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A new numerical-analytical method for solving physically nonlinear 
deformation problems of axisymmetrically loaded cylinders made of 
materials with different behavior in tension and compression has been 
developed. To linearize the problem, the uninterrupted parameter con-
tinuation method was used. For the variational formulation of the lin-
earized problem, a functional in the Lagrange form, defined on the 
kinematically possible displacement rates, is constructed. To find the 
main unknowns of the problem of physically nonlinear cylinder defor-
mation, the Cauchy problem for the system of ordinary differential 
equations is formulated. The Cauchy problem was solved by the 
Runge-Kutta-Merson method with automatic step selection. The initial 
conditions were established by solving the problem of linear elastic 
deformation. The right-hand sides of the differential equations at fixed 
values of the load parameter corresponding to the Runge-Kutta-
Merson’s scheme are found from the solution of the variational prob-
lem for the functional in the Lagrange form. Variational problems are 
solved using the Ritz method. The test problem for the nonlinear elastic 
deformation of a thin cylindrical shell is solved. Coincidence of the 
spatial solution with the shell solution was obtained. Physically non-
linear deformation of a thick-walled cylinder was studied. It is shown 
that failure to take into account the different behavior of the material 
under tension and compression leads to significant errors in the calcu-
lations of stress-strain state parameters. 

Keywords: thick-walled cylinder, different behavior in tension and 
compression, physically nonlinear deformation, uninterrupted pa-
rameter continuation method. 

Introduction 
Axisymmetrically loaded cylinders are widely used in modern technology, for example, as pressure 

vessels (hydraulic cylinders, gun barrels, nozzles, boilers, fuel tanks), battery housings, cylinders for the aer-
ospace industry, nuclear reactor pipelines, etc. 

Many materials (light alloys, superalloys, gray cast iron, polymers, composites, etc.) are characterized 
by different resistance to tension and compression beyond linear elasticity [1–3]. The problem of deformation of 
bodies made of such materials becomes physically nonlinear. However, when studying the physically nonlinear 
deformation of cylinders, scientists face certain mathematical difficulties associated with modeling the nonlinear 
behavior of the material, developing methods of linearization, and solving nonlinear boundary value problems. 

The study of physically nonlinear deformation (nonlinear-elastic, elastic-plastic problems, creep prob-
lems) of cylinders and cylindrical shells is studied in, for example, papers [4–19]. Only a few papers [11–19] 
study the nonlinear deformation of cylinders and shells made from materials with different behavior in tension and 
compression. Thus, in paper [11], the solution of the problem of nonlinear elastic bending of a cylindrical shell 
made from material with different behavior in tension and compression was obtained by integrating the Cauchy 
problem by the Runge-Kutta-Merson’s method with a simultaneous five-fold solution of the boundary problems 
at each step for the original equations by the method of discrete orthogonalization. In the monograph [12, P. 1], 
the problems of elastic-plastic and nonlinear-elastic deformation of thick-walled cylinders were reduced to the 
solution of initial boundary value problems. The methods of discrete orthogonalization of S. K. Godunov and 
movement along the load in combination with iterative refinement of the solution were used to integrate the equi-
librium equations. In the paper [13], a comparative analysis of the spatial and shell solutions of the axisymmetric 
problem of creep and damage of a cylinder under the action of external pressure is performed. Both in the spatial 
and in the shell formulation, the problem was reduced to an initial boundary problem. Integration by time was 
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performed using the Runge-Kutta-Merson’s method, and boundary value problems at each step were solved using 
the R-function method and the S. K. Godunov discrete orthogonalization method. 

The theory and methods of calculating the nonlinear deformation of cylinders made of non-
traditional materials are currently being developed. The aim of the paper is the development of a numerical 
and analytical method for solving the problems of physically nonlinear deformation of cylinders from mate-
rials with different behavior in tension and compression, based on the use of the uninterrupted parameter 
continuation, Ritz and Runge-Kutta-Merson’s methods. 

Formulation of the problem. Solution method 
An axisymmetrically loaded isotropic hollow cylinder of finite length in a cylindrical coordinate sys-

tem Orφz is considered. Axis Oz coincides with the axis of symmetry. 
To formulate and linearize the problem of physically nonlinear deformation of cylinders, we will use the 

uninterrupted parameter solution continuation method [20]. Let's introduce a parameter   ttt ,0 , which is re-
lated to the external load acting on the cylinder. In this case t0 is the value of the parameter at which the deforma-
tion problem is linear, and t* corresponds to the specified loading level. Let's mark the derivative with respect to 
the parameter with a dot above the symbol t. Further on derivatives by parameter t will be called rates.  

Let's assume that the components kl  of strain rate tensor consist of linear kle , which are subject to 

Hooke's law, and non-linear kl  components, i.e 

 rrrrrr e   ,   zzzzzz e   ,     pe  ,   rzrzrz e   . (1) 

After differentiating the Cauchy dependencies in cylindrical coordinates by the load parameter t [21], 
we obtain the relation between the strain rates and the displacement rates 

 rrrr u ,  ,   rur /   ,   zzzz u ,  ,   rzzrrzrz uu ,,2   , (2) 

where zr uu  ,  are displacement rates along the axes Or and Oz. 
Similarly, by differentiating Hooke's law [21] with respect to t and taking into account (1), we obtain 

the relation between stress rates and strain rates 
   rrrrzzzzrr    1 , 
   zzzzrrrrzz    1 , 
      1zzrrzzrr , 

  rzrzrz G   2 , (3) 

where    G
E

2,
121 1 




 ; E, G, ν are Young's modulus, shear modulus and Poisson's ratio of 

the material. 

To describe the nonlinear behavior of the material, we use tensor-linear constitutive equations that 
describe the different behavior of the material under tension and compression [22] 
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11 ,  3,2,1, ji , (4) 

where 12 eee   is the equivalent stress; 11 BIe  , 2
2
12 CIAIe  ; ijijI 1 , ijijI 2  are linear 

and quadratic invariants of the stress tensor; A, B, C – material parameters determined from experimental data.  
If elastic-plastic deformation is studied, then relations (4) should be supplemented by the condition 

of plasticity. 
Consider the method of determining the parameters of the material A, B, C in relations (4). For this, 

it is necessary to have experimental data for material samples, for example, under uniaxial stress state and 
under pure torsion. 

Let’s assume that as a result of experiments on uniaxial tension (σ11>0) it is established that in the di-
rection of the applied load is 
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 nK 1111   , (5) 
and on uniaxial compression (σ11<0) it is 

 
n

K 1111   . (6) 

Similarly for pure torsion (σ12≠0) it is 

 nK 120122  , (7) 

where nКKK ,,, 0  are material constants. 
In the case of a simple load, equations (4) can be integrated and written in the form 

 












 ij

e

ijijn
eij B

AIC

2

1 . (8) 

From relations (8) for uniaxial tension, we will have 

   1
1111




nn BCA . (9) 
In case of compression 

   1
1111




nn
BCA . (10) 

For pure torsion 

   1
1212 22




nn C . (11) 

Next, matching (5) and (9), (6) and (10), (7) and (11) in pairs, we get the following system of equations 

  

 KBCA

n 1
,     
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 KBCA

n 1
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, 

from which it is easy to find the material parameters 
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05,0  nKC . 

For the variational statement of the problem, we will use a functional in the Lagrange form, given on 
the kinematically possible displacement rates, which for a rotation body has the form [12] 

        




 
2

0

5.0,  zzzzzzrrrrrrzr uu  

     
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p
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0

002  , (12) 

where ∂Ωp is the part of the border ∂Ω, to which surface loads are applied; Pn
0, Pτ

0 are normal and tangent 
components of external loads; n, τ are external normal and tangent to the contour ∂Ωp; zzrrn nunuu   , 

zrrz nunuu   ; zr nn ,  are direction cosines of the normal n.  

In formula (12) the rates of the nonlinear components rzzzrr    ,,,  are considered given for 

each fixed value of the parameter t and do not vary. 
Substituting (2), (3) into (12) and integrating along the angular coordinate, we obtain the following 

functional: 
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where    
zzrr

f
rN 1 ,     

rrzz
f
zN 1 ,   zzrr

fN   
1 , rz

f
rz GN   2  

are "fictitious" forces caused by nonlinear components of deformation.  
Solution of the variational equation δΛ=0 gives the distribution of the displacement rate fields for 

fixed values of the parameter t>t0, at any point of the cylinder. The main unknown problems of nonlinear 
deformation can be found by integrating the corresponding rate fields from the solution of the Cauchy prob-
lem with the parameter t for a system of ordinary differential equations of the form 
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dt

dp
  . (14) 

The nonlinearity of the system (14) is due to the nonlinearity of the constitutive equations (4). The 
initial conditions for the sought functions are found from the solution of the problem of linear elastic defor-
mation. For this purpose, we can use a functional of the form (13), in which we replace the rates of the func-

tions with the functions themselves and assume that the "fictitious" forces are 0 
f

rz
ff

z
f

r NNNN  . 

We will solve the initial problem for the system of equations (14) using the Runge-Kutta-Merson’s 
method with automatic step selection [23]. To calculate the right-hand sides of equations (14) at fixed values 
t>t0, corresponding to the Runge-Kutta-Merson’s scheme, it is necessary to solve the variational problems 
for the functional (13) five times at each step. Variational problems were solved using the Ritz method. 

Numerical results 
As a test example, the non-linear elastic deformation of a thin cylindrical shell made of gray cast 

iron СЧ 15-32, which is loaded with an internal pressure of Pinn=4 MPa, is considered. The shell is rigidly 
fixed on one edge and free from fastening and effort on the other. The geometric dimensions are as follows: 
length l=0.2 m, the radius of the inner surface r1=0.195 m, the radius of the outer surface r2=0.205 м. 

For gray cast iron, the equality of the modulus of elasticity under tension and compression on the ini-
tial linear sections of the deformation diagrams was experimentally established. At a higher load, the nonlin-
ear character of the deformation, in which the diagrams of deformation under tension and compression differ 
significantly, is manifested [1]. 

Young's modulus and Poisson's ratio of the material are: E=1.07×105 MPa, ν=0.22. Material con-
stants for nonlinear component deformations [12, P.1] are: K+=1.53×10-12,4 MPa-n, K–=8.1×10-14,4 MPa-n, 
K0=9,07×10-12,4 MPa-n, n=4,4. 

A linear law for the load is assumed as 
   21 tPPtPinn  , (15) 

where   tt ,0 . 
The origin of the coordinates is placed on the fixed edge. Then the kinematic boundary conditions 

will have the form 
 0 zr uu   for z=0. (16) 

Sequences of coordinate functions, which satisfy the conditions (16), can be written as: 
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1 zur , 2 zuz , 

where        



1

1

11
1 ,,,

N

n
nn zrftCtzr ,        




2

1

22
2 ,,,

N

n
nn zrftCtzr ;  1

nC ,  2
nC  are indefinite 

coefficients, which are found at each step by the Ritz method; t – some fixed value of the load parameter; 
  1

nf ,   2
nf  are systems of linearly independent functions. In this paper, bicubic Schoenberg splines were 

used as   1
nf ,   2

nf . Spline systems were built on a regular grid Nr×Nz, where Nr, Nz is the number of dis-
cretization segments along the axes Or and Oz, respectively.  

Rates of equivalent stresses e  in the constitutive equations were assumed to be constant at each step 
by t and were calculated from the stress values and stress rates in the previous step. 

Figs. 1, 2 show graphs of changes of radial w=ur(r0, z) and axial uz0=uz(r0, z) displacements of the mid-

dle surface of the shell 
2

12
0

rr
rr


  along the axis Oz. 

Dashed lines show the results obtained within the framework of the theory of shells [11], using rela-
tions (4), and solid lines show the results obtained using the method developed in the paper. When using it for 
the loading in formula (15), the following parameters were accepted: P1=0.02 MPa, P2=10-1 MPa, and the ini-
tial step and the given calculation error in the Runge-Kutta-Merson’s method were equal to: Δt0=10-2, ε=10-5. 

From Figs. 1, 2, it can be seen that the results of the shell displacements calculation, obtained by the 
shell and spatial models, almost completely coincided. 

 
Fig. 1. Radial displacements along the shell axis 

 
Fig. 2. Axial displacements along the shell axis 

Next, the nonlinear deformation of a thick-walled hollow cylinder made of the material СЧ 15-32, 
loaded with internal pressure of Pinn=22.0 MPa was considered. Geometric dimensions were: l=0.2 m, 
r1=0.18 m, r2=0.22 m.  

The ends of the cylinder are free of loading and fixed in such a way that the radial displacements are 
equal to zero. The origin of the coordinates is placed in the center of the cylinder. Then the kinematic bound-
ary condition will be written as 
 0ru  for 2lz  . (17) 

In this case, sequences of coordinate functions have the form 

    1
222  zlur ,   2 zuz . (18) 

In formulas (18), the second expression is not related to the satisfaction of boundary conditions, but 
only ensures the fulfillment of symmetry conditions for axial displacements. 

Fig. 3 shows graphs of changes along the axis of the cylinder of the radial displacements of the mid-
dle surface, and Fig. 4 – graphs of the distribution of axial stresses σzz=σzz(r1, z) on the inner surface of the 
cylinder. The solid lines show the results obtained on the basis of the constitutive equations (4), and the 
dashed lines show the results based on a simplified model built only on experimental data obtained during 
uniaxial tension [12]. 
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Fig. 3. Radial displacements along the cylinder axis 

 
Fig. 4. Axial stresses along the cylinder axis 

For loading, the following parameters were taken in formula (15): P1=1.0 MPa, P2=0.1 MPa, and the 
initial step and the given calculation error in the Runge-Kutta-Merson’s method were equal to: Δt0=10-2, ε=10-5. 

The graphs given in Figs. 3, 4 show that failure to take into account the different behavior of the ma-
terial under tension and compression leads to significant errors in determining the components of the stress-
strain state. 

Spline systems in both solved problems were built on a regular dimensional grid Nr×Nz=5×10. At the 
same time, the total number of coordinate functions was equal to 208.  

Conclusions 
A numerical-analytical method for solving the problems of physically nonlinear deformation of cyl-

inders from materials with different behavior in tension and compression has been developed. The method is 
based on the joint use of uninterrupted parameter continuation, Ritz and Runge-Kutta-Merson’s methods. 
The test problem of the deformation of the cylindrical shell was solved, and a coincidence with the shell so-
lution was obtained. The calculation of nonlinear elastic deformation of a thick-walled hollow cylinder under 
the action of internal pressure was performed. It is shown that failure to take into account the different be-
havior of the material under tension and compression leads to significant errors in the results of the stress-
strain state parameters calculation. 
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Нелінійне деформування циліндрів із матеріалів, що неоднаково опираються розтягу і стиску 
1 О. З. Галішин, 1, 2 C. М. Склепус 

1 Інститут механіки ім. С. П. Тимошенка НАН України, 03057, Україна, м. Київ, вул. Нестерова, 3 
2 Інститут проблем машинобудування ім. А. М. Підгорного НАН України, 

61046, Україна, м. Харків, вул. Пожарського, 2/10 

Розроблено новий чисельно-аналітичний метод розв’язування фізично нелінійних задач деформування осе-
симетрично навантажених циліндрів із матеріалів, що неоднаково опираються розтягу і стиску. Для лінеаризації 
задачі використано метод неперервного продовження за параметром. Для варіаційної постановки лінеаризованої 
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задачі побудовано функціонал у формі Лагранжа, заданий на кінематично можливих швидкостях переміщень. Для 
знаходження основних невідомих задачі фізично нелінійного деформування циліндра сформульовано задачу Коші для 
системи звичайних диференціальних рівнянь. Задачу Коші розв’язано методом Рунґе-Кутта-Мерсона з автоматич-
ним вибором кроку. Початкові умови встановлювалися шляхом розв'язання задачі лінійно-пружного деформування. 
Праві частини диференціальних рівнянь при фіксованих значеннях параметра навантаження, що відповідають схе-
мі Рунґе-Кутта-Мерсона, знайдено із розв’язку варіаційної задачі для функціонала у формі Лагранжа. Варіаційні 
задачі розв’язано методом Рітца. Розв’язано тестову задачу для нелінійно-пружного деформування тонкої цилінд-
ричної оболонки. Отримано збіг просторового розв’язку з оболонковим. Досліджено фізично нелінійне деформування 
товстостінного циліндра. Показано, що неврахування різної поведінки матеріалу за розтягу і стиску призводить до 
значних похибок у результатах розрахунку параметрів напружено-деформованого стану. 

Ключові слова: товстостінний циліндр, різноопірність розтягу і стиску, фізично нелінійне деформуван-
ня, метод неперервного продовження за параметром. 
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