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RESEARCH OF 5-BIT BOOLEAN
FUNCTIONS MINIMIZATION PROTOCOLS
BY COMBINATORIAL METHOD

06’exkmom docaidacenis € Kombinamopnuti memoo minimisauyii 5-pospsaonux 6ynesux Gynuxuii. Oonum 3 nai-
Ol npobreMHUX Micyb Minimizayii 6yreeux GynKyill ¢ CKAAOHICMb al20pummy Minimizayii ma apanwmis om-
DPUMAHHSE MIHIMATOHOT PYHKYI.

Y x00i docaidacenis uropucmosysaiucy, nPOMoKoLU MinimMizayii 5-pospsaonux 6yreeux Gyuxyii, sxi sacmo-
COBYIOMBCS 30 HAAGHOCMI Y CIPYKMYPT MAGAIUYl iICMunnocmi 3adanoi Qynuxuii nosnoi Ginapnoi xombinamopnoi
cucmeMmu 3 NO8MOPEHHSIM a0 HeNno8Hoi OiHapHoi KoMOTHaAMOPHOT cucmemu 3 nosmopennsm. Onepayitini e1acmueocmi
NPOMOKONIE MiHIMI3auii 5-po3paonux 6yresux GYnKyii rpyHmyomocs Ha 3aKonax ma axciomax aizebpu i02iKi.

Ompumano smenuenis cKiaonocmi npoyecy Minimizayii 5-pospaonux 6yresux Gynxyii Kombinamopnum me-
modom, 36invuens UMoGipHicmi zapanmosanoi minimizayii 5-pospaonux 6yresux gyuxyii. [le noe’szano 3 mum,
W0 3anponoHOBaHUL Memood MiHiMI3ayii 5-po3psaonux Oyresux GyHkyii mae psid 0codIUsoCmel UpiueHHs 3a0aui
MIHIMI3auii 102iunol pynKuyii, 30kpema:

— mamemamuunuil anapam GLOK-CXeMu 3 NOGMOPEHHAM 0A€ MONCAUGICMb ompumamu Girvwe ingopmauii
CMOCOBHO OPMOZOHALLHOCTI, CYMINCHOCMI, 00HO3HAUHOCMI OL0KI6 Mab Ui icmunnocmi;

— pisnocunviii nepemeopenns pagivnumu 00pasamu y 6uzisiodi 080BUMIPHUX MAMPULD 34 PAXYHOK OiibULOl
iHhopmMauitinoi eMHOCMI CRPOMONCHI 3 eeKmom 3aminumu 6epoaivii NPouedypu arzeOPUUHUX NePemeopeHn;

— MPOMOKOIU MIHIMIZaUTT 5 -po3padnux 6yiesux GyHkyill ckradaroms 6idIiomexy npomoKoxie dis npouecy Mini-
Mizayii 5-pospadnux Gyesux Qynkyii sx cmandapmui npouedypu, momy 3acmocy6anis OKPeMozo maxozo npomo-
KOMLY O SMIHHUX 5 -PO3PAaonux 6yaesux Qynxyit 3600umocst 00 nposedenis 001020 arze0pUuH020 NePemeopenis.

3as0sku upomy 3a6e3neuyemocs MONCIUBICIb OMPUMATNU ONMUMATHHE SMEHULEHIHSA KLIDKOCTE SMIHHUX DYHKYIT
be3 empamu i pynxyionarvrocmi. Eexmugnicmv 3acmocysanus npomoxoiie minimizauii 5-pospsionux oyiesux
pynxuyit Kombinamoprozo mMemoody 0eMOHCMPYEMbC NPUKLA0AMY MINIMI3aUil Qynryii, 3anosuuenux 3 pobim

Riznyk V.,
Solomko M.

IHWUX a8mMOopi8 3 MEMOI0 NOPIBHAHNSL.

Y nopisnsnni 3 ananrozivnumu eidomumu memooamu minimizayii 6yreeux Qynkuyii ye 3abesneuye:

— Menuy CKAAOHICMb npoyecy Minimizayii 5-po3paonux 6yreeux Qynxuyii;

— 301nbUeNHs UMOGIDHOCTE 2aPaNMO6anol Minimizauii 5-po3paonux 6ynesux Gy,

— yoocKkonanenns aizedpuunozo memoody minimizauii oyneeoi Gynxyii 3a paxynox mabauunoi opzanisauii
KOMOTHAMOPHO20 Memody, 6nposadicents anapamy 00pasHozo NepemeopeHns ma nPomoKoie MiHimizayi.

Kmouosi crosa: memod minimizauii, minimisayis 102iunoi Gynxuii, OJ10K-cxema 3 NOGMOPEHHAM, NPOMOKOIU

Minimisauii 6yresux pynxyii.

1. Introduction

The problem of minimizing the disjunctive normal
form (DNF) of a logical function is one of the many-
extremal logical-combinatorial problems and reduces to an
optimal reduction in the number of logical elements of
the gate circuit without loss of its functionality. It should
be noted that in the general formulation this problem has
not yet been solved, but it has been well studied in the
class of disjunctive conjunctive normal forms (DCNF).

In [1, 2], a combinatorial method for minimizing Boolean
functions is considered, the peculiarities of which are the
greater informatively of the process of solving the problem
in comparison with the algebraic method of minimizing the
function, due to tabular organization and the introduction
of the image-transformation apparatus.

In this paper, applications of minimization protocols for
5-bit Boolean functions of the combinatorial method are
presented. The object of solving the problem of Boolean
function minimization by a combinatorial method is a block-
diagram with repetition, the properties of which, in turn,

allow the rules of the algebra of logic to be supplemented
with new rules for simplifying the function, in particular
in the form of a minimization protocol.

The evolution of the methods of simplifying logical
functions is the result of relentless optimization, therefore
the research remains topical, in particular, on the improve-
ment of such factors as the methodology of minimizing
the logical function, ensuring the guarantee of obtaining
the minimum function, the cost of technology to minimize
the logical function.

2. The ohject of research
and its technological audit

The object of research is the minimization protocols for
5-bit functions that are used when there is a complete or
incomplete binary combinatorial systems with repetition
in the truth table structure.

Minimization protocols for the 5-bit Boolean functions
of the combinatorial method make up a protocol library
for the process of minimizing 5-bit Boolean functions as
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standard procedures, so the application of a separate protocol
is reduced to carrying out one algebraic transformation.

The effectiveness of the application of the minimization
protocols for the 5-bit Boolean functions of the combinato-
rial method consists in greatly simplifying the procedure
for minimizing the logical functions, making it possible
to dispense with hardware and software automation tools
to minimize the 5-bit Boolean functions.

The disadvantages of using the minimization proto-
cols for 5-bit Boolean functions by combinatorial method
associated with the small volume of existing theoretical
developments for their detection, so the prospect of using
the protocols for minimizing 5-bit logical functions is based
on practical chances of optimal minimization of logical
functions. With increasing computation time, when mini-
mizing a function by combinatorial method, it is necessary
to search for new protocols for minimizing 5-bit Boolean
functions and expanding the protocol library.

3. The aim and ohjectives of research

The aim of research is simplification of the process of
5-bit Boolean functions minimization with the help of new
combinatorial method minimization protocols.

To achieve this aim, it is necessary to solve the fol-
lowing tasks:

1. To establish the adequacy of the application of mini-
mization protocols for the 5-bit Boolean functions of the
combinatorial method for the process of minimizing Boolean
functions.

2. To determine the operational properties of the pro-
tocols for 5-bit Boolean functions minimization when using
structures of complete and incomplete binary combinatorial
systems with repetition.

3. To verify the combinatorial method when applying
the minimization protocols for 5-bit Boolean functions.

4. To conduct a comparative analysis of the performance
and complexity of algorithms for minimizing Boolean func-
tions obtained using the 5-bit Boolean functions of the
combinatorial method with other minimization methods.

4. Research of existing solutions
of the problem

The conditions for logical minimization of the Boolean
function represented in DNF are considered in [3]. If the
function satisfies the following conditions, then to simplify
it, the classical Quine-McCluskey minimization algorithm
is applied, which allows automation. It is noted that the
number of function variables for the program code is limited
by the computer memory. The author of the publication [3]
describes the optimization method when the process in-
volves not only searching for an equivalent logical expres-
sion, but also involves defining specific conditions under
which logical expressions can be further reduced. These
types of elements in the logical design are considered
as the «degree of freedom». In such cases, the user can
optimize the given design based on the degree of freedom.
Therefore, the search for alternative solutions is desir-
able, since it can provide the optimal Boolean expression
in the end.

Generalized rules for the simplification of conjunctors
a polynomial set-theoretic format based on the proposed
theorem for various initial conditions for the transformation

of a pair of conjunctors, the gamming distance between
which can be arbitrary, are discussed in [4]. These rules
can be useful for minimizing in the polynomial set-the-
oretical format arbitrary logical functions of n variables.
The effectiveness of the proposed rules is demonstrated
by examples of minimization of the function borrowed
from the work of well-known authors with a view to com-
paring the results. Given the comparative examples, the
proposed rules give grounds for confirming the expediency
of applying them in procedures for minimizing any logical
function of n variables in polynomial form.

Boolean function minimization using a truth table,
in which one variable is sequentially reduced until all
variables, is exhausted in [5]. In the standard method,
the truth table (TT) reflects the given logical function.
Then the function is expressed as the sum of the minimum
conditions corresponding to the sets of variables on which
the function gets the value of one. Finally, this function
is reduced with the help of Boolean identities. Thus, all
simplifications are concentrated in one place after TT.
This procedure does not always lead to minimal imple-
mentation. In [5], a simplification is considered, which at
the end of each stage carries out a TT reduction. It is
shown that the method is systemic and certainly leads to
a minimal function. It is easy to use than on the basis
of only Boolean toponyms, Carnot and Quine-McClusky
maps and can handle any number of variables. This is
explained by several examples.

The algorithm and program for minimizing combinational
logic functions up to 20 variables are presented in [6],
where the number of variables is limited by the memory
of the computer system. The algorithm is based on the
sequential clustering of terms, beginning with the grouping
of terms with one change. The clustering algorithm ends
when the variables can no longer be grouped. This algo-
rithm is similar to the Quine-McCluskey algorithm, but
it is simpler, since it eliminates a number of actions of
the Quine-McCluskey algorithm.

The method of logic-minimizing image compression,
which depends on the logical function, is demonstrated
in [7]. The minimization process treats adjacent pixels
of the image as separate minterms, representing a logical
function and compresses 24-bit color images using the
function minimization procedure. The compression ratio of
such method is on average 25 % larger than the existing
methods of image compression.

The use of the genetic algorithm for selecting side
objects of the procedure for minimizing the logical func-
tion using the Carnot map is demonstrated in [8].

A new heuristic algorithm for maximum minimization
of Boolean functions is presented in [9]. To implement the
proposed algorithm, graphical data is used and conditions
are presented to achieve the maximum degree of Boolean
function minimization.

Discussion about the role of the autosymmetry degree of
variables of a Boolean function and why it deserves atten-
tion on minimizing a logical function is presented in [10].
The regularity of the variables of a Boolean function can
be expressed by the degree of autosymmetry, which in the
end gives a new tool for effective minimization.

Optimal simplification of Boolean functions using Car-
not maps using the object-oriented minimization algorithm
and analyzing the performance of the proposed algorithm
is considered in [11].
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A method for increasing the efficiency of minimizing a
logical function by applying M-terms is demonstrated in [12].
It is noted that the implementation of the method is pos-
sible for any number of variables.

In contrast to the discussed sources of Section 4, in this
paper, the object of solving the problem is the minimization
protocols 5-bit Boolean functions by combinatorial method
in the presence of complete or incomplete binary combina-
torial systems with repetition in the truth table structure.

The mathematical apparatus of the block-diagram with
repetition makes it possible to obtain more information
about the orthogonality, contiguity, uniqueness of truth
table blocks. Equivalent transformations by graphic images
in the form of two-dimensional matrices have a large infor-
mation capacity in their properties, so they can effectively
replace verbal procedures of algebraic transformations.

5. Methods of research

5.1. Algorithm for Boolean functions minimization hy
combinatorial method. Minimizing the logical function rep-
resented in DNF using a block-diagram with a repetition
in the part of gluing variables is reduced to finding blocks
with the same variables in the corresponding bits, except
for one variable. Taking into account the tabular organiza-
tion of the combinatorial method, this makes it possible to
improve the search efficiency of the minimal function [1, 2].

The minimization of logical functions by combinatorial
method provides the following algorithm:

— on the first stage reveals blocks (constituents) with

variables for which an operation of super-gluing variables

is possible in the absence of a super-gluing operation,

a simple gluing operation is performed,;

— the next stage is search for sets of pairs of blocks

(implicants) with the possibility of minimizing them

by replacing (gluing, absorbing) the variables in these

pairs. The obtained sets of blocks are again minimized
in a similar way, etc., until a dead-end DNF (DDNF);

— in the general case, in the final stages of minimization,

it is possible to use the Blake-Poretsky method [13],

as well as an increase in the number of variables with

a value of unity.

Among the set of DDNFs there are also minimal func-
tions (MDNF). After minimizing the logical function, the
minimized function is verified using the specified truth table.

The beginning of the minimization procedure by com-
binatorial method reduces to the search for a local extre-
mum of the minimal function. However, the apparatus of
algebraic transformations of the method makes it possible
to carry out transitions from one local extremum of the
minimal function to another, which, thus, allows to find
the global extremum of the minimal function.

During minimization of logic functions by combinatorial
method, the following rules of logic algebra [1] are used:

— gluing of variables:

ab+ab=a;

— general gluing of variables:
XY +X2= XY+ X2+ Yz

— substitution of a variable:

a+ab=a+Db;

— absorbing of a variable:
ab+a=a(b+1)=a;

— idempotency of variables:
a+a=a, aa=a

— addition of a variable:
a+a= 1, aa= 0;

— repetition of a constant:
a+0=a,a-1=a

and other.

Algebraic transformations are expediently replaced by
equivalent transformations by means of sub-matrices (graphi-
cal images). The procedure for gluing with sub-matrices
can be demonstrated as follows:

X1 Xg + XX = 20 (Xy + X)) = Xy,

00 0
- -
01 0 0

X425 + 20205 + 2, (X + X)) = Xy,

11 1
- — .

01 1 1

With the help of sub-matrices (graphical images), it is
possible to represent other algebraic transformations [1, 2].

Example 1. Minimize the logical function F(a, b, ¢, d)=
= 2(3, 7,11,12,13, 14, 15) (Table 1) by an algebraic method.
Note: the value in X is the minterm for rows when the
function F(a, b, c,d) returns «1» at the output.

Table 1
The truth table of a logical function Fla, b, c,d)

No. a b c d a b C d F
3 0 0 1 1 a b I d 1

7 0 1 1 1 a b c d 1

1] 1 0 1 1 a b c d | 1
2] 1 1 0 0 a b c d 1
13 ] 1 1 0 1 a b c d | 1
141 1 1 1 0 a b c d 1

15 1 1 1 1 a b c d 1

F(a,b,c,d)=3(3,7,11,12,13,14,15) =

= abcd + abed +abed + abe d + abed + abed + abed =
=cd(ab+ab+ab)+ab(cd +cd +cd +cd) =
=cd(alb+b]+ab)+ab(c[d +d]+cld +d])=

= cd(a[1]+ab)+ab(c[1]+c[1]) = ab+ abed + acd =
=ab+cd(ab+a)=ab+cd(a+a)(a+b)=ab+acd +bcd =
=ab+cd(a+b)=ab+cd.
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Example 2. Minimize the logical function F(a, b, ¢, d)=
= 2(3, 7,11,12,13, 14, 15) by combinatorial method:

310011
710111
111011} |~011] |[~011
F={12]1100|={0 11 1|=~111|=
31101 [11~~ |11~~
1411110
151111

~~11
11~~

Minimized function:
F=ab+cd.

The operation of super-gluing of variables in the first
matrix is carried out for blocks 12—15, highlighted in

Blocks 2, 3, 10, 11 (highlighted in red) are minimized
by the protocol of super-gluing variables. Other blocks are
minimized by simple gluing and semi-gluing protocols [1, 2].

Minimized function:

F =2 X4 + X0 + XX + X100 X5, (1)

The result of minimization (1) coincides with the result
of synthesizing the infimum disjunctive normal form of
the logical function [14], but the combinatorial method
is a simple procedure.

5.2. Protocols for 5-hit Boolean functions minimization.
For a 5-bit logical function, the protocols for super-gluing
of variables are:

— 1st protocol:

red. The result of minimization by combinatorial method 0000w
coincides with the result of minimization obtained with 0001 x
the help of algebraic method, however, the process of mini- 0010 x
mizing a function by a combinatorial method is simple. 0011 x
Example 3. Minimize the logic function F(xy, x5, X3, 44)
by the combinatorial method given by the following truth 0100«
table (0, 1, 2, 3, 5, 7, 8, 10, 11, 12, 13) [14]. 0101«
n [14], the minimization of the function reduces to the 0110 x
synthesis of the infimum disjunctive normal form (IDNF) of 0111 x
the logical function, using the perfect matrix arrangement =x; (2)
(PMA) of the 4-dimensional cube E* (Fig. 1). The vertices of 1000~
the cube E* of a given function where F(x;, x4, x5, x4)=1are 1001«
highlighted by darkening. The darkened vertices correspond 1010«
to blocks of the truth table £(0, 1, 2, 3, 5,7, 8, 10, 11, 12, 13) 1011 x
of the given logical function. 1100«
Ly 1101«
o 2 T 2 NS 5 1110«
ooy} Aamy)——Aw)— Agno EREE:
N 2l
: > > — second protocol:
0N X SN 2 | N P e
\0100,/ o101/ o111 \o110 000xy
7 ! ¥ 2 001xy
12< o a2 | N [ A 010xy
1100/ 1oy ST, '11@ 011xy
> WY Y - 3)
2 = - 100xy
8< 2“\/9;\ 2 A l”\>1° L0txy
L \Jooy/ o1y 1010 110xy
Fig. 1. Perfect matrix arrangement of a 4-dimensional cube £* 111xy
— third protocol:
Minimizing the function F(xy, x,, x5, x,) by combinato-
rial method is reduced to the following procedure: 00xyz
01
00000 xyz:xyz; (4)
110001 10xy:z
210010 11xyz
310011 |~000] |-0~0
~ — fourth protocol:
50101 [0-01| [0-~01 0(~)~(1) ourth protoco
F=[ 7001 1 1]=-01~|=]-01-[=" 7 0xyzt| 5
8{1000[ 0111 [0~11 =xyzt. ()
110~ lxyzt
10(1010] (110~ [110
111011 The 1st protocol (2) uses the combinatorial system
121100 92-(4, 16)-design, the 21 (3) — 2-(3, 8)-design, the 31 (4) —
131101 2-(2, 4)-design, the 4 (5) — 2-(1, 2)-design.
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The variables x, y, z, ¢, which form a complete binary
combinatorial system with a repetition of 2-(n, b)-design,
can occupy any bit of the minterm of a 5-bit logical
function.

The protocol of super-gluing variables on a configura-
tion with two combinatorial systems 2-(2, 4)-design
can have the following form:

00101
00111
01101
01111
10101
10111
11101
11111

=[~~1~1] (6)

or

00010
00011
01010
01011
10010
10011
11010
11011

=l~~01-~] (7

The matrix (6) contains two configurations, indicated
in red and blue with 2-(2, 4)-design systems. The
result of minimizing the red configuration is the block:

|~ ~101]. (8)

The result of minimizing the blue configuration is the
block:

I~ ~111]. )

The operation of gluing the interchangeable blocks (8)
and (9) gives the final result of the protocol for super-

gluing variables on a configuration with two combinatorial
systems 2- (2, 4)-design:

I~ ~ 1~ 1].
The protocol of simple gluing of variables on a con-

figuration with two combinatorial systems 2-(1, 2)-design
has, for example, the following:

The result of minimizing the blue configuration is the
block:

1100 ~0| (12)

The operation of gluing the replacement blocks (11)
and (12) yields the final result of the protocol of simple
gluing variables on a configuration with two combinatorial
systems 2-(1, 2)-design:

~00 -0

The protocol of super-gluing of variables on a configura-
tion in which there is one column with the same variables y,
and the second column contains equally the variables x
and x, with the combinatorial system 2-(3, 8)-design with
lexicographic order takes the form:

000xy
001xy
010xy
011xyl [0~~xy
100xy

101xy
110xy
111xy

. (13)

1~~xy

A protocol for super-gluing of variables on a configura-
tion in which there is one column with the same variables y,
and the second column contains equally the variables x
and x, with the combinatorial system 2-(3, 8)-design and
the sequential lexicographic order becomes:

yx000
yx 010
yx100
yx110
yx001
yx 011
yx101
yx 111

(14)

yx~~0
yx~~1.

The protocol of gluing variables on a configuration in
which there is one column with the same variables y, and
the second column contains equally the variables x and X,
with the combinatorial system 2-(3, 8)-design with non-
lexicographic order, will change the form of the record:

00000 ~ 2011
Xy
00010
=00~ 0] 1) |vy100
10000 ry _
10010 xy 10t [Fylo-
;y111:3Cy~11. (15)
The matrix (10) contains two configurations, indicated xy000 [xy00-~
in red and blue with 2-(1, 2)-design systems. The 001l lxy-10
result of minimizing the red configuration will be: *y
xy010
1000~ 0l. (11) xy110
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The protocol of gluing variables on a configuration
in which there is one column with the same variables y,
and the second column contains equally the variables x
and x, with the redundant 2-(3, 8)-design with non-lexico-
graphic order, takes on a different form:

yx 001
yx010
yx 011
yx100
yx101
yx111
yx 001
yx 011
yx100
yx101
yx110
yx111

01~
10

=

(16)

i

T e v <
1

In general, the configuration of the truth table of
a given function, in addition to the sub-matrix of a complete
combinatorial system with a repetition of 2-(n, b)-design,
also contains sub-matrices of an incomplete combinatorial
system with a repetition of 2-(n, x/b) — design, where x
is the number of blocks of incomplete combinatorial sys-
tem with repetition.

The properties of an incomplete combinatorial system
with repetition 2-(n, x/b) — design also allow the establish-
ment of protocols that ensure the effective minimization
of Boolean functions [2].

The protocol of gluing variables on a configuration
in which there is one column with the same variables ,
and the second column includes in the same number of
variables x and X, with an excess combinatorial system
2-(3, 6/8)-design with non-lexicographic order has,
for example, this form:

yx 001
yx010
yx011

yx101] |[yx~~1

y~~~1

—_
i

yx0

x111 -
v = =lyx 01~

yx001
yx 011
yx 101
yx110
yx 111

a7

yx11-~
yx11-~

The protocol for gluing together variables in a con-
figuration in which there is one column with the same
variables y, and the second column holds in an unequal
number of variables x and X, with an excess combinato-
rial system 2-(3, 6/8)-design with non-lexicographic order,
will be, for example:

yx000
yx 001
- 00~ -
x 00~

~10
=ly~~10

x~10
11~

=1 R

yx1 (18)

8

yx0

L e <
=

yx1

—_ =, =
-0 O O

yx1

or
yEO
yx0
00~
~0
10|=
~0

yEO

=R
o
o
!

yxi

=28 R
1

1

=
—_

yx0

ST N
i
1
—_
===

8

—_

—
1

yx1
yx1

e =R =~ e B N s S )
- O O O O O O = O
|
S N

yx1

The protocol of gluing variables on a configuration
with a combinatorial system 2-(3, 6/8)-design can have
the following form:

00011
101
821?1 0011
=l0~101] (20)
01001
010~1
01011
01101

The protocol of gluing variables on a configuration
with a combinatorial system 2-(2, 3/4)-design is as follows:

00000
10000l 2000

1-~000 @
11000

Protocols (2)—(7), (10), (13)—(21) constitute a pro-
tocol library for the process of 5-bit Boolean functions
minimization as standard procedures. Therefore, the use
of a separate protocol for variables of 5-bit Boolean func-
tions reduces to carrying out one algebraic transformation.

6. Research resulis

Example 4. Minimize the logic function F(x;, x5, X3, X4, X5)
by a combinatorial method without the minimization
protocol, which is specified by the following truth table
(1, 2, 3, 4,5, 7,9, 11, 12, 13, 14, 15, 16, 17, 18, 20,
22, 26, 28, 30, 31) [1].

In one of the solutions, pairs of blocks that allow
procedures for pasting and replacing variables are first
identified.

At the first stage, it is possible to carry out pasting
of constituents and substitution of variables.

4
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Z
o

2 3 4
501 Xg X3 Xy X501 Xy X3 Xg X5(X1 Xy X3 Xg X5

0000100001000 1

=
s
g -
&
ks
By

0001 (0001 |0001

O: 00: N D Ut B Wi N =

o SN
O 00 O: Ul i W N —

~
1]
[\ —_
(=) (e}
et e e N e = R e Rl e Bl eo Bl e Bl e Rl e Bl e Rl eo Rl eo Bl e Rl o)

e R = = =Rl R e R S = i o o e N - )

et i = e e e s R i e s == R = i ]
e e == R =N S e I SN e I e I =S SR SN s i e I N e I SN e I e NN i ]

[N}
—_

Algebraic transformations of the 15t matrix (the result

of the transformation is written in the second matrix):

— gluing of variables of 2 and 3 blocks:

X1 Xy X3X4 X5+ X1 X9y X3X X5 =

=20 205 23X (X5 + X5) = Xy Xy X3X4;

— gluing and replacing of variables of 4, 5 and 6 blocks:

X1 X9 X3X4 X5+ X1 XoX3X,X5 + X XoX3X X5 =

:;1;2.763(.754;5"’;4%'5 +X4X5) =

= 26 X0 (004 25 + 20,25 + 2 + X 5) =
= 201 20,05 (X4 X5+ 20,005+ X+ X5) =
= 20, 2055 (X (A5 + 25 ) + X + 25) =
:;1972963(;4"‘;4"'955):

= X1 X5005(X4 + X5) = Xy X324 + Xy XpX5Xs5;

— gluing of variables of 7 and 8 blocks:

X1X9 X3 Xy X5+ X (X9 X3X X5 =

= XX X305 (X4 + X)) = X105 X3 X5,

— gluing of variables of 9 and 10 blocks:

X1 X9 X3 X4 X5+ X1 X X3 X4 X5 =

= 20205203 X4 (X5 + X5) = X120,X3 045

— gluing of variables of 11 and 12 blocks:

X1 X9X3X 4 X5+ X1 X9 X3 X4 X5 =

= XX X3, (X5 + X5) = X105 X3045

— gluing of variables of 13 and 14 blocks:

XX X3 X4 X5+ X1 Xy X3 XyX5=
=200 X3 X4 (X5 + X5) = X1 X X3 X4
— gluing and replacing of variables of 15, 16 and 17 blocks:

X1 Xy X3X4 X5+ X1 XoX3 X4 X5 + X XpX3X4 X5 = X1 Xy X5 X
X (X304 + X304 + X304 ) = X1 X X5 (X35 + X Xg + X3 204) =

=120 X5 (X300, + X300, + X, +X30,) =

= 20020 X5 (204 (3 + 23 )+ 204 + X5 ) = 220 X5 (0 + X4+ 43) =

=212 X5( X4 + X3) = Xy X3 X5+ Xy Xy X4 X5,

— gluing of variables of 20 and 21 blocks:

Xi1X9 X3 X4 X5+ X1 Xy X3 XyX5=

= X120 X3 X4 (X5 + X5) = XX X3 X4

At the second stage, the implicants are glued together
and the substitutions of the variables are made.

Algebraic transformations of the 2" matrix (the result
of the transformation is written in the 3" matrix):

— gluing of variables of 12 and 21 blocks:

X1 X9X3X 4 + X1 X09X304 = XpX3X, (X + X)) = X304

Algebraic transformations of the 3 matrix (the result
of the transformation is written in the 4% matrix):
— substitution of variables for 10, 18, 19 and 21 blocks:

X1 X9X3X 4 + X X9 X3X 1 X5+ X1 X9 X3X 4 X5+ XXXy =

= X9 X300s + X1 2925 204 + X105 X5 g X5 + Xpdads +
+ x1x2;3x4;5 = 2,25 (%4 +;1;4+x1;4;5)+
+ 20500, (x3 + x1;3;a) = x,05( x4 +;1+ xNTS) +
+ 25004 ( x5 +x1;5) = 25034 +;1+x1;5)+

+ X904 (a03 + xpc?) = X503, +;1x2x3 +

+ x1x2x3;5 +XX3X4 + x1x2x4;5 =XoX3Xy +

+ ;13“2953 + x1x2x:s;5+ XoX3X4 + x1x2x4;5 =

=X9X3X4 + X1 X9X3 + XX X3X5 + XX X4 X5,

— substitution of variables for 1 and 3 blocks:

Xy X9y X3 X4 X5+ X1 Xy X3 Xy = X1 Xy X3(X4X5 +X.1) =

=Xy Xy X3(X5 4 X4) = Xy Xy X3X5 4+ Xy Xy X3X;4.

Algebraic transformations of the 4™ matrix (the result
of the transformation is written in the 5% matrix):
— gluing of variables of 15 and 18 blocks:

X4 XX X5 + X150, X5 = X1 X4 X5(Xp + Xy ) = X204 X5

— gluing of variables of 16 and 19 blocks:

X1 X X3 X5 + X153 X5 = X1 X3 X5(Xp + Xy ) = X1 X3 X5,

— substitution of variables of 8 and 10 blocks:

X429 X35 + X1 X053 = XX (X3X5 + X3) =

= XX (X5 + X3) = Xy Xo X5 + X1 X055
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— substitution of variables of 4 and 10 blocks:

X xzxsx4 +x1xzxs 24205 (X5 X4 + X05) =

= x1x3(x4 +x,)= x1x3x4 XXX,

— gluing of variables of 1 and 5 blocks:

Xy Xy X3X5 + Xy XgX3X5 = x1 xzx (x3 +x35)= x1 xzx

No. 5 6 7 8
100 29 X5 204 X5100; 209 X3 X4 2051 20y g X4 X5 X0y 203 X4 X5
1
2
310001 (0001 (0001 (0001
410 10 (0 10 (0 10
5100 1
6
7
810 1 110 110 110 1
9
=100 1 1 011
11
12
13
1411000 (1000 (1000 (1000O0
15
16 100 100
17
181 1 0[1 1 0(1 1 0[1 10
1911 1 0|1 1 0|1 1 0
20
210 111 111 111 111

Algebraic transformations of the 5" matrix (the result
of the transformation is written in the 6™ matrix):
— gluing of variables of 5 and 8 blocks:

Xy XpX5 + x1x2xa = x1x5(x2 +x,)= x1xa

Algebraic transformations of the 6™ matrix (the result
of the transformation is written in the 7" matrix):

— generalized substitution of variables for 4, 8 and

16 blocks:

T 2 P T O s P e e

= XXX, +

FX0X50 4 + X X0X5 = X1 X3 X4 + XoX3Xy;

— generalized substitution of variables for 4 and 19 blocks:

X1 X3 X4+ X1 X3 X5

=X X3X4 + X1 X3X5 +

+x,x,x4 x = x1x5x4 +x1x;x + X5 Xy Xs.

Algebraic transformations of the 7" matrix (the result
of the transformation is written in the 8% matrix):

— generalized substitution of variables for 4, 10 and
21 blocks:

X005 X3 X4 X5 + Xy X3 X4 = X X5+ X3 X4 X

— generalized substitution of variables for 16, 18 and
19 blocks:

X3 X4 X5+ X X5 X5 =X3X4 X5 +X1X4X5 + X1 X3X5 X5 =

=X3X4 X5+ XX X5 + X1 X3X5

=X3X4 X5+ X1 X4 X5.

Attempts at further application of algebraic transfor-
mation operations do not yield a result. So the minimal
form of the logical function is found:

F =205+ X1 Xy X304 + XoX5X, +

X100y X3 X5 + X4 X5 + X304 X5

Example 5. Minimize the logical function F(x;, x,, x5, x4, x5)
given by the truth table (1, 2, 3, 4, 5, 7, 9, 11, 12, 13,
14, 15, 16, 17, 18, 20, 22, 26, 28, 30, 31) by the combi-
natorial method, using the minimization protocols:

1100001
2100010
00001
3100011
00010
4100100
00011
5100101
00101
7100111
00111
9101001
01001
11101011 0~~~1
01011 0~~~1
12101100 0001~
01101 0001~
13101101 0111~
01110 ~111-~
F={14101110|= =1000~= .
01111 1000~
1501111 1~~10
10000 1~~10
16110000 1111~
10001 ~~100
17110001 ~~100
10010
18110010
10110
2010100
11010
22110110
11110
2611010
11111
28(11100
~~100
30111110
311111

The operation of super-gluing of variables in the first
matrix is carried out for blocks 4, 12, 20, 28, which are
highlighted in red. Minimization of blocks in the second
matrix, highlighted in blue, was carried out according to
the protocol (17). The blocks highlighted in green are
minimized by the protocol (18).

Minimized function:

F= xix; + Xy Xy XXy + XXX, +

+ XXy X3 X4+ XX, X5+ X3 Xy Xs.
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Protocols (16), (19) give another way of minimizing
a given function:

100001
2000010
3100011
4100100
5000101
7100111
9101001 Jo~==1f o~~~1 1
101011 {0001~ [0001~
0001~
12(01100/ (0~10~ [0~10-~
0~10-~
1301101 [011~~ [011~~
1000~
F=|14{01110/=/1000+~=[1000~|= ="~ =
150 11114 [10~~0 |t0~-~0 | ~
1610000 |t~~10 |t-~10 |
17110001 t=1~0] |t=1~0 |
18[10010[ [1111~ |~111~
20[10100
2210110
26/11010
28/111100
30/11110
3111111
0~~~1
0~~~1
0001~ [0~~~1
0001~ [0~~~1
0-10-~ 0001~
1000~ (0001~
1000~ (1000~
10~00[ 1000~
=110~~0/=[10~~0[= = ,
10~10| [1-~10
1~~10 1~~10
1~~10] [~~100
~~100] [~~100
~~100| |~111-~
1~1~0 [-111-~
~111-
~111-~

Minimization of the blocks 1, 2, 3, 4, 5, 7, 9, 11, 12,
13, 14, 15 in the first matrix is carried out according to
the protocol (16), and the blocks 16, 17, 18, 20, 22, 26,
28 30 31 — according to the protocol (19).

However, minimization in the second variant of the
decoupling with the use of minimization protocols is com-
plicated in comparison with the first option. It follows
that in order to reduce the complexity of the Boolean
function minimization by combinatorial method, it is ne-
cessary to give preference to protocols with the operation
of super-gluing variables when choosing the minimization
protocol.

Comparing the solutions of Examples 4 and 5, it is
possible to see that the minimization procedure using the
minimization protocols for 5-bit Boolean functions (Exam-
ple 5) is much simpler.

Example 6. Minimize the logic function F(x;, x5, X3, X4, X5)
by the combinatorial method given by the following truth
table (2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 14, 15, 18, 19, 20,
21, 22, 23, 16, 17, 28, 29, 30, 31):

2100010
3100011
4100100
5100101
6100110
7100111
10101010
1110101 1
12101100
13101101
14101110
1501111
18110010
19110011
2010100
21110101
22110110
23110111
2611010
27111011
28111100
29111101
30111110
311111

Minimized function:
F=x;+x,.

The operation of super-gluing of variables in the first
matrix is carried out for blocks:

— 4-7 (highlighted in blue);

— 12-15 (highlighted in green);

— 20-23 (highlighted in brown color);

— 28-31 (highlighted in purple).

Minimization of blocks 2, 3, 10, 11, 18, 19, 26, 27 in
the first matrix is carried out according to the protocol (7).

Example 7. Minimize the logical function F(x;, x,, x5, x4, X5)
by the combinatorial method given by the following truth
table 2(0, 4, 5, 13, 16, 21, 22, 23, 24, 25, 28, 29, 30, 31) [5]:

0100000
4100100
500101
1301101
16{10000
21110101
22(10110
231101 11|
24(111000
25(11001
28(111100
29(111101
3011110
311111

~0000
00100
~~101
1~11~
1100~
11100

~0000
0010~
~~101
1~11-~
1100~
1110~

~0000
0010~
=~~101].
1~11~
11~0~
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Minimized function:

F= Xy X3 X4 X5+ X1 XoX3X4 + X3 X4 X5 + X1 X3X 4 + X1 X9 Xy

The operation of super-gluing of variables in the first matrix
is carried out for blocks 5, 13, 21, 29, highlighted in blue. The
minimization of blocks 22, 23, 30, 31 in the first matrix is
carried out according to the protocol, similar to protocol (6).

Table 2 presents the results of minimizing the function
F(x,25,%5,%4,%5) by reducing the truth table [5].

Tahle 2

The result of minimizing the function F(x,, x,, X5, X,, X;)

Minimization by the truth table reduction method

Flxy, X5, X3, X4, X5) = X;X3X4 + X1 X5 X4 + X; Xp Xy X + XoX5 XX + X1 X5 X4 Xg

Minimization by combinatorial method

Fxy, X5, X5, X4, Xs) = X, X3X, + ){1)(2x4 + Xy X3 X4 Xg + Xy Xo X5 X4 + X3 )r‘,)(5

In view of Table 2, we see that the combinatorial method
in the last minter of the minimized the function gives
one input variable less.

Example 8. Minimize the logic function by the combina-
torial method given by the following truth table (0, 2, 3,
5, 7,9, 11, 13, 14, 16, 18, 24, 26, 28, 30) [15]:

000000
00010
00011
00101
00111
01001
1011
1101=
1110
0000
0010
1

1

1

1

~00~0
00~11
0~101
010~1|
~1110

© NN Ww N

00~1
0~10
010
0111
11~~

—_

1
F=|13
14
16
18
24
26
28
30

(e}

R
(= e =)

000
010
100
110

O S S S S« T

Minimized function:

F =y X5 X5+ X X9X, X5 + X1 X5 X,X5 +

+ XXy X3X5 + Xy X3 X4 X5+ XXy X5.

The result of minimizing the function F(x;, x,, X3, x4, X5)
with the Carnot map [15] is:

F=B'CE+ABE'+A'C'DE+A’'B'CE+A’'BD’E+BCDE’. (22)

However, the function (22) does not pass verification.
For example, when testing the code 00000 function (22)
does not give a unit. Thus, an error will be made in the
expression for the minimal function (22) [15].

Example 9. Minimize the logical function F(x;, x,, x5, x4, X5)
by the combinatorial method given by the following truth

table: 2(0, 2, 5, 7, 9, 11, 13, 15, 16, 18, 21, 23, 25, 27,
29, 31) [15]:

000000

2100010

5100101

7100111

9101001

11101011

13101101 2 00-0l 100 -0
F=1501111=~~1~1=~~1~1.

16(1 0000 10~ l-1--1

18(10010

21110101

23110111

25111001

27111011

29111101

311111

Minimized function:
F =%y x5 X5+ X305 + X545,

Minimization of blocks 5, 7, 13, 15, 21, 23, 29, 31 in
the first matrix is carried out according to the protocol (7).
Minimization of blocks 0, 2, 16, 18 and 9, 11, 25, 27 in
the first matrix is carried out according to the proto-
col (10). The result of minimizing the given function
by the combinatorial method and the Carnot map [15]
is the same, but the process of minimizing the function
F(xy, x5, x5, x4, X5) by a combinatorial method is simple.

Example 10. Minimize the logic function F(x;, x,, x5, x4, x5)
by the combinatorial method given by the following truth
table (0, 5, 7, 11, 12, 13, 15, 16, 21, 22, 23, 24, 28, 29,
30, 31) [16]:

000000

5100101

7100111

11101011

1201100

1301101 |[~0000] [~0000

1501111 (1~000[ [1~000
F:1610000:~~1~1:~~1~1

21110101 (01011} [01~11

22110110] [~1100] |~110~

23110111 [1~110] [1~11-~

24111000

2811100

29]111101

30011110

3111111

Minimization of blocks 5, 7, 13, 15, 21, 23, 29, 31 in
the first matrix is carried out according to the protocol (6).
Minimization of blocks 0, 16, 24 in the first matrix is
carried out according to the protocol (21). The minimi-
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zation of blocks 12, 28 and 22, 30 in the first matrix is
carried out by simple gluing.

The obtained minimal function (the last matrix) admits
an increase in the number of variables with the value
of unity:

~0000

~0000 ~0000
10000

1-~000 11~00
11000

11 c1 -t

=~ ~1-~1]= .

01-~11 01-~11

110~ |0ttt 110

~110 -

1~11-~ 1~11-~
1~11-~

Minimized function:

F =2y X5 X, X5+ X109 X4 X5+ X3X5 +

+ XXX X5 + X X3 Xy + X X3y,

The result of minimizing the function F(x,x,,x35,%4,%5)
by the combinatorial method and the Carnot map [16]
is the same.

7. SWOT analysis of research results

Strengths. Strengths of using protocols of minimization
of 5-bit Boolean functions of the combinative method may
be considered as decreasing the complexity of the process
of function minimization that advantageously distinguishes
the combinative method comparing with analogues by the
following factors:

— increase of the productivity of intellectual labor (in-
tellectual component) at minimization of 5-bit Boolean
functions that favors the increase of the scientific level
of studying protocols of minimization, improvement
of the algorithm of minimization of logic functions,
widening of control functions and deeper understanding
of logic transformations;

— less cost of the development and introduction at the

expanse of shortening the need in applying hardware

and software means of automation.

In comparison with the algorithm for Boolean func-
tions minimization in [1], in this paper the object of
solving the problem is new protocols for 5-bit Boolean
functions minimization by combinatorial method. The ef-
fectiveness of the application of the developed protocols
is demonstrated by comparing examples 4 and 5 of the
Boolean functions minimization without using minimization
protocols and with minimization protocols in Section 6
«Research results». Taking into account these examples, it
follows that the use of protocols 5-bit Boolean functions
minimization greatly simplifies the procedure for Boolean
functions minimization, without losing its functionality.

The algorithm for Boolean functions minimization by
a combinatorial method is based on a block-diagram with
a repetition, what is the truth table of this function. This
allow to concentrate the minimization principle within the
function calculation protocol (within the truth table of
the function) and thus dispense with auxiliary objects like
the Carnot map, the Weich diagram, the acyclic graph,
the cubic representation, and so on.

Equivalent transformations by graphic images in the
form of two-dimensional matrices have large information

capacity due to tabular organization of the mathematical
apparatus of the block-diagram with repetition. This al-
lows to obtain more information about the orthogonality,
contiguity, uniqueness of truth table blocks (combinatorial
system). Therefore, equivalent transformations by graphic
images can effectively replace, in particular, verbal procedures
of algebraic transformations (example 1), minimization by
the method of synthesis of the infimum disjunctive normal
form (IDNF) of a logical function, using the perfect matrix
arrangement of the n-dimensional cube (example 2). A com-
parison of the combinatorial method with other methods
for Boolean functions minimization is presented in [1, 2].

Weaknesses. The weak side of the application of the
minimization protocols for the 5-bit Boolean functions of
the combinatorial method is related to the small practice
of applying methods of minimizing various variants of 5-bit
Boolean functions. Negative internal factors are inherent
in the protocols of 5-bit Boolean functions minimization
by combinatorial method consist in increasing the time of
obtaining the minimum function with insufficient library
of protocols for 5-bit Boolean functions minimization.

Opportunities. The opportunities of further research into
the protocols for 5-bit Boolean functions minimization of
the combinatorial method is the search for new protocols,
the order of their application in order to improve the
accuracy of solving the task of minimizing the function
within a certain time. Additional features that the imple-
mentation of minimization protocols of the combinatorial
method can bring are the creation and support of a lib-
rary of protocols minimizing 5-bit Boolean functions as
standard procedures in order to optimize the search for
minimal logical functions.

Threats. The protocols for 5-bit Boolean functions mini-
mization of the combinatorial method are independent of
the protocols of other minimization methods, so there is
no threat of negative impact on the object of research of
external factors. An analogue of the combinatorial method
for minimizing the 5-bit Boolean function is the algebraic
method [17]. The algebraic method of 5-bit Boolean func-
tions minimization is best because for it there are pre-
established simplification laws, discovered properties, and
algorithms for minimizing Boolean functions. However,
the algebraic method is a verbal procedure of operational
transformations, gives a smaller effect of the quality of
minimization compared to the image transformations of
the combinatorial method.

1. It is established that the implementation of the
minimization protocols for the 5-bit Boolean functions of
the combinatorial method makes it possible to simplify
the procedure for minimizing the 5-bit Boolean function
without losing its functionality.

2. It is shown that the minimization protocols for 5-bit
Boolean functions support the function minimization if
there is a complete binary combinatorial system with
repetition or an incomplete binary combinatorial system
with repetition in the truth table structure. The use of
minimization protocols is most effective in the presence
of a complete binary combinatorial system with repeti-
tion. The effectiveness of minimization protocols in the
presence of incomplete binary combinatorial system with
repetition decreases not significantly.
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3. It is established that the results of verification of
minimized functions obtained using the minimization pro-
tocols of the 5-bit Boolean functions of the combinatorial
method satisfy the original truth table of this function
and, therefore, show an optimal decrease in the number
of function variables without losing its functionality.

4. The effectiveness of the application of minimization
protocols for the 5-bit Boolean functions of the combinato-
rial method is demonstrated by examples of minimization
of functions borrowed from the work of other authors for
the purpose of comparison:

— example 7 [5];
example 8 [15];
example 9 [15];

— example 10 [16].

Taking into account the mentioned examples and exam-
ples 4, 5 and 6 of the application of the minimization
protocols for the 5-bit Boolean functions of the combi-
natorial method, it is reasonable to apply them in the
minimization of logical functions.
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