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UDC 539.3 An important place among thermoelasticity problems is occupied by the plane elasticity

problem obtained from the general three-dimensional problem after using plane stress
ANALYTICAL state hypotheses for thin plates. In the two-dimensional formulation, this problem has
SOLUTION become widespread in the study of the effect of temperature loads on the stress state of

thin thermosensitive plates. The article proposes a general three-dimensional solution of
OF THE PROBLEM the static problem of thermoelasticity in a form convenient for practical application. To
OF SYMMETRIC construct it, a particular solution of the inhomogeneous equation, the thermoelastic dis-
THERMALLY placement potential, was added by us to the general solution of Lamé's equations, the
latter solution having been previously found by us in terms of three harmonic functions. It
STRESSED STATE is shown that the use of the proposed solution allows one to satisfy the relation between

OF THICK PLATES the static three-dimensional theory of thermoelasticity and boundary conditions, and also
BASED ON THE 3D | to construct a closed system of partial differential equations for the introduced two-

ELASTICITY dimensional. functions without usi.ng hypot.heses ab.out .th.e pla.ne stress state of a plate. The
thermoelastic stress state of a thick or thin plate is divided into two parts. The first part
THEORY takes into account the thermal effects caused by external heating and internal heat
sources, while the second one is determined by a symmetrical force load. The thermoelas-
Viktor P. Revenko tic stresses are expressed in terms of deformations and known temperature. A three-
victorrev @ukr.net dimensional thermoelastic stress-strain state representation is used and the zero bound-

ORCID: 0000-0002-2616-8747 | ary conditions on the outer flat surfaces of the plate are precisely satisfied. This allows us
to show that the introduced two-dimensional functions will be harmonic. After integrating

Pidstryhach Institute along the thickness of the plate along the normal to the median surface, normal and shear
for Applied Problems efforts are expressed in terms of three unknown two-dimensional functions. The three-
of Mechanics and dimensional stress state of a symmetrically loaded thermosensitive plate was simplified to
Mathematics the two-dimensional state. For this purpose, we used only the hypothesis that the normal
NAS of Ukraine, stresses perpendicular to the median surface are insignificant in comparison with the

. longitudinal and transverse ones. Displacements and stresses in the plate are expressed in
3-b, Naukova St., Lviv, . . . . . . Lo
terms of two two-dimensional harmonic functions and a particular solution, which is de-

790060 Ukraine . . ) .
termined by a given temperature on the surfaces of the plate. The introduced harmonic
functions are determined from the boundary conditions on the side surface of the thick
plate. The proposed technique allows the solution of three-dimensional boundary value
problems for thick thermosensitive plates to be reduced to a two-dimensional case.
Keywords: thick thermoelastic plate, thermosensitive material, stress state.

Introduction

Thin and thick plates, to which power loads are applied and for which temperature fields and internal
heat sources are set, are widely used in power engineering, technological and engineering structures [1-3].
In [2, 4], a review of the literature on the equations of the plane theory of thermoelasticity is made using the
hypotheses of plane stresses for thin plates.

The aim of the paper is to develop an effective mathematical approach for the reduction of three-
dimensional thermoelastic equilibrium of plates under the influence of force and temperature loads to the
study of two-dimensional equations of simple form without imposing additional restrictions on stress com-
ponents and thermoelastic characteristics of the material.

Problem Formulation and Solution Presentation
Consider a three-dimensional static thermoelastic problem for a thick plate of thickness &, whose me-
dian surface occupies an area S with a contour L, lying on the plane Oxy of the Cartesian coordinate system:

X, =X, X, =Y, X; = z. Assume that on both flat surfaces of the plate (z = hj, hy=hi2, h, =—h/2) there are

nonn

no normal and tangential loads, and only given are the temperatures 7~ =T " where the signs "+", "-" respec-
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tively describe the functions on the upper z = h, or lower z =—h, surfaces. Assume that the function of the tem-
perature 7'(x,y,z) is known, and on the side surface of the plate, corresponding to the contour L, stress bound-
ary conditions are set. Consider a symmetrical compression-tension along the median surface of the thick heat-
sensitive plate

ui (xa ya_Z) = ui (xa y7 Z) 5 l = 1a2 5 u3 (x7 ya_Z) = _u3 (x7 ya Z) ) (1)
where u; are the displacements in the direction of the respective axes. From conditions (1) it follows that the
normal stresses will be symmetric: G j(x, y,~2)=G j(x, v,2), j=13. Express the thermoelastic stresses for

problem (1) in terms of deformations [1, 3]

\Y% o 1+v
1-2v 1-2v
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where e = ®+3a7 is the volume deformation, ® =6, + 06, +0;.

Substitute relations (2) into the equilibrium equation and write the equation of stationary thermoelas-
ticity for the displacements [1, 3]

=2V, +25 =21 4v)a2l, k=13, 3)
ox;, ox;
2 2 2
VT =0, V? 9,90 “)

ox2  ox? oxZ
where v is Poisson's ratio, o is the coefficient of thermal expansion, and the known temperature 7'(x, y, z) sat-
isfies equation (4).
Represent the particular solution of equation (3), which is called the thermoelastic displacement po-
tential [1, 3], as follows:

oy oy oy
=" = =—, 5
ul ox; @ 0x, . ox; ®)

where the function y satisfies the equation
Viy=——-ar. (6)
I-v

The general solution of equation (6) whose particular solution takes into account the influence of the
known temperature will have the form
y=PBzQ+¥, @)

892

1+v . . . . [
o ; Q, ¥ are three-dimensional harmonic functions, Q = j Tdz, 8_ T.
0

2(1-v)

Add relations (5), (7) to the solution of Lame's equations [5, 6] and obtain the general solution of
equations (3) in the form

where =
74

u=90,92 9P 0 P e, 8)
ox dy dy Ox oz
where P = z(<I>+BQ)+‘P; @, ¥, O are three-dimensional harmonic functions of displacements, Q, T are

known harmonic functions. The biharmonic function P satisfies the equation

2
Ap+a—zpzzi(c1>+ﬁg), ©)
oz 0z
2 2
where A =—-+— is a two-dimensional Laplace operator.
ox~ dy
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From conditions (2), (8) it follows that the functions P, ¥, Q, T will be even with respect to the vari-
able z, and the function ® will be odd. Write the conditions of symmetry
oP* _oP” od* 0D~ 00" _ 00~

dz dz 0z dz Oz oz
Take into account the representation of displacements (8) and find the deformations, and, according
to formula (2), determine the general expression of normal
2P RN } —

6. =2G ——(-1)) —=—-2v—-2BT |, j=1,2,
! L)x]z. =D 0x,0x, ox, g /

, P =—]". (10)

2
32P b } an

05 = 2G|:F— 2(2—\/)8—— ZBT

X3 X3

and tangential

2 2 2
IIZ:G{z P +a 0_9J Q},

ox,0x, dx; Ox

2 —
m=G{i{2§—’3—4a—v>¢}<—1ﬂa—Q}, j=12 (12

axj X, ox;_ j ox;,
stresses, where G =E/2(1+V), E are shear and Young’s moduli. Express the volume deformation and the
sum of normal stresses @
0
e=2(1-2) 20 +2pT, ©=—28 Lo 2| (13)
0z 0z 1-v
On the surfaces of the plate, set the three-dimensional boundary conditions
63(x,y,hj)=0, T3k(x,y,hj):0, Jok=12. (14)
Substitute equation (11) into relation (14), take into account relations (10), (13) and that the stresses
0, << 0}, 0,, and obtain
oP*
4

=2(2-v)®" +2pQ", 15)

h,

where Qf = J.sz )
0

Use representation (11) and write conditions (14) about the absence of tangential loads on the sur-
faces of the plate

+ _1\J 2 N+ .
9 |oP -2(1-v)®" ) a—Q:O, j=L2. (16)
ox; | ox, 2 dxy ;0x;
Take into account relation (15) and simplify equation (16)
a ) az + .
42 (ot +par)= (1Y 2L, j=12. a7
ox; 0x;_;0x,
From equations (17), the following conditions of harmonicity for the introduced functions follow:
+ + aQ+
Alo* +pa*)=0, A% =o. (18)

0z

0™ .. 00"
Q are harmonic, if we know @7, then we know Q .
X3 X3

So, the functions ®* +pQ",
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Use relations (10), (11), (15) and express the efforts in the plate. To do this, substitute the representa-
tion of stress (11), (12) into the known expressions of normal and tangential efforts [7] and obtain

*P  9°0 *P_9°0
1, =2G —4v®" —4BQT |, T, =2G - —4vdT —4BQ" |,
L)xz 0xdy g } ? {ayz 0xdy g
9°P 1(9°0 9’0

S, =8,=2G — - , 19
12 21 |:axay 2 ( ayz ax2 ( )

y aQ
where P = J-sz Q J-de T = j Tdz = J-a—d z=2Q" . After integrating equation (9), taking into ac-

74

_hl _h] _hl _hl

count both the harmonicity of functions (18) and condition (15), write the key equations of plate theory for
the basic functions P , O, ®*
0

AP = —4(1-v)®*, AQ = —2a—Q (20)
Z

Equations (20) are consistent with expressions (19) and coincide with the key equations of the plane
stress state [5, 7].

Note that if we substitute relationship (19) into the equation of equilibrium of the plate in the efforts
[7], then we obtain the fourth-order partial derivative equation

AAP = 4B(1-V)AQ" . 1)
Equation (21) also follows from the obtained relations (18), (20).
Representation of Thermoelastic Stresses in Terms of Harmonic Functions
From equation (18), define the representation of the function ®*

d" =-h—L-BQ", (22)

where ¢ is the unknown harmonic function. Use both expression (22) and relationship (17) between the har-
monic functions, and obtain the following simple dependence:

+ 2
8& =4 hﬂ ) (23)
oz 0xdy
Consider representations (22), (23) and write the general solution of equations (20)
~ 0 ~ 0
P= 2(1—v)h{ya—$+ﬁml}+hgl(x, y), 0= —4yha—$+hg2(x, y). (24)

where @, is the particular solution of the equation hAm, =2Q", g ; are the harmonic functions that can be
represented as
a0 9
g = 2 g v 22 25)
ox Ox ay dy
¢, Y are harmonic functions.

Substitute functions (22), (24), (25) into relation (19), express the efforts in terms of the introduced
functions and see that the function ¢ does not enter into the representation of efforts (20), so it can be ignored.

Therefore, functions (24) will take the form:

2
P=2(1-v) y%+ﬁml —(1+v)ha—"’, b= —any2® (1+v)ha“’, ot =— ﬂ—ﬁhml, (26)
dy ox ox dy dy? 2
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where the functions ®;, Q" describe the effect of temperature on the stress state of the plate, and the har-

monic functions @, y correspond to the plane stress state [5].
Express the efforts that depend only on temperature. To do this, substitute expressions (26) into rela-
tion (19). After the transformations, we obtain such simple formulas

80)1

=—Eho.—+ Gl
dy”

oxdy

Use the representation of stresses in the plane problem [5], relation (27) and write the general repre-
sentation of stresses in terms of the three basic functions ®,, ¢, y

3 3 2
cx=2E{y3q’+2aq’ oy _ad “)l},
y

L. 8,=8, =Eho——" 27)

dy? dy’ox 2 9y’

6. =2Ely I’ +a"’ a9, (28)
’ axZay o’ 2 ot |’

3 2 3 2
T, =—2EJy a<p2+a L a;" _00'e :
oxdy” dxdy ox°dy 2 dxdy
Determine the harmonic functions @, y from the boundary conditions (14) given on the side surface

of the plate, and reduce them to the conditions on the contour L of the region S. Use stresses (28) and write
the boundary conditions according to [5, 7]

{0, sin*0+ 0, cos’0+1,,5in20}1,=0,, [sm29 (6,-6,)+T,cos20]l,=71,, (29)
hl
where 0 is the angle between the normal to the contour L and the axis Ox, 6, =— J-G (x,y,2)dz 1, ,
_hl
hl
T, =— I T,(x,y,2)dz|, . Find the displacements and deformations in the plate after averaging formulas (8).

_hl
The obtained stress expressions (28) and boundary conditions (29) make it possible to solve various
boundary value problems for thick thermoelastic plates.

Conclusions

Based on the three-dimensional theory of elasticity, a two-dimensional theory of thin and thick ther-
moelastic plates loaded only on their lateral sides symmetrically and parallel to the median surface is con-
structed without using hypotheses about zero tangential and normal stresses inside the plate. It was estab-
lished that the found stresses and displacements are exactly equal to the corresponding average values of the
three-dimensional theory of thermoelasticity. It was also established that from the formulas obtained, there
emerge representations of stresses of the plane problem of the theory of elasticity.
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AHaniTHYHMI PO3B'A30K 3a/1a4i CHMETPUYHOI0 TEPMOHANPY>KEHOT0 CTAHY TOBCTHX ILUIACTHH
Ha OCHOBi TPUBUMIipPHOi Teopii nmpy:kHOCTI

B. Il1. PeBenko

[HcTHTYT MpuKTaTHUX TIpobeM MexaHiky 1 Marematuku iM. S. C. [Tinctpurayva HAH Vkpainu,
79060, Ykpaina, m. JIbBiB, Byi. Haykosa, 3-6

Baoicnuse micye cepeod 3a0ay mepmMonpysicHocmi 3atimMae niocka npoonema meopii npys#HCHOCI, KA OMPUMAna i3
3a2anbHOI MPUSUMIPHOT 3a0aui, NICISL BUKOPUCTNAHHS 2INOMe3 NIOCKO20 HANPYIHCEHO20 CIMAHY O MOHKUX nAacmuH. Y 060-
BUMIPHILL NOCMAHOBYI Ys 3a0a4a HAOYIA WUPOKO2O NOWUPEHHS N0 4AC OOCTIONCEHHS GNIUGY MEMNEPAMYPHUX HABAHMA-
J#CEHb HA HANPYHCEHUL CIAH MOHKUX MEPMOYYMAUSUX NIACMUH. Y cmammi 3anponoHO8aHO 3a2aNbHUll MPUSUMIDHUL PO3-
830K CIAMUYHOL 3a0a4i MepMONPYHCHOCMI Yy opMmi, 3pYUHIl Os1 NPAKMUYHO20 3aCmOCy8ants. /s 1020 no6y0osu 0o
paHiuie 3HAOEH020 ABMOPOM 302AHOZ0 PO3BA3KY pieHAHb JIme uepe3 mpu capmoniuni QyHKyii 0obasneHo yacmroeul
PO36'5130K HEOOHOPIOHO20 PIGHAHHS — MEPMONPYICHUL nOMeHyian nepemiyernv. TIokazano wo BUKOPUCMAHHS 3aNPONOHO6A-
HO20 PO36'513KY 00360J151€ 3A0080JIbHUMU CNIGEBIOHOUWEHHS CIMAMUYHOT MPUGUMIPHOT Meopii mepMOnpYICHOCMI | Kpatosi ymo-
6u ma noOyoyeamu 3aMKHYmY CUCEM) DIGHSHb Y YACMUHHUX NOXIOHUX HA 66e0eHi 080BUMIDHI (DYHKYIT Oe3 8UKOPUCMAHHS
2inomes npo NAOCKUL HANPYJceHuti cmarn naacmuny. TepMonpysicHull HanpystceHult Cmamn MoHKoi abo moecmoi naacmuHu
PO30inenutl Ha 08I YACMUHU: Nepuld 8PAx08ye Menio6Ull GNIUG, BUKIUKAHUL 308HIUHIM HASDIBAHHAM | GHYMPIWHIMU 0Jicepe-
qamu menia; Opyed GU3HAYAEMbCA CUMEMPUHHUMU CUTOBUMU HABAHMANCEHHAMU. TepMONPYICHI HANPYIICEHHS BUPAdICEH]
uepez Oepopmayii i eidomy memnepamypy. Buxopucmano nooanus mpusUMIPHO20 MEPMONPYICHOZO HANPYHCEHO-
Odehopmosanozo cmany i MoUHO 3A00601EHO HYbOGI KpALOGi YMOBU HA 306HIUUHIX NIOCKUX NOGEPpXHAX naacmunu. Lle 00360-
JIUNO NOKA3amu, w0 68e0eHi 0806UMIPHI (YHKYIT 6yOymb eapmoniunumu. Ilicnsa inmmespyeanHs no moSwuHi nAACMuHU
630060iC HOPMATLi 00 CEPEOUHHOT NOBEPXHI BUPANICEHO HOPMAILHL [ 3CY6HI 3YCUIISL Yepe3 mpu Hegi0OMI 0808UMIDHI (yHKYiL.
Tpusumipnuil HanpysHceHult Cman CUMEMpPUHO HABAHMANCEHOT TMEPMOUYMAUBOT NAACMUHU CHPOUEHO 00 0BOGUMIDHOZO
cmany. Ilpu ybomy 36e0eHHI BUKOPUCMAHO MITbKU 2INOMe3Y, WO NePneHOUKYSIPHI CePeOUHHIL NOGEPXHI HOPMATIbHI HANPY-
JICEHHSI € HESHAYHUMU 8 NOPIBHAHHMI [3 NOB300BICHIMU Ma nonepeyHumMy Hanpyxcennamu. Ilepemiuyenns i Hanpyscenns 6 naa-
CIMUHI BUPAJICEHO Yepe3 O8I OBOBUMIPHI 2APMOHIYHI (DYHKYIT I YaCmMKOBULL PO36'A30K, AKULL GUSHAYAEMbCS 3A0AHOK meMne-
pamypoio Ha NOBepxXHsX niacmunu. Beedeni capmoriuni yHKYIT 6UBHAUAIOMbCA 13 KPAlOBUX YMO8 HA OIYHILl ROBEPXHI MOG-
Ccmoi naacmuHu. 3anponoHo8ana MemoouKa 0ac 3Mo2y po3e’s130Kk MPUBUMIPHUX KPAUOBUX 3a0ay O MOBCHUX MEePMOYYM-
JIUGUX NIIACMUH 3600UMU 00 080GUMIPHO20 BUNAOKY.

Kniouogi cnosa: moscma mepmonpyxcra naacmund, mepmodymiusuii Mamepia, Hanpyxcenuli CmaH.
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