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In practice, connections in the form of cylindrical swivel joints are often en-
countered. However, exact methods for calculating such models are absent. 
Therefore, the development of algorithms to solve such problems is relevant. In 
this study, a spatial elasticity problem is solved for an infinite layer with two 
cylindrical swivel joints and a cylindrical cavity positioned parallel to each 
other and parallel to the layer surfaces. The embedded cylindrical swivel joints 
are represented as cavity with given contact-type conditions (normal displace-
ments and tangential stresses). Stresses are specified on the layer surfaces and 
the cavity surface. The layer is considered in a Cartesian coordinate system, 
while the cylindrical cavities are considered in local cylindrical coordinates. 
The spatial elasticity problem is solved using the generalized Fourier method 
applied to the Lamé equations. Satisfying the boundary conditions results in a 
system of infinite linear algebraic equations, which undergo reduction methods. 
In the numerical study, the accuracy of boundary condition fulfillment reached 
10-3 for stress values ranging from 0 to 1, with the equation system (Fourier 
series members) order of m=4. As the order of the system equations increases, 
the accuracy of calculations increases. Stress state analysis was conducted at 
varying distances between supports. The obtained results indicate that with an 
increased distance between supports, stresses on the supporting cylindrical 
surfaces of the layer and the cylindrical cavity surface decrease. These stresses 
are redistributed to the upper and lower surfaces of the layer, where the 
stresses increase and exceed the specified ones. The numerical outcomes can be 
applied to predict geometric parameters during design processes. 

Keywords: layer with cylindrical cavities, generalized Fourier method, con-
tact-type conditions. 

Introduction 
When designing parts of machines and mechanisms in the fields of machine and aircraft construc-

tion, it is necessary to have the most accurate distribution of the stress state in the body. For this reason, it is 
important to choose the most accurate method of the calculation results obtaining. 

During such design, models with a connection in the form of a cylindrical swivel joints are often found. 
Currently, similar problems are solved by methods of construction mechanics or numerical methods, 

such as the finite element method [1, 2]. Thus, the study [3] uses the finite element method to analyze the 
stress-strain state of a half-space supported by a plate with a vertical cylindrical cavity and a reinforced shell. 
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However, the assumptions of construction mechanics methods allow a significant change in the model, and 
numerical methods are approximate and do not take into account the infinite boundaries of the body. This 
does not give high accuracy and confidence in the final result [4]. 

The use of analytical methods [5, 6] gives accurate results, but they cannot take into account more 
than three spatial boundary surfaces. 

Many papers are devoted to a layer with a cylindrical cavity or an inclusion perpendicular to their 
surface [7–11]. One of the approaches to solving this problem consists in solving the problem for a layer 
with a cylindrical cavity assuming ideal contact conditions at the upper and lower boundaries of the layer [7]. 
A similar situation was also considered in [8], when the lower surface of the layer was rigidly fixed. These 
studies [7, 8] used integral Laplace transforms and integral sine and cosine Fourier transforms. These meth-
ods are applied to boundary conditions and axisymmetric equations of motion, which create a one-
dimensional vector inhomogeneous boundary value problem. However, they cannot help effectively solve 
problems with multiple boundary surfaces and are limited to solving only wave diffraction problems. 

In the study [9], stress analysis of perforated plates was carried out using genetic algorithm (GA), 
gravity search algorithm (GSA) and Bat algorithm (BA). However, the used methods are also approximate 
and do not guarantee the accuracy of the final result.  

The torsion of an elastic half-space with a vertical cylindrical cavity and a coax was considered in 
the paper [10]. The problem was reduced to integral equations of the second kind, which made it possible to 
obtain highly accurate values of the stress state of the body. 

In the study [11], for composite laminated plates with circular cross-sections, an analytical solution 
based on the method of layer whipping was developed. However, the methods used in these problems with 
the transverse arrangement of the cavity or inclusion [5, 6] cannot be used to solve the problem for a layer 
with longitudinal cylindrical cavities. 

The specified type of problems can also be solved by the methods used for the calculation of composite 
materials. These methods make it possible to take into account the nonlinearity of the given model. At the same 
time, cylindrical swivel joints supports can be considered as completely rigid elements. Similar methods are used 
in papers [12–15]. Thus, in [12], the problem of determining the dynamic stress state in two overlapped rods of 
different lengths is considered. The load is modeled by a longitudinal force applied to one of the rods. The Hol-
land-Reissner adhesive joint model was used during the solution. The paper [13] studied the behavior of multi-
layer structures during the action of a dynamic load on them during a transverse impact. The theory of two-
dimensional discrete structure is used for the solution. At the same time, the solution is based on the decomposi-
tion of the displacement vector of each layer into a power series. Theoretically obtained results correlate with 
experimental data obtained during research. Papers [14] and [15] are devoted to the study of the stress state in 
aviation multilayer glass units. At the same time, in [14], the glass unit is considered as an open cylindrical mul-
tilayer shell of constant thickness, and the thermal stress state arises from the action of interlayer film heat 
sources. An analytical solution was obtained for the described problem. The paper [15] is devoted to the creation 
of a method for assessing the strength of a multilayer glass unit in case of a collision with a bird and a method for 
assessing excess pressure in the case of a specified collision. For the solution, a refined theory of taking into ac-
count the first order of transverse shear deformations, reducing the thickness and rotation inertia of the element 
of each layer is used. 

A general drawback of the methods used in papers [12–15] is the impossibility of taking into account 
zero displacements in the contact zones with cylindrical joints. 

To take into account the longitudinal inhomogeneities in the layer, the analytical-numerical generalized 
Fourier method [16] is the most effective. This method allows to use the transition functions between the basic 
solutions of the Lamé equation to combine the solutions of the problem in different coordinate systems. 

Thus, with the help of the generalized Fourier method, problems for an elastic cylinder with cylindrical 
cavities [17, 18] or cylindrical inclusions [19], as well as for a half-space with a spheroidal cavity [20] were 
solved. However, to calculate a layer with a cylindrical cavity, it is necessary to use the formulas for the transi-
tion of basic solutions between cylindrical and Cartesian coordinate systems. 

Such transition formulas are considered for a half-space with a cylindrical cavity in paper [21], for a 
layer with a cylindrical cavity in papers [22, 23], for a layer with a continuous cylindrical inclusion in paper [24] 
and a layer with a cylindrical thick-walled pipe in paper [25]. However, these papers [21–25] do not apply the 
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formulas of the transition between local cylindrical coordinate systems, which does not allow to solve the prob-
lem with several cylindrical inhomogeneities. 

In paper [26], the problem was solved for a layer with two cylindrical supports embedded into it, and 
in paper [27], the problem was solved for a layer with two continuous cylindrical inclusions and mixed 
boundary conditions. However, in these papers, the transition formulas between shifted cylinders are not 
used, which allows to consider only two cylindrical inhomogeneities. 

In paper [28], the problem of the theory of elasticity for a rigidly connected layer with three embedded 
supports is solved. It also takes into account the transition formulas between displaced cylinders, but a different 
type of boundary conditions (displacement) is applied to the surfaces of the cavities. However, for the calculation 
of a problem containing a cylindrical swivel joint, it is necessary to apply the conditions of the contact type. 

Considering the availability of calculation schemes in the form of a layer with cylindrical swivel 
joints and a cylindrical cavity, the creation of a method for calculating such problems is relevant. Therefore, 
the generalized Fourier method will be used for high-precision calculation. 
Problem statement 

The elastic homogeneous layer is located on 
two cylindrical swivel joints embedded into it and has a 
longitudinal cylindrical cavity that is parallel to its bor-
ders (Fig. 1). 

Embedded cylindrical swivel joints will be pre-
sented as cavities with contact type conditions set for 
them. We denote the radii of the cavities as Rp, where p 
– cavity number. The layer is given in the Cartesian 
coordinate system (x, y, z), cavities are given in local 
cylindrical coordinate systems (ρp, φp, z). Distance to 

layer boundaries is y=h and y= – h
~

. 

 
Fig. 1. A layer with two embedded in cylindrical swivel 

joints and a cylindrical cavity 
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On the surfaces of cavities p=2, p=3 normal displacements and tangential stresses are given. 
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We consider all given functions to be rapidly decreasing from the origin of the coordinates along the 
axis z and axis x. 

Solution method 
We choose the basic solutions of the Lamé equation for Cartesian and cylindrical coordinate systems 

in the form [16] 
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where Im(x), Km(x) are modified Bessel functions; mkmk SR ,, ,


 are inner and outer solutions of the Lamé equation 

for the cylinder, respectively;    
kk uu


,  are solutions of the Lamé equation for a layer; σ is the Poisson's ratio. 

We will present the solution of the problem in the form [28] 
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where   ;,,, zS ppmk


,     ,;,, zyxuk


 і     ,;,, zyxuk


 are basic solutions given by formulas (3), and 

unknown functions  ,kH ,  ,
~

kH ,    p
mkB ,  must be found from boundary conditions (1) and (2). 

The transition between basic solutions in different coordinate systems will be carried out using for-
mulas [16]:  

– for the transition from basic solutions mkS ,


 of the cylindrical coordinate system to layer solutions 

 
ku
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where 22  ,  
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– for the transition from basic solutions  
ku
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 of the cylindrical 
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 are coordinates in the cylindrical coordinate system; 

– for the transition from the basic solutions of the cylinder with the number p to the solutions of the 
cylinder with the number q  
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The distance and angle of rotation between parallel shifted cavities is calculated by formulas 
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To take into account the boundary conditions on the upper and lower boundaries of the layer, we ap-

ply the transition formulas (5) to the function (4), rewriting the basic solutions   ;,,, zS ppmk


 in the Car-

tesian coordinate system through     ,;,, zyxuk


 at y=h and     ,;,, zyxuk


 at y= – h

~
. After that, we will 

apply the stress operator to the right part. We equate the obtained vector with y=h to the given  zxFh ,0


, and 

y= – h
~

– to the given  zxF
h

,0
~


, which we will first present through the double Fourier integral. After getting 

rid of the integrals in the right and left parts, we get six equations (one for each projection) with 15 un-

knowns  ,kH ,  ,
~

kH ,    p
mkB , . 

From this system of equations, we find  ,kH  and  ,
~

kH  through    p
mkB , . 

To take into account the boundary conditions in the stresses on the cavity p=1, we rewrite the basic so-

lutions of the second   ;,, 22, zS mk


 and the third   ;,, 33, zS mk


 cylinders through basic solutions 

  ;,, 11, zR mk


 of the first cylinder, applying the transition formulas (7). We will also rewrite the basic solu-

tions     ,;,, zyxuk


 and     ,;,, zyxuk


 of the layer through basic solutions   ;,, 11, zR mk


 of the first 

cylinder, applying the transition formulas (6). After that, we apply the stress operator to this right-hand side. 

The resulting vector at ρ1=R1, will be equal to the given one  zU ,1
)1(

0 


, which is represented by the Fourier 
series and integral. So, we get three equations for the first cylinder. 

To take into account the boundary conditions of the contact type on the cavities p=2, p=3, we re-
write the right-hand part of (4) using the transition formulas (5) and (6) in the local cylindrical coordinate 

system of each cavity p1 through basic solutions mkmk SR ,, ,


. After that, we will rewrite these basic solutions 

for k=2 and k=3 in terms of stresses. The resulting vector, at ρp=Rp, will be equated to the given one (2), rep-
resented by the Fourier series and integral. So, we get six equations for the second and third cylinders. 

As a result, for each cylinder with the number p, we get three infinite systems of linear algebraic equa-

tions with respect to    p
mkB , , which contain  ,kH  and  ,

~
kH . Thus, we will get 9 integral-algebraic 
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equations from  ,kH ,  ,
~

kH ,    p
mkB , . Excluding the previously found  ,kH  and  ,

~
kH  from 

these equations through    p
mkB ,  and getting rid of the series over m and integrals over λ, we will get 9 infinite 

linear algebraic equations of the second kind to determine the unknowns    p
mkB , . 

Found unknowns    p
mkB ,  will be substituted in the expression for  ,kH  and  ,

~
kH . In this 

way, all the unknowns of expression (4) will be found. 
The reduction method is applied to the obtained infinite systems of equations. The accuracy of the 

fulfillment of the boundary conditions during the numerical study showed a high convergence of the solution 
of this system of linear algebraic equations. 

Numerical studies of the stress state 
The elastic isotropic layer contains two cylindrical joints and a cylindrical cavity (Fig. 1). Physical 

characteristics of the material (ABS plastic): Poisson's ratio =0.38, modulus of elasticity E=1700 N/mm2. 

Geometric parameters of the model: R1=R2=R3=5 mm, h=15 mm, h
~

=15 mm, α12=0, α13=. The distance be-
tween the cavities is chosen in two options L12=L13=30 mm and L12=L13=40 mm. 

Normal stresses in the form of a unit wave are set at the upper boundary of the layer 
       2222228 101010,


 xzzxh

y  and zero tangential stresses     0 h
yz

h
yx , at the lower boundary of the 

layer – zero stresses          0,,,
~~~

 zxzxzx h
yz

h
yx

h
y . Zero stresses are set on the cavity p=1 

      0111   z , contact type conditions are given          0,,, 210  zzzU ppp  on cavities p=2, p=3. 

The infinite system was truncated by the parameter m=4 (the number of members of the Fourier se-
ries and the order of the system of equations). 

The accuracy of the fulfillment of the boundary conditions for the specified m and the specified 
geometric parameters is not less than 10-3 with values from 0 to 1. This corresponds to the paper [22], where 
a thorough analysis of the convergence of the results at different values of m and the distance between the 
layer and the cavities was carried out. 

Fig. 2 shows a graph of specified stresses σy and their corresponding stresses σx on the upper and lower 
surfaces of the layer at z=0. 

The stress state (Fig. 2) indicates that the upper part of the layer is compressed, the lower part is 
stretched. This is physically correct compared to a beam on two supports. 

When increasing the distance between supports, stresses σx on the upper and lower surfaces of the 
layer increase and exceed the specified values. The maximum stress values occur on the upper surface of the 
layer and at L12=L13=30 mm are equal to σx= –1.269 MPa, and at L12=L13=40 mm – σx= –1.332 MPa.  

Fig. 3 shows stresses σρ along the cylindrical cavity touching the right support (p=2) at z=0. 
Maximum stresses σρ occur on the left side of the cylinder (Fig. 3). This happens due to the lateral 

pressure of the specified load on the supports. 
Maximum stresses are negative σρ= –0.3336 MPa at L12=L13=30 mm and =2.5 in the upper part of 

the cylinder. When the distance between the supports increases, the maximum stresses σρ decrease, shifting 
to the horizontal axis in the direction of the load. 

The graph of stresses σρ along the cylindrical cavity touching the left support (p=3), is symmetrical 
to Fig. 3 relative to the vertical axis. 

Fig. 4 shows a graph of stresses σφ along the right supporting cylindrical cavity (p=2) at z=0. 
In comparison with the paper [27], where the supports are rigidly connected to the layer, the graph of 

stresses σφ under conditions of the contact type at the supports has the opposite sign. The maximum positive 
stresses occur at L12=L13=30 mm, φ=2.356 and reach σφ=0.08975 MPa. The maximum negative stresses oc-
cur at L12=L13=30 mm, φ=3.927 and reach σφ= –0.1094 MPa. 

Fig. 5 shows a graph of stresses σz along the right supporting cylindrical cavity (p=2) at z=0. 
Graph of stress σz has the same form as in paper [27], only the values are smaller in proportion to the 

angle. Maximum stress values: at L12=L13=30 mm and =2.5 positive σz= –0.068 MPa, at L12=L13=30 mm 
and =3,927 negative σz=0.0785 MPa. 
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Fig. 2. Stresses on the upper and lower surfaces of the layer 

-0.4
-0.3
-0.2
-0.1

0
0.1
0.2
0.3

S
te

ss
, 

ρ
M

P
a

0    /4 /2 3/4  5/4 6/4 7/4 2

L12=L23=40mm
L12=L13=30mm

Angle of rotation, rad  

Fig. 3. Stresses σρ on the surface of the cavity p=2 
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Fig. 4. Stresses σφ on the surface of the cavity p=2 

 

Fig. 5. Stresses σz on the surface of the cavity p=2 
 
Fig. 6 shows a graph of stresses σφ along the 

cylindrical cavity p=1 at z=0. 
Stresses σφ on the surface of the free cavity 

have mainly negative values (Fig. 6) due to the com-
pression of this cavity between the supports by the 
load. Breaking (positive) stresses σφ occur only in small 
areas in the upper and lower part of the cavity. 

When the distance between the supports in-
creases, the maximum stresses decrease slightly 
(Fig. 6). Thus, the maximum stress values in the free 
cavity reach at L12=L13=30 mm: positive 
σφ=0.32476 MPa, negative σφ= –0.7715 MPa. 
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Fig. 6. Stresses σφ on the surface of the cavity p=1 

Conclusions 
A new problem has been solved for a layer located on two cylindrical swivel joints embedded into it 

and having one additional cylindrical longitudinal cavity. 
Swivel joints are represented as longitudinal cylindrical cavities with contact type conditions (nor-

mal displacements and tangential stresses) set for them. This made it possible to reduce the problem to the 
classical model of the spatial theory of elasticity. To solve the problem, the analytical-numerical generalized 
Fourier method was applied, which allowed to obtain a solution with the specified accuracy. 

A numerical analysis of the stress state was carried out. The analysis shows the distribution of nor-
mal stresses depending on the distance between the supports. The obtained results indicate that as this dis-
tance increases, the maximum stresses on the surface of the cylindrical cavity and the support surfaces de-
crease. At the same time, the stresses on the upper and lower surfaces of the layer increase. 

The proposed solution method can be applied to a larger number of cylindrical cavities or cylindrical 
joints. The resulting stress state makes it possible to estimate the geometric parameters for the models de-
signed in practice. 

Further research on the topic should be conducted in the direction of adding protective layers and 
thick-walled cylinders. 
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Аналіз напруженого стану шару з двома циліндричними шарнірами й циліндричною порожниною 

В. Ю. Мірошніков, В. П. Пелих, О. Ю. Деньщиков 

Національний аерокосмічний університет ім. М. Є. Жуковського «Харківський авіаційний інститут», 
61070, Україна, м. Харків, вул. Вадима Манька, 17 

На практиці часто зустрічаються з’єднання у вигляді циліндричних шарнірів. Проте точні методи 
для розрахунку подібних моделей відсутні. З огляду на це створення алгоритмів розв’язання таких задач є актуа-
льним. У поданій роботі розв’язана просторова задача теорії пружності для нескінченого шару з двома циліндри-
чними шарнірами й циліндричною порожниною, розташованими паралельно одна одній та паралельно поверхням 
шару. Циліндричні врізані шарніри подані у вигляді порожнин із заданими на них умовами контактного типу (нор-
мальні переміщення й дотичні напруження). На поверхнях шару і на поверхні порожнини задані напруження. Шар 
розглядається у декартовій системі координат, циліндричні порожнини – у локальних циліндричних. Просторова 
задача теорії пружності розв’язується за допомогою узагальненого методу Фур’є, які застосовуються до рівнянь 
Ламе. Задовольняючи граничним умовам, створюється система нескінчених лінійних алгебраїчних рівнянь, до яких 
застосовується метод редукції. У числовому дослідженні точність виконання граничних умов склала 10-3 для зна-
чень напружень від 0 до 1 при порядку системи рівнянь (членів ряду Фур’є) m=4. При збільшенні порядку системи 
рівнянь точність розрахунків збільшується. Аналіз напруженого стану проведений при різній відстані між опора-
ми. Отримані результати свідчать, що зі збільшенням цієї відстані напруження на опорних циліндричних поверх-
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нях шару і на циліндричній поверхні порожнини зменшуються. Перерозподіл цих напружень відбувається на верх-
ню й нижню поверхні шару, де напруження збільшуються і перевищують задані. Отримані числові результати 
можуть бути використані при прогнозуванні геометричних параметрів під час проєктування. 

Ключові слова: шар з циліндричними порожнинами, узагальнений метод Фур’є, умови контактного типу. 
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