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The linear viscoelasticity problem for an infinite anisotropic plate with an ellip-
tical elastic inclusion under ideal mechanical contact conditions is solved. To
obtain the solution, the small parameter method is applied, where the variation
of Poisson's ratios over time is chosen as the parameter, effectively reducing the
time-dependent problem to a sequence of analogous boundary value problems in
the theory of elasticity. The construction of the solution is based on the complex
potentials apparatus, conformal mapping methods, and Laurent series expan-
sions. Boundary conditions at the contact interface are satisfied using the gener-
alized least squares method, ensuring high accuracy of the unknown constants at
any given moment. Analytical expressions for bending moments and shear forces
in the plate are derived, explicitly incorporating viscoelastic time operators. For
the case where the elliptical inclusion degenerates into a straight elastic line,
formulas for calculating moment intensity factors at its endpoints are provided.
The proposed approach allows for a correct description of the evolution of sin-
gular moment behavior and an evaluation of the material properties' influence
on their temporal variation. Numerical studies were conducted for materials
with various relaxation properties and different relative inclusion stiffnesses. It is
established that the most intensive redistribution of moments occurs during the
initial stage of the viscoelastic process, after which the stress state of the plate
approaches a stationary phase. It is proven that moment concentration depends
non-linearly on inclusion stiffness, being minimal at intermediate stiffness values
and increasing sharply for holes or perfectly rigid inclusions. Isotropic plates
are treated as a special case of anisotropic ones, allowing the results to be ex-
tended to a wide range of problems in composite mechanics and long-term
strength prediction.

Keywords: viscoelasticity, bending, mathematical modeling, numerical methods,
inclusions, complex potentials, small parameter method.

Despite the great practical importance of knowledge about the change in the stress state of multi-

connected viscoelastic plates with time after the application of a load, such studies have not been carried out in
sufficient volume so far [1]. In this paper, the viscoelasticity problem for plates, thanks to the small parameter
method, is reduced to a sequence of similar problems of the theory of elasticity, which are solved using complex
potentials and the generalized least squares method. The problem is solved for a plate with an elliptical (in some
cases linear) elastic inclusion, in some cases with holes or rigid inclusions. The results of numerical calculations,
which allowed to identify the influence of time on the values of bending moments arising in the plate, are given.

Problem statement and solution method v

An infinite anisotropic plate with an elliptical hole L; centered at the origin '
of the coordinate system Oxy and semi-axes ai, b1, located along the coordinate axes
is considered (Fig. 1). An elastic inclusion of another material is inserted into this
hole without prior tension, which is in ideal mechanical contact with the matrix

Fig. 1. Infinite plate

plate. It is assumed that bending moments of constant magnitude M, M v Hoo | wien elliptical inclusion

are applied to the plate at infinity.

This problem in the elastic formulation can be solved using the complex potentials of the bending
theory. In this case, the problem is reduced to finding the functions of the complex variables W/(z,) from

the corresponding boundary conditions [2]. They are functions of generalized complex variables
Z, = XY, (1)
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where L are roots of the corresponding characteristic equation [2], which depends on the stiffness of the plate
material Dj.

All the main characteristics of the elastically deformed state of the plate are calculated through the
functions

2
M, M, H,,N,N,)= _2RGZ(ka¢Ikv”kakakv_Sk)Wk"(Zk)a
k=1
where

Py =Dy +2Djg1, +D12Mi 5 gy =Dy +2Dy1, "’Dzzﬂi;
1 = Dyg + 2Dgglty + Dzs}/l/zc 5 8 =Dy —(Dyy +2Dgs) 1y — 3D26M12c - Dzz“i . ()

When finding the values of the studied quantities in time, one can use Volterra principle [3], that is,
solve the problem without taking into account the properties of viscoelasticity, and then in this solution re-
place the elastic constants with time operators and determine their action in time. However, for multi-
connected domains, it is unrealistic to obtain such solutions of the problems of the theory of elasticity. There-
fore, direct application of Volterra principle to the analysis of the stress-strain state of bodies is impossible.

In this regard, there is a need to obtain such solutions that would explicitly contain elastic constants.
This can be done using the small parameter method, for which one can take the change in time of Poisson's
ratios vi2. Let’s write it in the form

_ 0
Vi =V + A, 3)
where v}, is the instantaneous elastic coefficient value vi2; A is a small parameter.

For orthotropic materials, the strain rates are related to the engineering constants by the following re-
lations:
1 1 \% v 1
ap, ZE; Ay ZE_; ap :—%:—ﬁ; Qg6 = G’
1 2 1 2 3
where E;, G3 — the corresponding Young's moduli and shear modulus.
Taking into account (3), for a;2 we obtain

0
a;, = ap, —hay,

where a, = —vi,a,,.
Expanding all quantities in terms of a small parameter A and taking into account that for real

materials

—{ <1, [—| <1, the following form of quantities is obtained (2):

1 2

Py :ijkxj s k= Z‘]ﬂcw i 1 = 2Dobgshyy
=0 j=0

and complex potentials take shape
Wilz) =2 ¥ Wi(z0). @

j=0
where W;(z,) =Tz, + W]y (2;) ; T are determined from the system of equations

2 0 Y 0 © ©
2R62[1’uk,uisL]r0k o[t My | el | aphti @M ),
k=1 L D, D, 2D, D, D,

2 0 0 o
1 allM a.M
2Re 17 s 29_ I, = L 907 L 70 N rl:o 022)5
;1( His My H/J 1k ( D, D, } ij

D, =2k’ /3; h is the half-thickness of the plate; Wio (z;) are functions that are holomorphic in domains Sk

bounded by contours L under affine transformations (1) of the domain S.
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Derivatives of complex potentials for inclusion are similarly given in the following form:

/(1)( (1)) 27‘] r(l)( (l)) ®))

Here W, (z{") are functions that are holomorphic in the domains Si".

Taking this into account, the solution of the viscoelasticity problem is reduced to finding the derivatives
of the complex potentials of the approximations W)/ (z,) from the corresponding boundary conditions.

The functions W) (z,) are defined in the domains S, which are obtained from the given domain by

affine transformations (1). Using the methods of conformal mappings and expansions of functions into
Laurent series, for the derivatives of the complex potentials of the approximations we obtain the expressions

0

' ajkln
Wi z) =Tz + Q2 ——> (6)
n=1 le
where ajx1, are unknown; (1 are variables that are determined from relations
my | a, —ipb, a, +ipb
Zp =Ry | G+ | Ry =~ myy = (7
k1 2 2Rkl

The derivatives of the complex potentials for inclusion W, (z\") are expanded into series in Faber
polynomials and after transformations we obtain

,(1) (1) 6
) Z /kﬂ(R(l)j ’ (8)

where R,V are calculated according to formulas (7); a' ]k are unknown.

n

The complex potentials for the matrix plate and the inclusion must satisfy the boundary conditions at
the contact points. These conditions have the form

2
2Re Y (g0 7 () - 20wV (M) =0 ©)

k=1

—_1- oM _1. @O _ M. Pr . ) _ pk on _ @
where g, =15 g4 =15 & =Wys &x2 =Wy s &hiz = .H_’ 8k3 = “(1) > 8kia =4ks 8ka =4qi -
k

If we substitute the expressions for functions (4) and (5) into the boundary conditions (9) and equate
the coefficients at the corresponding powers of the parameter A, we obtain the following recurrent sequence
of boundary conditions for finding these approximations:

2
2Re Y (guu i () - gV (20)= £ (D), (i=1,4), (10)
k=1
—1: o _71- M _ 0. Pok . 0 pOk. M _ O
okt =15 okt =15 oz = His oz T Hi 5 Soriz = » 80k3 = " 8okia = 4ok > oka = Yok »
k

S =—(1-8" )2ReZZ[ Wy (z) -0 )]

k=1 i=0

f/12 =—(1- SO)ZRSZZ[},tk lk(Zk) H(I)W'(l)( 1&1))];
k=1 i=0
J-1 ()]
p lk p i,k '
J= k)_ J(l) (l)( (l))

fj13 = _(1_83)2RCZZ:

k=1 i=0

2 -l
fra=—(1-8)2ReY’ Y [qﬁ_’le_;c (z0) -0, O ).

k=1 i=0
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To find the unknown factors in formulas (4), we will use Rabotnov time operators

A=D,-9, (B =8 )+ D, -9, (-B3).
0 *
where D, = 8 EO 8—2+1—4v1°2 ; D, = 8 E Bl B, ; E? are instantaneous elastic values of
E3 By By +3, 4E B —B +8;

Young's moduli Ej; 8", B;" are rheological constants of the plate material associated with changes E; in time [4].
If we raise A to a power, we obtain
A\ o= ZC DJ ka 9*k( Bz) 9] k( Bl -3 )
k=0 —B5 +B; +8,
Calculating ) by formula (11) and substituting them into expressions (4), we will find the functions
W/(z,) and their derivatives, and therefore, the bending moments and shear forces at any time. To

(an

determine the unknown constants a ,,, a;}c)ln of functions (6) and (8), we will use the generalized least
squares method and satisfy the boundary conditions (10) in differential form. To do this, on the contact

contour of the plate with inclusions, we will select a set of points ¢im(x1m, Vim) (m =1, M ) and satisfy the
conditions differentiated along the arc of the contour in them

o ' ’ df‘li (tm) 2 .1 P
2R622[g0k1i6k(pkln (Tkim )ajkln g(()lk)z gfl)(pk(nl)(t(l)) % = ]d—_ zRengkliSkrﬂf S(i=14;m=1,M),
k=1 n=1 k=1
-1
dz dz\" n n(z(l))
where 6, =—*,; 61(3) ==k, 3 Liim = Xim TG Y1 5 tzﬁfi =Xim +“§PJ’1m; P = ’(l) —
ds ds R (G —me) Ry (R

If the inclusion becomes an elastic line, then we can calculate the moment intensity factors (MIF)

ki, (for moments M,") and k,,, (for moments Hy,") [5]. For them we have the following formulas

ki, =2RequGk kD, =2Rleka
k=1 k=1
\/_ o

in which G, = R, z (£1)"na,,, ; the upper signs correspond to the right and left ends of the linear inclusion.

Numerical studies

Numerical studies of the values of the quantities for the aluminum plate (material M1) [6] and epoxy
(material M2) [7] were carried out. The deformation coefficients and rheological constants for these materi-
als are given in Table 1. The deformation constants for the inclusion material were chosen in proportion to

the coefficients for the plate: aly) = k(l)ai/ , where A" is the relative stiffness parameter.

Table 1. Material constants

Material | @0<10% | @x10% | ainx10%, | aeex10%, | o, | Bix10° | Box10% | 81"x10% | 8,"x10%,
MPa—l MPa—l MPa-l MPa-l S_O‘S S-O.S S-O.S S-O.S S-O.S

M1 0.1408 0.1458 -0.0352 0.3521 0.500 | 0.00050 | 0.00049 | 0.00615 | 0.00614

M2 0.4347 0.6250 -0.0478 3.2467 0.846 | 0.15700 | 0.27450 | 0.03230 | 0.12950

The obtained results showed that over time the values of the moments in the plate change. In this
case, large changes occur only in the first 50 hours after the load is applied, and after 200 hours they
practically do not change, that is, a stationary state is established in the plate.

During the research, the number of approximations J by powers of a small parameter A increased
until the next approximation did not change the values of the moments by less than 0.01%. In the considered
cases, under such conditions, it was necessary to leave from 6 to 10 powers of the parameter A. The results
=m, M7 =H

for an infinite plate with a circular inclusion, on which the moments M =0 act, are giv-

en. All results are given with an accuracy of a factor of m/Ds.
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Fig. 2 shows the graphs of the distribution of moments M; in the

initial and stationary states for the limiting cases A (A\(V=0 and AV=c0) Mj ';5_#_ ! A
depending on the central angle 0, which is counted from the positive di- | R ‘ A
rection of the axis Ox counterclockwise. The solid lines show the mo- | *° 2 R P
ments for the initial state, and the dotted lines show the moments for the | 19 N\ >:< — =
stationary state. Curves 1, 3 correspond to the material M2, and curves 2, | 0.5 PSS
3 — to the material M 1. The absolutely soft inclusion (AV=c0) is shown by | ,, : //’P( =
lines 1, 2, while the absolutely rigid one (A"=0) is shown by lines 3, 4. 1= e

As can be seen from Fig. 2, the values of bending moments 03 f4/ d
change significantly when transitioning to the stationary state. The most | ~1° e

. . . o — -15 L
significant changes occur at the points corresponding to the angles 6=0 U oAz w6 =i 73 Sefi2 Orad

and 0=m/2, and the largest concentration of moments is observed in the

first case for a plate with an absolutely soft inclusion (hole). The most Fig. 2. Distribution of moments
noticeable changes in the values of moments over time occur for a plate at the contact points of the plate
with an absolutely rigid inclusion (more than three times compared to the with the inclusion

stationary state), and the smallest ones in the case of a hole (about 3.5%).

In addition, a study was conducted on the change in the MIF depending on the stiffness of the inclusion
material in the initial and stationary states. It was found that the influence of relative stiffness on the values of
moments for a linear inclusion is the same as for a circular one. The inclusion can be considered absolutely
rigid at A(V<1073 and absolutely soft at A">10°. In other cases, the MIF values are quite small, and therefore
they can be neglected.

The results obtained using the least squares method were identical to the results obtained using the
exact solution.

Conclusions

Using the small parameter method and the complex potential apparatus, the bending problem of an
infinite viscoelastic anisotropic plate with an elliptical elastic inclusion was solved. An approach was proposed
in which the viscoelasticity problem is reduced to a sequence of problems of the theory of elasticity.

Mathematical modeling of the bending process for plates made of different materials made it
possible to study the change in time of the values of bending moments at the points of contact of the plate
with the inclusion, as well as to establish the influence of the relative stiffness of the inclusion material on
the viscoelastic state of the plate.

The influence of the relative stiffness of the inclusion on the MIF over time was studied. The limits
at which the inclusion can be considered absolutely soft or absolutely rigid were determined.
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B’si3K0Npy:KHHI CTAH AHI30TPOIHOY IVIMTH 3 MOOAWHOKHM eJiITHYHUM BKJII0YEHHSIM
LA, O. Komkin, »20. O. CrpeabHikoBa

! XapKiBChKHil HAIIOHATBHUN YHIBEPCUTET PaliOEIEKTPOHIKH,
61166, Ykpaina, m. Xapkis, ip. Hayku, 14

2JHCTUTYT €EHEPreTUYHKUX MalIvH i cucteM iM. A. M. Tlinropuoro HAH Vkpainu,
61046, Ykpaina, M. XapkiB, Bys1. KomynaneHukis, 2/10

Pos¢’s13ano0 3a0auy ninitiHoL 6 A3KONPYIHCHOCME Ol HECKIHUEHHOI AHI30MPONHOL NAUMuU 3 eNMUYHUM APYHCHUM
BKIIOUEHHAM, WO Nepedysac 6 YMOBaX i0ealbHO20 MEeXAHIYHO20 KOHMAKMmYy 3 naumolo-mampuyero. s ompumanis
PO38 SI3KY 3ACMOCOBAHO MEMOO MA020 napamempa, oe sk napamemp oopano sminy xoegiyienmis Ilyaccona y uaci, wjo
00360UI0 36ECMU YACOBY 3a0ay)y 00 HOCTIO06HOCMIE AHAIOZIYHUX Kpatiosux 3a0ay meopii npyschocmi. [106y0osa po3s sizky
IDYHMYEMbCL. HA GUKOPUCIMAHHI Anapamy KOMNIEKCHUX NOMEHYIans, Memooié KOHQOPMHUX 6I000padicenb | po3KIadie
@ynxyiti y psou Jlopana. /[nsi 3a00801€HHS SPAHUYHUX YMOB HA KOHMYPI KOHMAKMY GUKOPUCIAHO Y3a2albHEHUL Mmoo
HAUMEHWUX K8aopamis, wo 3a6e3neqyc UCOKy Mo4HICIb GU3HAYEHHS HEGIOOMUX CMAnuX y 0yOb-sikull Momenm uacy. ¥
Ppobomi HageOeHO aHANIMUYHI GUPA3U OJis 32UHATLHUX MOMEHMIE | Nepepi3yeaibHUX CUL Y NAUMI, W0 A6HO MICIAMb YACOBL
onepamopu 8 ’sI3Konpys#cHocmi. J{ia unaoky, Koau erinmuite 6KII0UeHHs. BUPOOICYEMbC Y NPAMONIHIUHY NPYICHY JiHIIO,
8UBCOEHO POPMYIU 0OUUCTEHHS KOeDiYieHMi6 IHMEHCUBHOCII MOMEHMIE Y 11020 KIHYsX. 3anponoroéanuil nioxio 003601¢
KOPEeKMHO ONUCAMU €BOTIOYII0 CUHSYIAPHOL NOBEOIHKU MOMEHMIE U OYIHUMU 6NIUG GLACMUBOCHIEl MAMEPIANYy HA iXHIO
sminy y waci. [Ipoeedeno uucnogi 0ocniodicentss Ot NUm i3 MAmMepianie i3 PisHUMU PelaKcayiiHUMU IACMUBOCHSAMU 3d
PI3HUX 3HAYEHb 8IOHOCHOI JICOPCMKOCI GKIIOUeHHs. Becmanoeneno, wo Hatlbinbu iHMeHCUSHULL nepepo3nooil MOMEHmie
8I00)6a€MbCsL HA NOYAMKOBOMY eMAni 8 SI3KONPYHCHO20 NPOYECy, NICISL 4020 HANPYICEHUL CIAH NAUMU HAOTUINCYEMBCI 00
cmayionaproeo. J{o6edeHo, uwjo KOHYEeHMpayis MOMEHMIE HEeMHIUHO 3aNeXHCUMb 8I0 HCOPCMKOCMIE BKIIIOYEHHS: B0HA MIHIMA-
JIbHA NPU CePEOHIX 3HAYEHHAX HCOPCMKOCMI I PI3KO 3pOCMAE Y BUNAOKAX OMBOPI6 ab0 ADCOMOMHO HCOPCMKUX BKIIOUEHD.
I[30mponui naumu po3ensiHymo K OKpemull GUNaooK aHi3omponHUX, Wo 00360J8€ NOWUPUMU OMPUMAHT Pe3yIbmamu Ha
BENUKULL KNAC 3a0ay MEXAHIKU KOMNO3UMIG I NPOCHO3YEAHHL IXHbOI 00620MPUBALOl MIYHOCHIL.

Kntwouoei cnosa: 6’si3x0npyscnicms, 32uH, MamemMamuyne MOOeN08aHHs, YUCTIO8] MEMOOU, BKIIOYEHHS, KOM-
NIIEeKCHI NOMEeHYianu, Memoo Maioeo napamempa.
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