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The paper consists of three sections and is of an informational and general-
izing nature, indicating promising areas for further research. The first sec-
tion "R-functions method in mathematical modeling of convective heat 
transfer in fuel cartridges with fuel elements" is devoted to the use of new 
constructive tools of the R-functions method for mathematical and computer 
modeling of fuel elements packings with different types of symmetry, as well 
as the study of convective heat transfer in fuel elements grids and the effect 
of the type of packing on the distribution of velocity and temperature. An 
octahedral cartridge with 37 fuel elements packed according to three pat-
terns (cyclic, checkerboard and in-line) is considered. It is noted that when 
constructing the equations of a cartridge with bundles of fuel elements using 
the new method, the number of R-operations and, accordingly, the calcula-
tion time are significantly reduced. An analysis of the obtained results al-
lows to conclude that the maximum temperature is obtained with cyclic 
packing. The scheme of the reactor, the cartridges of which are hexagonal 
casings, with 91 fuel elements placed in each of them both with checker-
board and cyclic packing, is also considered. In the second section "Ther-
mal-hydraulic calculation of fuel elements cartridges in case of violation of 
the rods packing symmetry", a hexagonal fuel cartridge with 169 fuel ele-
ments and checkerboard packing is considered. An increase in temperature 
is analyzed in case of violation of the packing symmetry while maintaining 
the parallelism of the rods, as well as in case of a curvature of one of them. 
The third section "R-functions, fuel element with polyzonal finning of the 
shell and heat transfer during fluid motion" is focused on the construction of 
equations for various finning surfaces of fuel elements and the study of hy-
drodynamic and temperature fields in case of polyzonal finning of the shell. 
At the same time, using the apparatus of tensor analysis, a transition to a 
curvilinear non-orthogonal (helical) coordinate system was made. It is 
noted that mathematical modeling and the associated computer experiment 
are indispensable in cases where a full-scale experiment is impossible or 
difficult to conduct for one reason or another. In addition, working with 
mathematical model of the process and the computational experiment make 
it possible to investigate the properties and behavior of the process in vari-
ous situations relatively quickly and without significant expenses. The reli-
ability of the methods, results and conclusions is confirmed by comparison 
with the information given in the references, the results of the analysis of the 
numerical convergence of solutions and the calculation of the residual. 

Keywords: nuclear reactor, cartridge, fuel element, R-function method, 
packing symmetry type, shell finning. 

Introduction 
Currently, the world pays great attention to green energy, which is explained by the desire to replace 

dirty coal generation with renewable energy sources. It should be noted that many people consider nuclear 
energy to be the second component of replacement. With this in mind, Ukraine has set a goal for the next 
seven years – to increase nuclear capacity by three power units. 

Due to the growth in the number of nuclear power plants, as well as in the number of models and 
modifications of nuclear reactors, the advantages of certain plants become of particular importance. At the 
same time, designers face a number of problems, the optimal solutions of which have not yet been found. 
There is the largest turnover of financial resources at nuclear power plants, and the slightest gain in effi-
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ciency brings huge profits, but one must not forget about the reliability and expenses during the construction 
of the plant. Naturally, this task, which is complex, is solved at the design stage. Calculation of the reactor at 
the design stage involves the determination of the main parameters of the core, temperature values, etc. In 
addition, one of the cornerstones in justifying the safe operation of a nuclear power plant is the thermal-
hydraulic calculation of the reactor core. Calculation of coolant parameters and temperatures of fuel elements 
is carried out at all stages of designing and justifying the safety of nuclear power plants. 

As is known, the processes of hydrodynamics and heat transfer in reactor fuel assemblies used in the 
power industry are complex, but their exact description is necessary to achieve optimal design characteristics 
under nominal operation modes and to analyze reliability in case of deviations from nominal modes and in 
emergency situations. Thus, an accurate calculation of the temperature regimes of fast reactor fuel elements 
makes it possible to refine the calculated estimates of the dimensions, swelling and bending of elements, etc., 
which determines the efficiency of the reactor core and the level of permissible fuel burnup. Increase of re-
quirements for the thermal-hydraulic calculation of fuel elements cartridges, in turn, necessitated the develop-
ment of new methods for the theoretical study of processes in rod bundles. The currently developed methods 
and programs [1–3] differ: in the initial equations that have to be solved and the methods for their solution; in 
taking into account various factors; in relations for the initial constants and, accordingly, in the accuracy of the 
calculation and the classes of problems that have to be solved. However, a common feature for all methods is a 
closed relation between the velocity and temperature fields. It is impossible to accurately calculate heat transfer 
without knowing the velocity field. For example, in [3], the conjugate problem of heat transfer in case of a rod 
flow of a coolant in fuel elements grids was reduced to a solution for one translational element. At the same 
time, the author considered the symmetry of the system. However, the analysis of the nature of the velocity and 
temperature distribution carried out in [4–6] allows to conclude that consideration of the velocity field for a 
cell, in case of its remoteness from the boundary, is appropriate. The temperature field in this case will be very 
far from reality, as evidenced by the results obtained for the cartridge as a whole. The papers [7–9] laid the 
foundations for new constructive tools of the R-functions theory for the analytical description of geometric ob-
jects with different types of symmetry. 

The aim of the paper is: 
– the use of new constructive tools of the R-function method for mathematical and computer modeling of 

fuel elements packings with checkerboard, in-line and cyclic symmetry, as well as the study of convective heat 
transfer in fuel elements grids and the effect of the packing type on the velocity and temperature distribution; 

– the use of methods and the construction of equations for various surfaces of the fuel elements fin-
ning, as well as the study of hydrodynamic and temperature fields in case of polyzonal finning of the shell; 

– study of the possibilities of joint application of the structural R-functions theory and variational 
methods for solving conjugate problems of convective heat transfer. 

The paper is of an informational and generalizing nature; it indicates promising tasks for further re-
search. At the same time, using the apparatus of tensor analysis, a transition to a curvilinear non-orthogonal 
(helical) coordinate system was made. 

R-functions method in mathematical modeling of convective heat transfer in fuel cartridges with fuel 
elements 

The reactor core, which is assembled from a large number of fuel cartridges, is considered [4, 5, 10]. 
An equation for a model octahedral fuel cartridge with 37 fuel elements packed according to three well-
known patterns (cyclic, checkerboard, and in-line) is constructed. In this case, the octahedral cartridge was 
chosen due to convenience in the position of all types of fuel elements packings with the same number of the 
said packings, which is a necessary condition for assessing the effect of the type of packing on the velocity 
and temperature distribution. 

To construct the equation for an octahedral casing, the method developed in [4, 5, 7, 8] is used. The 
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Let's dwell on the construction of the function   0, 0  tvbyx , when fuel element is trans-
lated with cyclic symmetry n1 times along a circle of radius R1, n2 times along a circle of radius R2 and n3 
times along a circle of radius R3. 

To construct the fuel element boundary equation, translated with cyclic symmetry n1 times along the cir-

cle of radius R1, the function   22
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To construct the fuel element boundary equation, translated with cyclic symmetry n2 times along the 

circle of radius R2, the function   22
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To construct the fuel element boundary equation, translated with cyclic symmetry n3 times along the 

circle of radius R3, the function   22
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Thus, the boundary equation of the cartridge with 36 fuel elements has the form 
  0302010  tvtvtvb , when n1=18, R1=4.2, n2=12, R2=2.8, n3=6, R3=1.5, Rtv=0.2 and belongs to a 

family of curves with seven parameters (n1, n2, n3, R1, R2, R3, Rtv) (Fig. 1, а). 
It should be noted that here and below we used the simplest R-operations 

ffgfgfgfgfgfgf  ;; 22
0

22
0 . Herewith, the equations   0,  yx  con-

structed by this method are infinitely differentiable. In this case, R-operations were used only three times. 

With a central fuel element, we obtain   0
2

1 222
0302010  yxR

R tv
tv

tvtvtvb , and the total 

number of fuel elements becomes equal to 37 (Fig. 1, а). 

To construct a triangular (checkerboard) packing of fuel elements, we set 0222
1  yxtvRf , 
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Then the equation of the fuel cartridge has the form   0,0 2010  fftvtvb . The con-

struction of the function  yx,  is performed with the following values of the literal parameters: Rtv=0.2, 
hx=2.75, hy=1.52 (Fig. 1, b). It should be noted that, during the construction of the cartridge equation with the 
new method, the R-operations were used only twice. 
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To construct a rectangular (in-line) packing of fuel elements, we set 0222
1  yxtvRf , where 
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equation has the form 

,00  tvb  

01  ftv . The 
construction of the 
function  yx,  is 
performed with the 
following values of 
the literal parameters: 
Rtv=0.2, hx=hy=1.5 
(Fig. 1, c). 

Fig. 1. Fuel cartridge with 37 fuel elements:  
а – with cyclic symmetry and central fuel element; b – checkerboard pattern; c – in-line pattern 

The main system of equations describing the process of heat transfer in a viscous fluid flow, with 
constant physical properties of the fluid and temperature, has the form 
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mathematical model of heat transfer in case of laminar motion of fluid along the cartridge with fuel elements 

is reduced to the system of equations  
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Knowing the equations of the cartridge and fuel elements, we can rewrite the statement of problem (2) 

in the form  
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The R-functions method was used in combination with the Ritz variational method to obtain the so-
lution. The structure of the solution of the problem of laminar flow in case of longitudinal flow around fluid 

fuel elements has the form 1pVz  , where   0, 0  tvbyx  is a boundary equation of the cartridge 

cross section, and an indefinite component  
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1 ,  will be calculated by minimizing the func-

tional   


 dCVVI zz 22 . It should be noted that the solution Vz is obtained in an analytical form and 

used without any further processing (approximation, interpolation). Therefore, the resulting velocity distribu-
tion is substituted into the right side of the thermal conduction equation. The structure of the solution to the 
problem of determining the temperature field was used as exactly satisfying the boundary conditions on b  

 2212 hppDpu b  , as well as in the form T=p2, where, as before,  
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Fig. 2. Pictures of the distribution of the velocity (a) and temperature field (b) 
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b

bdhTdFTTI 22 2 . As approxima-

tion means  yxik , , Schoenberg's cubic splines were used at N=6400, 
10000. Computational experiments were carried out under the operating 
conditions of the POLYE system, developed in the Department of Applied 
Mathematics and Computational Methods of IPMach NAS of Ukraine. The 
results of studies for various packings of fuel elements are shown below 
(Fig. 2–3). Each packing contains 37 rods, with all other conditions being 
equal λ1=1, λ1=10, h=1, qV=10. By changing the values of the literal pa-
rameters, it is possible to obtain different distributions of the studied fields. 

 

Fig. 3. Graphs of temperature 
distribution in the section x=0: 

1 – cyclic, 2 – checkerboard,  
3 – in-line packings  
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By the analysis of the obtained results, one can conclude that with cyclic packing, the maximum 
temperature is 9.8% higher than with checkerboard packing, and 18.6% higher than with in-line packing. 

In real structures, a fastening in the form of a rod is located in place of the central fuel element. 
Then      05.0,0cos 222

0  tvssvvb RRRyxrR , and all calculations are performed as 

before. The results are shown in Figs. 4–5. 

   
 a  

   
 b  

Fig. 4. Pictures of the velocity (a) and temperature (b) field distribution with a central fastening 
 
In this case, with cy-

clic packing, the maximum 
temperature is 9% higher than 
with checkerboard packing, 
and 20% higher than with in-
line packing. If we compare 
the results of the solution with 
central fuel element and cen-
tral rod fastening, then during 
cyclic packing, the maximum 
temperature drops by 27%, 
during checkerboard packing 
it drops by 27%, and with in-
line packing – by 29%. 

   
a                                                            b 

Fig. 5. Graphs of temperature distribution in the section: 
a – with central fastening, where 1 – cyclic, 2 – checkerboard, 3 – in-line packing;  

b – general graph, where 1s is cyclic, 2s is checkerboard,  
3s is in-line packing with central fastening 

 
In a similar setting and using the same methodol-

ogy, we will consider a typical structural diagram of a reac-
tor whose cartridges are hexagonal casings, with 91 fuel 
elements are placed in each of them, both with an expanded 
triangular packing, which is sometimes called a checker-
board one, and during translation with cyclic symmetry. 

Fig. 6, a shows the pattern of the level lines of the 
function ω(x, y) with 91 fuel elements arranged in a check-
erboard pattern. Fig. 6, b shows the pattern of the level 
lines of the function ω(x, y) with 91 fuel elements during 
translation with cyclic symmetry. 

           
a                                b 

Fig. 6. Fuel cartridge with 91 fuel elements arranged  
in a checkerboard pattern (a) and during translation  

with cyclic symmetry (b) 
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Computational experiments, as in the previous problem, were carried out under the operating condi-
tions of the POLYE system. Schoenberg's cubic splines were used as approximation means  yxik ,  with 
the dimension of the approximation space N=10000–40000. The results of studies for various fuel elements 
packings are shown in Figs. 7–8. 

 
a 

 
c 

 
e 

 
b 

 
d 

 
f 

Fig. 7. Pictures of the velocity (a, c, e) and temperature (b, d, f) distribution in the cartridge with fuel elements 
arranged in a checkerboard pattern (a, b), and with cyclically arranged fuel elements and central fuel element (c, d) 

and with cyclically arranged fuel elements without central fuel element (e, f) 
 
Analyzing the results, one 

can conclude that the presence of 
rods in the central zone leads to a 
higher temperature. Therefore, by 
changing the structural nature of the 
packing and the types of symmetry, 
it is possible to control the nature of 
the flow and the temperature distri-
bution over the cartridge, achieving 
the required value, conditioned by 
the technical task.  

Fig. 8. Graphs of the temperature field for various packings  
of fuel elements in the section y=0: 

1 – checkerboard pattern; 2 – cyclic symmetry with central fuel element;  
3 – cyclic symmetry without central fuel element 

Thermal-hydraulic calculation of fuel elements cartridges in case of violation of the rods packing 
symmetry 

A typical structural diagram of the reactor, the active zone of which is assembled from a large num-
ber of fuel cartridges, is considered [2, 4]. Cartridges are hexagonal casings in which fuel elements are 
placed. To construct the equation for a hexagonal fuel cartridge with 169 fuel elements and an expanded tri-
angular (checkerboard) packing, we will use the methodology from the previous paragraph. 

As a result, we get 
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Then the equation of the fuel cartridge has the form: 00  tvb . The construction of the 

function  yx,  is performed with the following values of the literal parameters: R=1.542, hx=11.9248, 
hy=6.939, n0=6, rk=46. 

The construction of displaced fuel elements was carried out as follows [11]. For displacement in the 
central zone 
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The statement of the problem and the solution method are similar to the previous ones. The results of 
studies for symmetrical packing, packing with symmetry violation of a straight and curved fuel element in the 
central zone and on the periphery are shown in Fig. 9. Each packing contains 169 rods. From the analysis of the 
obtained results, it follows that in case of the packing symmetry violation, while maintaining the parallelism of 
the rods, the local temperature increases by 2%. In case of rod bending, the local temperature increases by 7%. 

In this case, only one rod, which violates the packing symmetry, is considered. With several "non-
standard" rods, the calculation of the temperature field for the cartridge as a whole is all the more important. 
Mathematical modeling and the associated computer experiment are indispensable in cases where a full-scale 
experiment is impossible or difficult to conduct for one reason or another. In addition, working with mathe-
matical model of the process and the computer experiment make it possible to investigate the properties and 
behavior of the process in various situations freely, relatively quickly and without significant expenses. At 
the same time, computational experiments with object models make it possible to study them in detail and in 
depth, based on modern numerical methods. The reliability of the analytical identification of the cartridges 
was confirmed by their visualization. The reliability of the calculation methods, results and conclusions is 
confirmed by the analysis of the numerical convergence of solutions and the calculation of the residual. 

R-functions, fuel element with polyzonal finning of the shell and heat transfer during fluid motion 
Finning of heat transfer surfaces is widely used to increase the effective heat transfer coefficient in 

engineering. The shape of the edge is very diverse. Longitudinal, transverse, spiral edges, edges in the form 
of spikes, etc. are used. Detailed information about various methods of finning and technology for manufac-
turing finned surfaces can be found in [10, 12]. The finning not only increases the heat exchange surface, but 
also has a great influence on the hydrodynamics of the flow, and thus on the heat transfer coefficient. In the 
course of experiments with various methods of fuel elements shells finning, more advantageous forms of 
finning, the so-called polyzonal and chevron ones, were developed. With the latter, for example, the entire 
surface of the shell is divided into four, six, or eight sectors, and on neighboring sectors, the spirals are ar-
ranged symmetrically about the longitudinal axis. 
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a b c 

Fig. 9. Pictures  of the velocity field (a) and temperature field (b) distribution, including in case of violation of the 
rods packing symmetry, and a comparative analysis of graphs in the section 0≤x≤Rv, y=0 (c) 

The problem of heat transfer in the laminar fluid flow for the fuel element with polyzonal shell fin-
ning is considered. Let's build a mathematical model of such a fuel element shell (Fig. 10) [12–14]. 
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Fig. 10. Fuel element with 
polyzonal shell finning 

The main system of equations describing the process of heat transfer in the viscous fluid flow, with 
constant physical properties of the fluid and temperature, has the form (1). 

The invariant form of writing equations (1) allows, using the apparatus of tensor analysis, to move to 
a new coordinate system, in our case, to a curvilinear non-orthogonal system 
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In the helical coordinate system, we obtain (1) in the form [8] 
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The boundary condition for the velocity is formulated as the condition of adhesion of fluid particles 

to a solid wall: 0


V


, and for the temperature field on the wall it can be specified in different ways:  
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In the curvilinear non-orthogonal coordinate system, the normal derivatives included in the boundary 
conditions, taking into account the normalization of the function  211 ˆ,ˆ xx , have the form 
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and the equations obtained in [8] take the following form 
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Thus, from three-dimensional boundary problems we come to two-dimensional problems, for which 
the Ritz method in combination with the R-functions method can be applied [7, 8]. The positive definiteness 
of the operators of problems (5) was proved in [8]. 

We minimize the functionals equivalent to the boundary problems (4) and (5), 
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T . The structure of the solution to problem (4) has the form 11

3 V , and to problem (5) it 
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T , where 2011  f . For different values of the swirl 

parameter  , we obtain the results shown in Fig. 11. 
The results shown on Fig. 11 indicate that with an increase in the value of the swirl parameter α, 

heating in the intercostal zone increases. 
The conducted studies make it possible in the future to effectively continue work related to mathe-

matical and computer modeling of convective heat transfer in fuel cartridges of fuel elements with various 
shapes and packing of rods, as, for example, in the following problems. 
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a c e 

   
b d f 

Fig. 11. Distributions of the velocity (a, c, e) and temperature (, d, f) field for various values of the swirl parameter: 
a, b – α=0; c, d – α=π/2; e, f – α=π 

At present, conceptual designs for a supercritical water reactor (SCWR) have been implemented in 
various countries. In this case, both square and hexagonal grids of fuel elements with cavities filled with a 
moderator, for example, water or a solid moderator, are used. With the help of R-functions, it has already 
been possible to develop a methodology and construct an equation for a bundle of fuel elements with hex-
agonal grid (Fig. 12) [15]. 

In addition, it is noted that finning of heat transfer surfaces is widely used in engineering. It was pos-
sible to build a number of mathematical models of multi-zone fuel elements with longitudinal finning and 
helical plates (Fig. 13) [15]. 

The obtained mathematical models can be used by designers in research work during computational 
experiments. 

              

Fig. 12. Fuel elements with hexagonal grid Fig. 13. Fuel elements with longitudinal finning and 
helical plates 

Conclusions 
It has been established that the R-functions method is an effective method for solving problems of 

calculating physical fields in structural elements of nuclear power plants of complex shape. The developed 
constructive tools for constructing equations of the boundaries of regions with translational and cyclic types 
of symmetry made it possible to significantly reduce the number of operations with subsequent automation 
of this process, and, consequently, reduce the time for solving problems. The conducted studies allow de-
signers to choose certain types of packing depending on technical requirements. The paper considers only 
one rod that breaks the symmetry of the packing. With several "non-standard" rods, the calculation of the 
temperature field for the cartridge as a whole is all the more important. The application of the R-functions 
theory to mathematical and computer modeling of heat transfer during fluid flow for the fuel element with 
polyzonal finning of the shell and the analytical recording of the designed objects makes it possible to use 
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alphabetic geometric parameters, complex superpositions of functions, which, in turn, allows to quickly 
change their structural elements. Reducing the pitch of the helical spiral leads to an increase in resistance, 
outstripping the increase in heat transfer. It is noted that an increase in the thickness of the edges increases 
their efficiency. In the future, it is of interest to study the influence of the edge thickness and channel length 
on heat transfer and hydrodynamic resistance. Mathematical modeling and the computer experiment associ-
ated with it are irreplaceable in cases where a full-scale experiment is impossible or difficult to conduct for 
one reason or another. In addition, working with the mathematical model of the process and the computa-
tional experiment make it possible to investigate the properties and behavior of the process in various situa-
tions freely, relatively quickly and without significant expenses. At the same time, computational experi-
ments with object models make it possible to study them in detail and in depth, based on modern numerical 
methods. The reliability of the analytical identification of cartridges is confirmed by their visualization, and 
the calculation methods, results and conclusions are confirmed by the analysis of the numerical convergence 
of solutions and the calculation of the residual. 
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Математичне й комп’ютерне моделювання конвективного теплообміну  
в паливних касетах ТВЕЛів за різної форми та упаковки стрижнів 

1 К. В. Максименко-Шейко, 1 Т. І. Шейко, 2 Д.О. Лісін, 2 Т. Б. Дудінов 
1 Інститут проблем машинобудування ім. А. М. Підгорного НАН України,  

61046, Україна, м. Харків, вул. Пожарського, 2/10 
2 Харківський національний університет імені В. Н. Каразіна,  

61022, Україна, м. Харків, майдан Свободи, 4 

Робота складається з трьох розділів і має інформаційно-узагальнюючий характер із зазначенням перс-
пективних напрямів подальших досліджень. Перший розділ «Метод R-функцій у математичному моделюванні 
конвективного теплообміну в паливних касетах з ТВЕЛами» присвячено застосуванню нових конструктивних 
засобів методу R-функцій для математичного й комп’ютерного моделювання упаковок ТВЕЛів із різними типами 
симетрії, а також дослідженню конвективного теплообміну в ґратках ТВЕЛів і впливу виду упаковки на розподіл 
швидкості й температури. Розглянуто восьмигранну касету з 37 ТВЕЛами, упакованими за трьома схемами: 
циклічною, шаховою й коридорною. Зазначено, що при побудові рівнянь касети з пучками ТВЕЛів за новою мето-
дикою кількість R-операцій і, відповідно, час розрахунку істотно зменшилися. Спираючись на отримані резуль-
тати, зроблено висновок, що при циклічній упаковці отримуємо максимальну температуру. Розглянуто також 
схему реактора, касети якого являють собою шестигранні кожухи, де в кожному розміщено по 91 ТВЕЛу як з 
шаховою, так і циклічною упаковкою. У другому розділі «Теплогідравлічний розрахунок касет ТВЕЛів при пору-
шенні симетрії упаковки стрижнів» розглянуто шестигранна паливна касета із 169 ТВЕЛами й шаховою упаков-
кою, а також підвищення температури у разі порушення симетрії упаковки і при збереженні паралельності 
стрижнів, і у разі викривлення одного з них. Третій розділ «R-функції, ТВЕЛ з полізональним оребренням оболонки 
і теплообмін при русі рідини» присвячено побудові рівнянь різних поверхонь оребрення ТВЕЛів і дослідженню гід-
родинамічних і температурних полів при полізональному оребренні оболонки. При цьому завдяки використанню 
апарату тензорного аналізу здійснено перехід у криволінійну неортогональну (гвинтову) систему координат. Зо-
середжено увагу на тому, що математичне моделювання й пов’язаний із ним комп’ютерний експеримент неза-
мінні в тих випадках, коли натурний експеримент неможливий або ускладнений з тих чи інших причин. Крім то-
го, робота з математичною моделлю процесу і проведення обчислювального експерименту дають змогу відносно 
швидко і без істотних витрат досліджувати властивості й поведінку процесу в різних ситуаціях. Достовірність 
методів, результатів і висновків підтверджена порівнянням із відомостями, раніше наведеними в літературі, 
результатами аналізу чисельної збіжності розв’язків й обчисленням нев’язки. 

Ключові слова: ядерний реактор, касета, ТВЕЛ, метод R-функцій, тип симетрії упаковки, оребрення 
оболонки. 
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