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The wear of the friction lining and break drum of a vehicle is uneven. It is, 

therefore, advisable to reduce wear where it matters most. Knowing the opti-

mal microgeometry of the friction pair surface, this problem can be solved by 

design-technological methods at the design and manufacturing stages. This 

paper theoretically solves the problem of finding the friction surface micro-

geometry, which ensures the uniform wear of a friction lining. A model of a 

rough friction surface is adopted. To solve the optimization problem posed, the 

wear-contact problem of the indentation of the friction lining into the brake 

drum surface is first considered. Temperature functions, contact pressure, 

stresses, and displacements both in the friction lining and in the brake drum 

are sought in the form of expansions in a small parameter. For simplicity, the 

terms containing small parameter degrees that are higher than one are dis-

carded. Each approximation satisfies the system of differential equations of 

plane thermoelasticity. The solution to the boundary-value problem of the the-

ory of thermal conductivity in each approximation is found by the method of 

separation of variables. In each approximation, the thermoelastic displacement 

potential and the power series method are used to solve the thermoelasticity 

problem. Using the least-squares method, a closed system of algebraic equa-

tions is constructed, which allows one to obtain a solution to the problem of 

optimal design of the drum-lining friction pair, depending on the geometric 

and mechanical characteristics of both the brake drum and the friction lining. 

The found microgeometry of the friction surface provides an increase in the 

wear resistance of the friction lining. 

Keywords: friction pair, friction lining, drum, even wear, roughness, optimal 

microgeometry of the friction surface. 

Introduction 
The safety, reliability, and durability of transport vehicles depends on the drum-lining friction pair of 

the brake mechanism. Numerous works have been devoted to the calculation and rational design of friction 

units (for example, [1–26], etc.). It is impossible to prevent the wear of drum-lining friction-pair elements 

during vehicle operation. To increase the life of the friction pair, various measures are required to reduce the 

wear of the friction lining and break drum [27–39]. In this regard, the optimal design of brake-mechanism 

friction-pair elements is of great importance. 

It is known that the wear of a friction lining and a break drum occurs unevenly. The challenge is to 

reduce wear where it matters most. By changing the microgeometry of the friction pair surface, this problem 

can be solved by design and technological methods at the design stage. The problem of choosing the friction 

surface microgeometry, which ensures the even wear of the friction lining and maximum durability, has not 

yet been solved by a calculation method. The purpose of this article is to develop a mathematical model for 

the drum-lining friction pair, which allows one to calculate the optimal microgeometry of the friction surface 

for the given truck braking modes. 

Problem Formulation 
Consider the stress-strain state of the friction lining of a braking a car. In the intermittent braking mode, 

interaction occurs between the contacting surfaces of the friction lining and the break drum, and friction forces 

arise, which lead to the wear of the mating materials. To determine the contact pressure, it is necessary to con-

sider the wear-contact problem of the indentation of the friction lining into the brake drum surface. 

Let a friction lining with the mechanical characteristics G and µ  be pressed against the brake-drum 

inner-surface with the mechanical characteristics G1 (elastic modulus) and µ1 (Poisson's ratio). In this case, 

the contact area occupies the entire width of the friction lining and is constant during braking. 

                                                      
 Evren S. Velizade, 2020 
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We assume that the conditions of plane deformation are satisfied. We assign the friction lining to the 

polar coordinate system rθ, the origin of which is in the center of concentric circles L0 and L with radii R0 

and R, respectively. Imagine the unknown boundary of the outer contour of a friction lining L' in the form 

r=ρ(θ),      ρ(θ)=R+εH(θ),    ( )∑
∞

=

θ+θ=θ
0

00
sincos)(

k

kk kbkaH , 

where ε=Rmax/R is a small parameter; Rmax is the maximum height of the depression (protrusion) of the un-

evenness of the friction lining profile; the function H(θ) is to be determined. 

Similarly, the previously unknown inner contour of the break drum is close to circular and can be 

represented as 
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in which the function H1(θ) is also to be determined during the solution of the optimization problem. 

It is required that there be determined the friction surface microgeometry (the functions H(θ) and 

H1(θ)) at which an even wear will take place. To find the friction surface profile, it is necessary to supple-

ment the statement of the problem with a criterion that allows us to determine the functions H(θ) and H1(θ)). 

To determine the expansion coefficients of the desired functions H(θ) and H1(θ)), we respectively use the 

principle of equal wear of the friction lining surface as an optimization criterion. 

We carry out a theoretical analysis to determine the microgeometry of the drum-lining friction sur-

face, which would provide an almost even distribution of wear. Therefore, by choosing the friction surface 

microgeometry, we will reduce the unevenness of wear of the friction lining and the break drum. 

Solution Method 

To solve the optimization problem posed, the wear-contact problem of the indentation of the friction 

lining into the surface of the brake drum is first considered [40]. 

The condition connecting the movement of the friction lining and the break drum has the form 

 v1+v2=δ(θ)     (θ≤θ0),  (1) 

where δ(θ) is the settlement of points on the surfaces of the friction lining and the break drum, determined by 

the shapes of the friction-lining and break-drum surfaces, as well as the magnitude of the pressing force Р; 

2θ0 is the angle contact of the friction lining. In the contact zone, in addition to the normal pressure p(θ, t), 

there is a tangential force associated with the contact pressure according to the Amonton-Coulomb law. 

The friction forces τrθ(θ, t) contribute to heat release in the contact area. The total amount of heat per 

unit time is proportional to the power of the friction forces. The amount of heat generated per unit of time on 

a unit contact area with the coordinate θ will be Q(θ, t)=Vfp(θ, t), where V is the speed of the vehicle at the 

moment of braking; f is the friction coefficient of the friction pair. 

The total amount of heat, Q(θ, t), will be consumed as follows: on the heat flow into the friction lin-

ing, Q∗(θ, t), and on the heat flow to increase the temperature of the break drum, Qb(θ, t). 

For friction-lining and break-drum displacements, we have 

wre vvvv 1111 ++= ,       wre vvvv 2222 ++=  

Here, ev1  are the thermoelastic displacements of the points of the friction-lining contact surface; rv1  are 

the displacements caused by the crushing of microprotrusions of the friction-lining surface, wv1  are the displace-

ments caused by the wear of the friction-lining surface; ev2 , rv2 , wv2  are the displacements for the brake drum. 

The rate of change of surface displacements during the wear of the friction lining and the break drum 

will be [41, 42] 

 ),()(
tpK

dt

dv kk θ= ,   (2) 

where K
(k)

 is the wear coefficient of the material (k=1 is the wear coefficient for the friction lining, and k=2 is 

the wear coefficient for the break drum). 
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To determine ev1 , rv1  and ev2 , rv2 , thermoelasticity problems are solved for the friction lining and the 

break drum, respectively. The thermal conductivity coefficients of the material in the axial, circumferential, and 

radial directions are assumed to be the same and independent of coordinates and temperature. The friction lin-

ing is modeled by a circular curved beam with a cross-section close to a narrow rectangle (see the figure). 

For the friction lining, 

∆T=0, 

with r=ρ(θ)      ∗−=
∂
∂

λ Q
n

T
, 

T=Tc    with r = R0, 

T=Tc    with θ=0;       T=Tc    with θ=2θ0, 

with r=ρ(θ)    )(θ−=σ pn ,     )(θ−=τ fpnt , 

with r=R0     vr=0,    vθ=0. 

Here, λ is the thermal conductivity coeffi-

cient of the friction lining material; ∆ is the 

Laplace operator; T is a function of temperature; 

Tс is the ambient temperature; n, t are the normal 

and tangent to the outer surface of the friction lin-

ing; vr, vθ are the radial and tangent components of 

the displacement vector of points L, respectively. 

 

A scheme for calculating the optimal microgeometry  

of the outer surface of the friction lining 

At the straight ends of the friction lining, the boundary conditions are accepted as 

0

0
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dr ,       0
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r dr ,     0
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rdr     with θ=±θ0, 

where σr, σθ, τrθ are the components of the stress tensor. 

Similarly, the problem of thermoelasticity is posed to determine the displacements ev2 , rv2 of the 

contact surface of the break drum. To determine wv1  and wv2 , the kinetic equation of wear for the material of 

the friction lining and break drum is used (2). 

We look for temperature functions, contact pressure, stresses, and displacements in the friction lining 

and break drum in the form of expansions in the small parameter ε, in which, for simplicity, we leave the 

terms containing degrees of ε that are not higher than one. We find the stress components for r=ρ(θ) by ex-

panding in a series the expressions for stresses in the neighborhood r=R. Using the perturbation method for 

the boundary-value problem of thermoelasticity, we obtain a sequence of boundary-value problems for the 

friction lining with circular boundaries for the inner and outer surfaces [43]. Each approximation satisfies the 

system of differential equations of plane thermoelasticity. The solution to the boundary-value problem of the 

theory of heat conductivity in each approximation is sought by the method of separation of variables. In solv-

ing the thermoelasticity problem, in each approximation, the thermoelastic displacement potential and the 

power series method are used. 

Based on the obtained solution to the problem of thermoelasticity and integration of the kinetic equa-

tion (2) of wear of the friction lining material in the zeroth approximation, we find the displacements 0
1v  of 

its contact surface. The thermoelasticity problem for the brake drum is solved in the same way. Based on the 

obtained solution of the thermoelasticity problem for the brake drum and the kinetic equation of wear of the 

brake drum material, the displacement 0
2v  of its contact surface is found in the zeroth approximation. The 

quantities 0
1v and 0

2v  found are substituted into the main contact condition (1) in the zeroth approximation. 

Carrying out the algebraization of the main contact equation in a similar way [27–28], we obtain an infinite 
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algebraic system with respect to 0
kα  (k=0, 1, 2, …), 0

kβ  (k=1, 2, …) and 1
kα , 1

kβ , etc. The obtained systems 

allow us to find the contact pressure in the zeroth approximation by numerical methods. 

Then, in a similar way, the solution to the wear-contact problem is constructed in the first approxi-

mation. Repeating the procedure for constructing algebraic systems to find the desired coefficients, we ob-

tain an infinite algebraic system with respect to 1
0,kα  (k=0, 1, 2, …), 1

0,kβ  (k=1, 2, …) and 1
1,kα , 1

1,kβ , etc. 

The right-hand sides of infinite algebraic systems include the coefficients 0
ka , 0

kb , 1
ka , 1

kb  of expan-

sions of the functions H(θ) and H1(θ). With the known functions H(θ) and H1(θ), the resulting systems make 

it possible to find the contact pressure p(θ, t). The resulting algebraic system of equations is not yet closed. 

Let h  be the desired value of material wear for the friction lining surface. The value h  is initially 

unknown and requires determination in the process of solving the optimization problem. By solving the 

wear-contact problem of the indentation of the friction lining into the break-drum inner-surface, for the wear 

of the friction lining surface, we find 
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The abrasive wear formula, which can be written as 

),,,,,,,(),( 111
0

000
0 kkkk baabaatFth θ=θ       (k=1, 2, …, m), 

shows that the wear linearly depends on the desired coefficients 0
ka , 0

kb , 1
ka , 1

kb  of Fourier series of the func-

tions H(θ) and H1(θ). To construct the missing algebraic equations for finding the coefficients 0
ka , 0

kb , 1
ka , 1

kb , 

we use the principle of least squares. 

The wear h of the friction lining is a function of the independent variable θ and (4m+2) of parame-

ters 0
0a , 0

ka , 0
kb , 1

0a , 1
ka , 1

kb . Time is considered a free parameter. The parameters 0
0a , 0

ka , 0
kb , 1

0a , 1
ka , 1

kb  

are constant (in the general case, they depend on time), but they are unknown in advance and are be deter-

mined. To find the unknown parameters, we perform a number of calculations. 

We divide the segment [−θ0, θ0] of the change of  θ  into M parts, where M>4m+2. 

θi= −θ0+i∆θ,     ∆θ=2θ0/M, 

 ),,,,,,,(),( 111
0

000
0 kkkkii baabaatFtp θ=θ    (i=1, 2, …, M).   (3) 

Let us find the values of the unknown parameters that will provide for values of the abrasive wear 

function (3) a constant value in the best way 

hbaabaatF kkkki =θ ),,,,,,,( 111
0

000
0      (i=1, 2, …, M). 

The most probable values of the parameters will be those for which the sum of squared deviations εi 

will be the smallest 

 [ ] min),,,,,,,(
1

2111
0

000
0 →−θ=∑

=

M

i

kkkki hbaabaatFU .  (4) 

For any moment of time, we consider 0
0a , 0

ka , 0
kb , 1

0a , 1
ka , 1

kb  (k=1, 2, …, m) as independent vari-

ables. Equating to zero the partial derivatives of the left-hand side of (4) with respect to these variables and 

h , we obtain (4m+3) equations with (4m+3) unknowns 

 0
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The design and solution of system (5) is greatly simplified, since the function 

),,,,,,,( 111
0

000
0 kkkki baabaatF θ  is linear with respect to the unknown parameters. This system of equations 

closes the infinite algebraic system of the wear-contact problem and must be solved together with it for fixed 

values of time. 

Analysis of Simulation Results 
The joint solution of the obtained systems of equations allows us to find approximate values of the co-

efficients 0
ka , 0

kb , 1
ka , 1

kb , h , αk, βk. The thermo-physical and mechanical characteristics of the friction- lining 

and brake-drum materials, their geometric dimensions, and vehicle speed are free parameters of the problem. 

For the numerical implementation of the proposed method, calculations were carried out as applied to the brake 

mechanisms of KamAZ-5320 trucks. The following parameters were taken to be constant: R=0.19 m; friction 

lining thickness hн=0.016 m; friction lining width bн=0.14 m; 1R′ =0.2 m; outer radius of the break drum 

í
R1 =0.25 m; f=0.35; coefficient of wear resistance of the friction lining material K

(1)
=1.5�10

-6
 and of the break 

drum K
(2)

=2�10
-8

; E=6.9�10
3
 MPa; E1=1.8�10

5
 MPa; µ=0.4; µ1=0.3 for gray iron material of the break drum. 

The values of control parameters (coefficients 0
0a , 0

ka , 0
kb , 1

0a , 1
ka , 1

kb ) were found depending on 

the physico-mechanical characteristics of the friction pair for different moments of time. In the expansion of 

the desired functions H(θ) and H1(θ), limitations to k=5 terms were used. The calculation results for deter-

mining the microgeometry of the friction contact surface at the initial moment t=0 for different vehicle 

speeds during braking are given in the table where line 1 refers to the friction-lining surface roughness. 

Values of Fourier coefficients for optimal roughness (µm) 

Material  a0 a1 a2 a3 a4 a5 b1 b2 b3 b4 b5 

V=50 km/h 

1 0.389 0.303 0.243 -0.185 0.086 0.042 0.411 0.278 0.115 -0.067 0.029 

2 0.260 0.182 -0.163 0.154 0.077 0.035 0.228 0.191 0.089 0.039 0.028 

V=80 km/h 

1 0.456 0.393 -0.315 0.228 0.114 0.050 0.437 -0.278 0.185 0.096 0.044 

2 0.193 0.176 0.108 0.089 -0.071 0.042 0.245 0.206 0.114 -0.068 0.039 

With prolonged braking, temperature stresses become important for the brake mechanism of a vehi-

cle. Our calculations show that the temperature rises when the wear of the friction lining increases. 

Conclusion 

The practice of operating the friction pairs of drum-lining brake mechanisms indicates that at the 

stage of developing new designs of truck brake mechanisms, it is necessary to take into account cases where 

uneven wear occurs. Knowing the coefficients 0
ka , 0

kb , 1
ka , 1

kb  of the functions H(θ) and H1(θ) allows one to 

choose the roughness class of the machined outer surface of the friction lining and of the inner surface of the 

break drum, which provides increased wear resistance of the friction pair of a truck brake system. 
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Розв’язання задачі зниження зношення фрикційної накладки гальмівної системи автомобіля  

Е. С. Велізаде 

Азербайджанський технічний університет,  
AZ1073, Азербайджан, м. Баку, пр. Г. Джавіда, 25 

Зношування накладки і барабана гальмівного механізму автомобіля відбувається нерівномірно, тому доці-

льно зменшувати знос там, де він має найбільше значення. Знаючи оптимальну мікрогеометрію поверхні тертя 

фрикційної пари, цю задачу можна розв’язувати конструкторсько-технологічними методами на етапах проекту-

вання і виготовлення. В роботі теоретично розв’язується задача зі знаходження мікрогеометрії поверхні тертя, 

що забезпечує рівномірний знос фрикційної накладки. Прийнята модель шорсткої поверхні тертя. Для розв’язання 

поставленої задачі оптимізації спочатку розглядається зносоконтактна задача щодо вдавлювання накладки в по-

верхню гальмівного барабана. Температурні функції, контактний тиск, напруження і переміщення в накладці і ба-

рабані шукаються у вигляді розкладів по малому параметру. Для спрощення члени, що  мають ступінь малого пара-

метра вище першого, відкидаються. Кожне наближення задовольняє систему диференціальних рівнянь плоскої 

термопружності. Розв’язок крайової задачі теорії теплопровідності в кожному наближенні знаходиться методом 

розділення змінних. У кожному наближенні для розв’язання задачі термопружності використовуються термопру-

жний потенціал переміщень і метод степеневих рядів. За допомогою методу найменших квадратів побудована за-

мкнута система алгебраїчних рівнянь, що дозволяє отримати розв’язок задачі оптимального проектування пари 

тертя «барабан-накладка» в залежності від геометричних і механічних характеристик гальмівного барабана і на-

кладки. Знайдена геометрія поверхні тертя забезпечує підвищення зносостійкості фрикційної накладки. 

Ключові слова: фрикційна пара, накладка, барабан, рівномірне зношування, шорсткість, оптимальна гео-

метрія поверхні тертя. 
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USING THE R-FUNCTIONS 

THEORY APPARATUS  

TO MATHEMATICALLY 

MODEL THE SURFACE  

OF THE SOYUZ-APPOLO 

SPACECRAFT MOCK-UP  

FOR 3D PRINTING     

Creation of mathematical models of objects to be 3D printed is of 

considerable interest, which is associated with the active introduction 

of 3D printing in various industries. The advantages of using modern 

3D printers are: lower production costs and shorter periods of time 

for their appearance on the market, modeling objects of any shape 

and complexity, speed and high precision of manufacturing, their 

ability to use various materials. One of the methods for solving the 

problem of creating a mathematical and computer model of the object 

being designed is the application of the R-functions theory, with the 

help of which it is possible to describe geometric objects of complex 

shapes in a single analytical expression. The use of alphabetic pa-

rameters, when one specifies geometric information in analytical 

form, allows one to quickly change the size and shape of the object 

being designed, which helps to spend less time on building computa-

tional models. The proposed method can significantly reduce the 

complexity of work in CAD systems in those cases when one needs to 

view a large number of design options in search of an optimal solu-

tion. This gives a great effect on reducing labor intensity in the con-

struction of computational models to determine aero-gas-dynamic 

and strength characteristics. Characterization is also often associ-

ated with the need to account for changes in aircraft shape. This 

leads to the fact that the determination of aerodynamic characteris-

tics only due to the need to build a large number of computational 

models increases the duration of work by months. With parametric 

assignments, computational regions change almost instantly. In this 

paper, on the basis of the basic apparatus of the theory of R-functions 

as well as cylindrical, spherical, ellipsoidal, and conusoidal support 

functions, a multiparametric equation for the surface of a Soyuz-

Apollo spacecraft model is constructed. A number of support func-

tions were normalized according to a general formula, which made it 

possible to illustrate a new approach to constructing three-

dimensional equations for surfaces of a given thickness. 

Keywords: R-functions, alphabetic parameters, standard primitives, 

Soyuz-Apollo spacecraft model. 
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