiation). 

This additional condition allows us to find the parameters of the friction pair "drum-lining", at which 

a cohesive crack initiates in the drum. 

Solution Method and Analysis 

We seek stresses and displacements in the brake drum of a braking wheeled vehicle and other un-

knowns in the form of expansions in the small parameter ε. For simplicity, we neglect the terms containing ε 

with degree higher than 1 

K+εσ+σ=σ )1()0(
rrr ,     K+εσ+σ=σ θθθ

)1()0( ,   K+ετ+τ=τ θθθ
)1()0(

rrr , 

K+εν+ν=ν )1()0(
rrr ,   K+εν+ν=ν θθθ

)1()0(  

K+ε+= 1
1

0
11 lll ,   K+εα+α=α 1

1
0
11 , 

K+ε+= )1(
1

)0(
11 yyy qqq ,   K+ε+= )1(

11
)0(
1111 yxyxyx qqq . 

We obtain the values of the stress tensor components at r=ρ(θ) by expanding in a series the expres-

sions for stresses in the neighborhood at r=R0. 

Using the small parameter method for the boundary value problem of contact fracture mechanics, we 

obtain a sequence of boundary value problems for the brake drum with circular boundaries. 

The boundary conditions of the problem have the form: 

– in the zeroth approximation  

 )()0()0( θ−=σ pr ,   )()0()0( θ−=τ θ fpr    at r=R0, θ≤θ0   on the contact area;   (5) 

0)0( =σr ,   0)0( =τ θr    at r=R0   outside the contact area; 

 0)0( =σr ,   0)0( =τ θr   at  r=R;             
)0()0(

11 yy q=σ ,      
)0()0(

1111 yxyx q=τ   at  0
11 lx = ;  (6) 

– in the first approximation  

)()1()1( θ−=σ pNr , )()1()1( θ−=τ θ fpTr   at r=R0, θ≤θ0   on the contact area;  

 Nr =σ )1( ,   Tr =τ θ
)1(    at r=R0   outside the contact area;  (7) 

 0)1( =σr ,   0)1( =τ θr    at r=R;        
)1()1(

11 yy q=σ ,   
)1()1(

1111 yxyx q=τ    at 1
11 lx = ,   (8) 

where θ0 is the half contact angle; 

 
θ

θ
τ+

∂

σ∂
θ−= θ

d

dH

Rr
HN r

r )(1
2)(

0

)0(
)0(

   at  r=R0,     
r

H
d

dH

R
T r

r
∂

τ∂
θ−

θ

θ
σ−σ= θ

θ

)0(

0

)0()0(
)(

)(1
)( .  (9) 
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Using the Kolosov-Muskhelishvili formulas [7], the boundary conditions of problem (5)−(6) can be 

written as a boundary value problem for finding two complex potentials, )()0(
zΦ  and )()0(

zΨ . 

We seek the complex potentials describing the stress-strain state in the drum in the following form: 

 )()()()( )0(
2

)0(
1

)0(
0

)0(
zzzz Φ+Φ+Φ=Φ ,   )()()()( )0(

2
)0(

1
)0(

0
)0(

zzzz Ψ+Ψ+Ψ=Ψ .  (10) 

Here,  

 ∑
∞

−∞=

=Φ
k

k
k zaz)(

)0(
0 ,      ∑

∞

−∞=

=Ψ
k

k
k zbz)(

)0(
0 ;   (11) 

∫
−

−π
=Φ

0
1

0
1

1

0
1)0(

1

)(

2

1
)(

l

l
zt

dttg
z ,     

( )
dttg

zt

eT

zt

tg
ez

l

l

i
i

∫
−

α
α−















−
−

−π
=Ψ

0
1

0
1

0
10

1 )(
)(

2

1
)( 0

12

1

1

1

0
12)0(

1 ; 

 dttge
zT

tge
TT

TT
z

l

l

ii

∫
−

αα−








−

−

π
=Φ

0
1

0
1

0
1

0
1 )(

1
)(

1

2

1
)( 0

1

2

0
12

21

11)0(
2 ,   (12) 

( )
dttge

T

TT

zTTTz

TT
tge

T

T

TzzzTz
z

i

l

l

i














 −
−

−
−

−
+















+−−

π
=Ψ α−

−

α

∫ )(
12

1

11
)(

111

2

1
)( 0

13
2

11

1
2

21

110
12

2

2
1

2
22

1

)0(
2

0
1

0
1

0
1

0
1 . 

Here, ( ){ })0,()0,()0,()0,(
)1(

2
)( 1

0
11

0
11

0
11

0
1

1

1
)0(

1 xvxvixuxu
xi

G
xg

−+−+ −−−
∂

∂

κ+
= ; G is the shear modulus 

of the drum material; κ=3–4µ; µ is Poisson's ratio of the drum material; 0
11

0
1 zteT

i += α
; ( )0

11

0
1 zzez

i −= α−
; 

12 1 TzT −= . 

Satisfying the boundary conditions on the pre-fracture band in the zeroth approximation by functions (10) 

to (12), we obtain a complex singular integral equation [8] with respect to the unknown function )( 1
)0(

1 xg  [8] 

 [ ] )()(),()(),( 1
0)0(

11
0
11

)0(
11

0
11

0
1

0
1

xfdttgxtStgxtR

l

l

π=+∫
−

 0
11 lx = ,   (13) 

where ( ) [ ])()()()()( 1
)0(

01
)0(

011
)0(

01
)0(

0
)0()0(

1
0

111
xxxxxiqqxf

yxy
Ψ+Φ′+Φ+Φ−−−= . 

Satisfying the boundary conditions (5) written in terms of complex potentials by functions (10) to 

(12), after some transformations, we obtain an infinite system of algebraic equations with respect to the coef-

ficients ak, bk of the potentials )()0(
0 zΦ  and )()0(

0 zΨ . 

For the internal pre-fracture zone, the singular integral equation must be supplemented with the condition 

 0)(

0
1

0
1

)0(
1 =∫

−

dttg

l

l

.   (14) 

This condition ensures the uniqueness of displacements in bypassing the pre-fracture zone contour. 

The singular integral equation (13) under condition (14), using the algebraization procedure [8, 9], 

reduces to a system of M algebraic equations for determining the M unknowns )()0(
1 mtg  (m=1, 2, …, M) 

 [ ] )(),()(),()(
1 0

1

0
1

0
1

0
11

)0(
1

0
1

0
1

0
11

)0(
1

0
1 r

M

k

rmmrmm xfxltlStgxltlRtgl
M

=+∑
=

,    (15) 

r=1, 2 ,…, M–1,  ∑
=

=
M

m

mtg
1

)0(
1 0)( , 

where π
−

=
M

m
tm

2

12
cos  (m=1 ,2, …, M); 

M

r
xr

π
= cos  (r=1, 2, …, M–1). 
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If in system (15) we proceed to complex conjugate quantities, we will obtain more M algebraic equations. 

The right-hand sides of system (15) include unknown values of the normal stresses )( 1
)0(

1
xqy  and tan-

gential stresses )( 1
)0(

11
xq yx  at the nodal points of the pre-fracture zone partition. The condition that determines 

the unknown stresses in the bonds between the pre-fracture zone faces is the additional relation (3) in the 

zeroth approximation. Using the resulting solution in the zeroth approximation, we can write 

 ( ) ( )[ ])()(,)()(,
1

2
)( 1

)0(
1

)0(
11

)0(
1

)0(
1

1

1
)0(

1 111111
xqxqxixqxqx

dx

dG
xg yxyxxyyy Π−Π

κ+
= .   (16)  

This complex differential equation serves to find the stresses )( 1
)0(

1
xqy  and )( 1

)0(

11
xq yx  in the bonds be-

tween the pre-fracture zone faces. 

To construct the missing algebraic equations for finding the approximate nodal stresses )(
)0(

1 my tq  and 

)(
)0(

11 myx tq , we require that conditions (16) be satisfied at the points tm (m=1, 2, …, M) contained in the pre-

fracture zone. In this case, the finite-difference method is used. As a result, we obtain a complex algebraic 

system of M equations for determining the approximate values )(
)0(

1 my tq  and )(
)0(

11 myx tq  at the nodal points of 

the pre-fracture zone. 

For the isolation of the obtained algebraic equations, we miss two complex equations that determine 

the size of the pre-fracture zone. 

Since the solution to the integral equation (13) is sought in the class of everywhere bounded func-

tions (stresses), the resulting system (15) must be supplemented with the boundedness conditions of stresses 

at the pre-fracture zone ends 0
11 lx ±= . These conditions in the zeroth approximation have the form 

 0
4

12
tg)()1(

1

)0(
1 =π

−
−∑

=

+
M

m

m
mM

M

m
tg , 0

4

12
ctg)()1(

1

)0(
1 =π

−
−∑

=

M

m

m
m

M

m
tg .   (17) 

Due to the fact that the location and size of the pre-fracture zone are unknown, the resulting algebraic 

system is non-linear. Its numerical solution allows us to find both the coordinates of the vertices (location) and 

size of the pre-fracture zone, as well as the stress-strain state of the brake drum in the zeroth approximation. 

Due to the unknown quantities 0
1l , 0

1α , 0
1z , the combined system of equations turns out to be nonlin-

ear even with linearly elastic bonds. To solve it, the method of successive approximations was used. The 

united system was solved at some certain values ∗0
1l , ∗α0

1 , ∗∗∗ += 0
1

0
1

0
1 iyxz  with respect to the remaining un-

knowns ak, bk, )()0(
1 mtg , )(

)0(

1 my tq  and )(
)0(

11 myx tq . In the case of linearly elastic bonds, these unknowns enter 

the system in a linear manner. To solve this system of equations, the Gauss method with the choice of the 

main element is used. The values ∗0
1l , ∗α0

1 , ∗0
1z  and the corresponding values of the remaining unknowns 

will not, in the general case, satisfy equations (17). Then, using the Newton method, we find corrections to 

the solution of equations (17). Selecting the values ∗0
1l , ∗α0

1 , ∗0
1z , we will repeatedly conduct calculations 

until equations (17) are satisfied with the given accuracy. 

In the case of the nonlinear law of deformation of material bonds, to determine the forces in the pre-

fracture zone, an iterative algorithm similar to A. A. Ilyushin’s method of elastic solutions was used. The 

calculation of effective compliance was carried out similar to finding the secant modulus in the method of 

variable elastic parameters. The nonlinear part of the bond deformation curve was taken as a bilinear de-

pendence, with the ascending section corresponding to the elastic deformation of the bonds 0<V(x1)<V∗ with 

their maximum tension. For V(x1)>V∗, the deformation law was described by the nonlinear dependence de-

termined by the points (V∗, σ∗), (δc, σc). For σc≥σ∗, an increasing linear dependence occurs (linear hardening 

corresponding to the elastic-plastic deformation of the bonds). 

The process of successive approximations ends as soon as the forces in the  pre-fracture zone bonds, 

obtained at two successive steps, differ little. 
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The obtained systems of equations with regard to ak, bk, )()0(
1 mtg  (m=1, 2, …, M) allow us, for a 

given external load, to find the stress-strain state of the brake drum in the presence of a pre-fracture zone. 

After solving the combined algebraic system, we proceed to constructing a solution to the problem in 

the first approximation. For r=R0, we find the functions N and T according to formulas (9). Using the Kolosov-

Muskhelishvili formulas [7], the boundary conditions of the problem in the first approximation (7)−(8) can be 

written in the form of a boundary-value problem for determining the complex potentials )()1(
zΦ  and )()1(

zΨ . 

The functions )()1(
zΦ  and )()1(

zΨ  are sought in the form similar to (10)−(12) with obvious changes. The fur-

ther process of solving the problem is similar to the zeroth approximation. 

After determining the required values for predicting the limit value of the contact pressure in the 

brake drum of a wheeled vehicle, at which a cohesive crack may initiate, the criterion of the critical opening 

of pre-fracture zone faces was used (4). 

Using the obtained solution, we find the limiting condition under which a cohesive crack will initiate 

in the drum: 

 cBA
M

l

G
δ=+

πκ+ 2
1

2
1

1

2

1
,   (18) 

Here, [ ]∑
=

+=
1

1

1
1

0
11 )(ε)(

M

m

mm tvtvA , [ ]∑
=

ε+=
1

1

1
1

0
11 )()(

M

m

mm tutuB , М1 is the number of nodal points in the  

segment ),[ 0
11 xl− . 

A joint solution of the obtained equations 

with condition (18) makes it possible, for the given 

characteristics of the brake drum material, to predict 

the critical value of the contact pressure and the di-

mensions of the pre-fracture zone for the state of ul-

timate equilibrium. 

The resulting systems were solved for the 

values M=20 and 40, which corresponds to dividing 

the integration interval [−1, 1] by 20; 40 Chebyshev 

nodes. The calculations were performed for the 

KamAZ-5320 brake drums. 

Fig. 2 shows graphs of the dependence of the 

pre-fracture zone length l1/(R−R0) on the contact pres-

sure p0/σ∗ (p0 is the force factor). Curve 1 corre-

sponds to the rough friction surface of the brake 

drum; curve 2, to the smooth one. Fig. 3 shows the 

distribution of the normal forces ∗qqy1
 in the pre-

fracture zone, and Fig. 4, the tangents ∗qq yx 11
. 

Curve 1 in both figures corresponds to the linear law 

of bond deformation; curve 2, to the bilinear one. 

The compliances of the bonds in the normal 

and tangential directions were taken equal and con-

stant along the pre-fracture zone. The law of change 

in the tangential stresses along the pre-fracture zone 

is similar to a change in the normal forces with the 

difference that the absolute values of the tangential 

forces are much smaller. In this case, the maximum 

values of the tangential stresses are achieved at 

smaller sizes of the pre-fracture zone. For this case, it 

was found that α1=36°, 13
0

0
1 27,1 π= i

eRz .  

 

Fig. 2. The dependence of the pre-fracture zone length 

on contact pressure 

 

Fig. 3. The distribution of the normal forces  

in the pre-fracture zone 
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Conclusion  

We note that with the proposed mathematical 

model of cohesive crack initiation in the brake drum, it 

is possible, at the design stage, to establish the maxi-

mum values of workloads and the limit level of the 

brake drum defectiveness, at which a sufficient 

strength margin is maintained, as well as determine the 

optimal material for the brake drum and its safe life. 

The parameters of the brake drum at the design stage 

must be selected in accordance with the condition 

pmax<pcr, 

where pmax is the design maximum contact pressure in 

the braking mechanism, pcr is the critical contact 

pressure. 

 

Fig. 4. The distribution of the tangential forces  

in the pre-fracture zone 

Knowing the basic values of the critical fracture (crack initiation) parameters and the influence on 

them of the properties of the drum material, the class of technological treatment of the drum and lining sur-

faces, we can reasonably control the process of crack initiation in the brake drum by means of design-

technological solutions at the design stage. 
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Розрахунок гальмівного барабана колісної машини за критеріями тріщиностійкості  

С. А. Аскеров  
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AZ1073, Азербайджан, м. Баку, пр. Г. Джавіда, 25 

Для створення умов безпеки транспортних засобів на стадії проектування особливе значення має розро-

бка математичної моделі, у рамках якої можливо ефективно прогнозувати тріщиноутворення у барабані галь-

мівного механізму в процесі гальмування колісної машини. Розглядається задача механіки контактного руйнуван-

ня про зародження когезійної тріщини у барабані гальмівного механізму колісної машини. Вважається, що за 

багаторазового гальмування колісної машини відбувається руйнування матеріалу під час тертя, викликаного 

контактною взаємодією. Враховується, що реальна поверхня гальмівного барабана не буває абсолютно гладкою, 

але має мікро- або макроскопічні нерівності технологічного характеру, що утворюють шорсткість. Запропоно-

вана математична модель, у рамках якої описується зародження тріщини в гальмівному барабані під час галь-

мування колісної машини. Зона зародження тріщини моделюється як область ослаблених міжчасткових зв'язків 

матеріалу (зона передруйнування). Місце розташування і розмір зони передруйнування заздалегідь невідомі і ма-

ють бути визначені в процесі розв’язання задачі. Використовується метод збурень і апарат теорії сингулярних 

інтегральних рівнянь. Задача про рівновагу гальмівного барабана колісної машини із зародковою тріщиною зво-

диться до розв’язання в кожному наближенні нелінійного інтегродиференційного рівняння типу Коші. За викори-

стання колокаційної схеми розв’язання в кожному наближенні сингулярне інтегральне рівняння зводиться до си-

стеми нелінійних рівнянь алгебри. Для їх розв’язання використовується метод послідовних наближень та ітера-

ційний алгоритм пружних розв’язків. З розв’язку отриманої системи рівнянь знайдена нормальна і дотична на-

пруга в зоні передруйнування. Умова появи когезійної тріщини в гальмівному барабані формулюється з урахуван-

ням критерію граничної витяжки зв'язків матеріалу. 

Ключові слова: гальмівний барабан, зона передруйнування, зародження тріщини, шорстка поверхня. 
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