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CONTROL SYNTHESIS FOR 4WS
VEHICLE-ROBOT MODEL FOR TRAFFIC
PROGRAM MOTION

O6’ckmom docaiorcenis € asmoHoMnuil Koaicuuti mobinvrutl pooom modeni 4WS (Four Wheel Steering). Heo6-
xionicmo 6 maxux 00CaioNceHHAX nPoouKmosana obmexcenmsmu 3acmocysanns pooomie mooeni 2WS (Two Wheel
Steering) 0ns supiwenis 3a60amnins 00CAZHEHHA MHOICUHHUX UL, NOG A3AHUX 3 HEOOCMAMHBOIO IX MAHEEPEHICINIO
i 6esnexor pyxy. Le i ¢ 00num i3 naiunpobiremmiwux micub 0anoi mooei.

Taxe sasdamnis 6y10 ycniwmo supiweno 0ns 00CaznHens 00UHOUNOT UinT Y110 MOOCILIIO, 6KAI0UAIOULU PYX Pesep-
COM 07151 3UNEHOBAHOZ0 EKINAICY, NPOMeE XapaKmep MpaeKmopii 3 MHOMCUHHUMU ULIAMU POOUmMb make 3a80anHs.
nPaKmuuno 1epo3e’a3num. Jus i upiwenns ycniumno 3acmocosand KOHCMpPYKUis asmoHoMH020 MOGIIbIO0Z0 PO-
6oma DDMR modexni. Ilepesazu s 4WS modeni ¢ nopisnsnni 3 2WS 6 cenci niosuwens manespenocmi npuseiu
00 docridvcenis MOACAUBOCI i1 BUKOPUCANHA 0Ll GUPIULEHIS 14b020 3A60AHISL.

Y yvomy docnidacenni peanizosana MoICIUBICMD CUNMESY KEPOBAN020 PYXY ABMOHOMHO20 MOOGLIbI020 PobOMA
moodeni 4WS no npozpamuiti mpaexmopii, wo 3a0aemvcs 6 S6HOMY, HeAGHOMY, NAPAMEMPUUHOL 6ULA0i a00 3aK0-
nom aminu i kpususnu. Ilpu upbomy Kym nosopomy nepeonix Kouic € QYHKUIEIo KPUSUIHU NPOZPAMHOT MPAEKMOopil,
a 3aduix — Qynxuicio xyma nosopomy nepeonix. Ocobausicmio cunme306anozo ynpasiinis ois 4 WS modeni ¢ 36’130k
3 ynpasainmnsm 0ns mooeni 2WS. Ynpaeninis ons uici moodeni cunmesyemucs Cnouamxy i s6ise cobor camocmiiny
winnicmo. Take ynpasiinms € emaioHHuM: 3a eMNIPUUHOI0 SALEHCHICTIIO BUSHAYACTLCA BIPpMYyaivHuil padiyc, 0Js K020
obuucnoemocs maxe ynpasainmns ons 4 WS modeni, wo6 sona pyxaracs no mpaecxkmopii modeni 2WS. Iloeopom 3admix
Kouaic (cungasmno 3 nepeduimu abo 6 nPomupasi) Po3zasdacmocs NPu UboMy Yy 6uziidi 000aAMK068020 YNPAasLiHHsL.

Bascnusoio ocobausicmio docaiodcenns € pospobka npozpaminozo 3abesneueins, axe 00360JUL0 GUKOHATU
yucesbie MOOCNIOBANHS CUHME306a020 YNpasiinns ¢ mamemamuunomy naxemi Maple i naouny eisyanisayino
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mamnespis pyxy 6 cucmemi Unity 3D.

Pesynomamu uucenviozo mooenosanis ma ix 6i3yanrizauis 003601510Mb 3POOUMU BUCHOBOK NPO MONCIUBICINYL
3ACMOCYBANIA CUNME308ANH020 3AKONY O YNPAGLIHHA ABTMOHOMHUMU MOOLIHUMU POOOMAMU, W0 CMEOPIOIOMbCSL

3a 4WS modennio.

Kmouosi cnosa: asmonommnuii mobinvnuii xoricuutl pooom, 4WS, 2WS, ymosa Axepmana, saxon ynpaeiinis,
Mexampona cucmema, Kym 60K08020 KOB3AHHS, KYM HUUNOPEHHS.
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1. Introduction

Autonomous mobile wheeled robots are becoming more
advanced mechatronic systems that use electronic control
systems and algorithms to improve their maneuverability.
One of the areas of work in this area is the use of rear
wheels as steering, along with front wheels, as well [1, 2].
Such development is directly related to safety issues [3, 4],
since the increase in speed and, especially, the performance
of maneuvers is an obvious development trend in modern
robotics. In this regard, designers and developers face
new challenges in finding ways to modernize such systems
aimed at improving manageability and stability [5].

This study is a further development of work related to
the possibility of the movement of robotic wheel systems
along programmed trajectories [6—8]. And also, including
articulated crews [9]. However, in these works, 2W'S (Two-
Wheel Steering) models were considered, but in connection
with some practical tasks, it became necessary to design
a wheeled autonomous robot of increased maneuverability,
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using the advantages that the 4WS (Four-Wheel Steer-
ing) model has for this.

The use of such a model is relevant from the point of
view of the possibility of its increased maneuverability and
traffic safety, which allows solving problems inaccessible
to the 2WS model: movement in confined circumstances,
in a narrow corridor, avoiding obstacles.

2. The ohject of research
and its technological audit

The object of research is a 4WS autonomous wheeled
mobile robot. Let’s consider a flat bicycle model of its
movement according to the kinematic scheme shown in
Fig. 1.

In Fig. 1: 8, and &; — the angles of rotation of the
outer and inner wheels, determined taking into account
the position of the instantaneous center of speed O, C
is the position of the center of mass, / — the wheelbase,
w — the track gauge.
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Fig. 1. Kinematic diagram of a four-wheeled vehicle (7]

A feature of this object of research is the possibi-
lity of being used as steered, along with front, also rear
wheels. Accordingly, there is a need to synthesize qua-
lity control for such a system in order to maximize the
use of its advantages in maneuverability and stability of
movement compared to models in which only the front
wheels are controllable.

The subject of research is mathematical models of the
kinematics of the controlled movement of autonomous
mobile wheeled robots with all-wheel control with the
possibility of synthesizing a control law for them to move
along programmed paths.

3. The aim and ohjectives of research

The aim of research is synthesizing control for reali-
zing the movement of an autonomous 4WS mobile robot
along a programmed (analytically defined) path based on
the developed law for the 2WS model, considering it as
a special case of the model under study.

To achieve this aim it is necessary to perform the fol-
lowing objectives:

1. Develop a mathematical model for the 4WS model,
expanding the 2WS model with additional control for the
rear wheels.

2. Perform a qualitative analysis of this model to obtain
an empirical control law for this model based on a model
with two steering wheels.

3. Check the correctness of the model by means of
numerical modeling and perform software visualization
of the movements of this model in all possible modes.

4. Research of existing solutions
of the prohlem

Since cars with all-wheel control demonstrate supe-
riority over their basic counterparts both in maneuvers at
low speeds and in behavior when driving at high speeds,
they solve the problems of control synthesis using vari-
ous approaches and methods. Among such methods, one
should single out a robust control method [10, 11]. The
results of numerical simulation show that the developed
reliable p-synthesis controller can only improve some of the

performance characteristics of a closed-loop 4WS vehicle.
The adaptive control method [12, 13] shows a slight im-
provement in the controllability and stability of the vehicle
of this model, thanks to the control of the input-output
signal isolation. In [14, 15], fuzzy logic methods are pro-
posed, however, the developed controller solves only some
aspects of the vehicle sideways stability. The optimal control
method [16, 17] demonstrates a smaller deviation from the
transient response of the proposed steering controller, and
the stability time is shorter, which improves the steering
wheel of the vehicle. However, the task of moving along
the programmed path is not considered in these solutions.

Traditional approaches are also used: the Lyapunov
function method and the back-stepping method based on
them, as well as the proportional control system [18]. The
simulation results presented in this work and road test
data show that the system with independent rear-wheel
control studied here has better kinematic harmony and
responsiveness than a conventional 4WS. Studies of such
a model may be the subject of subsequent work.

Some control laws are synthesized according to the
results of numerous computational experiments: in [19],
the law is formulated for changing the position of the
steering pole from the value of the reference angle for
the vehicles. In this work, the control is synthesized for
multi-axle vehicles, and its applicability to the 4WS model
requires special research. The very same approach in the
form of computational experiments is used in the present
study. An approach seems to be interesting using a genetic
algorithm based on a linear quadratic governor with va-
riable parameters for independent four-wheel steering [20].
However, the practical implementation of this algorithm
and experimental verification are not mentioned.

An analysis of these approaches led to the conclusion
that they are difficult to implement and require rather
cumbersome calculations. At the same time, they are in-
tended to improve individual characteristics of all-wheel
control without solving the task of following the pro-
grammed path.

5. Methods of research

In this study, to solve this problem it is possible to
use an exclusively analytical approach using the Ackerman
kinematic condition and methods of the dynamics of solids,
the mathematical apparatus of the theory of stability and
control. And symbolic transformations, numerical methods
and heuristic search algorithms are also used.

6. Research results

6.1. Control synthesis for 2WS Model. First, let’s solve
the problem of kinematic motion control of a four-wheeled
vehicle made according to the 2WS model.

For this model, the Ackerman condition, which allows
the wheels to rotate without slipping, has the form:

cot(8,)—cot(,;) = (1)

w
N
where 8, and §; — the angle of rotations of the outer and
inner wheels, determined taking into account the position
of the instantaneous center of speeds; [ — the rotation
wheelbase; w — the gauge.
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The center of mass of the controlled robot moves
along a circle of radius R (with curvature p=1/R). Let’s
note that in the general case, the program trajectory can
be defined by an explicit/implicit function, parametri-
cally, by the radius of curvature, piecewise-continuous
function, etc. The curvature of the trajectory is deter-
mined by the known formulas of differential geometry,
the radius of curvature, based on Fig. 1, is found by
the formula:

R=(a*+1* cot*(8))V?, 2)

where the angle & is determined by the average value
of the cotangent of the angle of rotation of the steered
wheels and is equivalent to the angle of rotation of the
corresponding bicycle model; @ — the distance from the
center of mass to the rear axle. This angle is selected as
a control parameter and can be calculated as:

2 _ 2\1/2
8=cot1[(Rla) ) (3)

The system of differential equations describing the
motion of the model under consideration (changes in
the Cartesian coordinates of the center of mass and the
course angle) has the form:

X=0-COSV,
)= 0-sin Y,

o
Y =0v-tan—,

where & — the longitudinal component of the velocity
of the center of mass; y - the transverse component;
v — the heading angle; v — the linear velocity of the
center of mass.

The numerical integration performed in the Maple
system confirms the coincidence of the program (blue)
and real (red, obtained from the integration results) tra-
jectories (Fig. 2).

2WS: Program & Real Trajectory

201

-15 -10 -5 0 5 10 15

Fig. 2. The movement along the programmed
path A=15m

The program path is defined parametrically in the form:
t)=R !
x(t)=R-cos U'E ,

y(t):Rsin(v-;} )

where ¢ — the time parameter.
Some trajectory offsets are made for clarity.

6.2. 4WS model, model comparison. 4WS has the same
difference from the 2WS model (Fig. 1) that it has the
possibility of additional control by turning the wheels of
the rear axle (Double-Ackerman steering mode).

Thus, the system of differential equations (4) can be
written in the form:

X=0-cosV,

y=0-siny, (6)
tand, +tand,

LA B

where &y — the angle of rotation of the front wheels;
o, — rear.

Any rear-wheel control system that adds to the front-
wheel steering must be carefully tuned. As an example
of such a setup, let’s consider the open loop algorithm
developed in [21] to keep the lateral angle of rotation
equal to zero at slow speeds and zero yaw at high speeds.
This controller was used by Honda (Japan), and in 1987
was the first 4WS system integrated into mass produc-
tion cars. At low speeds, the rear wheels are out of phase
to the front wheels, which reduces the wheelbase length
and improves maneuverability. At high speeds, the rear
wheels rotate in phase with the front wheels, which in-
creases the effective wheelbase and improves stability.
Whether this algorithm is suitable for the designed autono-
mous robot with a small wheelbase requires further study
and, possibly, the tuning curve will be changed based on
empirical data.

According to this algorithm, the angle of rotation of
the rear wheels functionally depends on the angle of ro-
tation of the front:

5, =K-5,, (7

where the expression is proposed for K:

bt
Cl"l
—e (®)

in which a, b — the distance from the front/rear wheels
to the center of mass, m; M — the mass of the robot, kg;
[ — the length of the wheelbase, m; v — the speed of move-
ment, m/s; C, C, — front/rear «cornering stiffness», N/rad.

For the proposed robot model with the specified neces-
sary parameters, the dependence of the coefficient K on
the speed v has the form Fig. 3.

;18
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Sano et al:K(v)

15 20 25 30

Fig. 3. The dependence of the coefficient A on speed according
to the open loop algorithm

The dependence of the angle of rotation of the rear
wheels (blue curve) on the angle of rotation of the front
wheels (straight line — abscissa) is shown in Fig. 4. The
rear wheels rotate at small steering angles, first in one
direction, and then, as the steering angle increases, in
the other direction.

Front/Rear angles

0.1

-0.17

-0.21

-0.31

-0.44

Fig. 4. The dependence of the angle of rotation of the rear wheels from
the angle of rotation of the front

With the same rotation of the front wheels, the turn-
ing radius of the 4WS model in comparison with 2WS
decreases or increases depending on its speed, as shown
in Fig. 5 and Fig. 6. Moreover, at a speed of ~11.5 m/s,
which corresponds to K=0, the trajectories of these models
are identical. A value of K=-1 corresponds to a minimum
turning radius R'=R/2, a value of K=1 corresponds to
a crab-like movement.

The use of control systems for all four wheels is aimed
at improving the maneuverability of a wheeled robot when
parking or turning in cramped conditions, that is, reducing
the turning radius and increasing its directional stability
during sharp maneuvers at high speed.

2WS(red) 4WS(blue) Trajectories

-10 -5 0 5 10
x1

Fig. 5. Comparison of turning radii of 4WS and 2W5 models
at a speed of 5 m/s

2WS(red) 4WS(blue) Trajectories

-15 -10 -5 0 5 10 15
x1

Fig. 6. Comparison of turning radii of 4WS and 2WS models
at a speed of 15 m/s

The 4WS system works in two modes. At low speed,
the rear wheels turn in the direction opposite to the front
ones, and when maneuvering the same curvature, the front
wheels will need to be rotated at a smaller angle. That
is, the steering sensitivity will be higher, and in addi-
tion, the robot will become more maneuverable. And when
driving at high speed — in a fast bend or rearrangement
maneuver — the rear wheels using the 4WS system, on the
contrary, will turn a small angle in the same direction as
the front ones. The robot will move along an arc of lesser
curvature and greater radius. The moment turning the
vehicle around the vertical axis will be less — therefore,
the risk of loss of directional stability and the development
of skidding of the rear axle will also decrease.

One of the obvious advantages is increased maneuver-
ability in tight spaces and when parking. The second point
is increased stability during sharp maneuvers at high speed.

6.3. Control synthesis for 4WS Model. The control is
synthesized in such a way as to ensure the movement of
the 4WS model along the path of the 2WS model cor-
responding to the desired program motion.
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Based on a qualitative analysis of equations (3) and (7) synthesized for this radius according to the formula (3), for
and the results of numerical modeling, it is proposed to the rear — according to the formula (7). In Fig. 7-9 it is
synthesize control for movement along a trajectory of ra- shown that the proposed law gives quite acceptable results for
dius R’=R(1-K). Thus, the control for the front wheels is moving along the desired programmed path at various speeds.

2WS(red) 4WS(blue) Trajectories 2WS(red) 4WS(blue) Trajectories
20
yl
10+
-10 -5 0 5 10 -15 -10 -5 0 5 10 15
xl xI
Fig. 7. The movement along the programmed path with a speed of v=>5 m/s
2WS(red) 4WS(blue) Trajectories 2WS(red) 4WS(blue) Trajectories
204
201
i yI+.1
101
10
-15 -10 -5 0 5 10 15 -10 -5 0 5 10
x7 x/
Fig. 8. The movement along the programmed path with a speed of v=15 m/s
2WS(red) 4WS(blue) Trajectories 2WS(red) 4WS(blue) Trajectories

20
vl
104
10 15 -10 -5 0 5 10
x1 xI

Fig. 9. The movement along the programmed path with a speed of v=10+0.2-f m/s
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In all cases, movement along the desired trajectory
R=15 m is ensured.

6.4. Application for numerical modeling and visua-
lization of results. For numerical modeling the results
of synthesized control, the Maple mathematical pack-
age is used — a computer mathematics system designed
for a wide range of users. It is able to quickly and ef-
ficiently perform not only symbolic, but also numerical
calculations.

At the same time, it has excellent means of graphic
visualization and preparation of electronic documents and
with equal success can be used both for simple and for
the most complex calculations and calculations.

Maple is a typical integrated system that combines:

— powerful programming language (it is also a language

for interactive communication with the system);

— editor for preparing and editing documents and

programs;

— modern multi-window user interface with the ability

to work in interactive mode;

— powerful help system with many thousands of

examples;

— core of algorithms and rules for converting ma-

thematical expressions;

— numerical and character processors;

— diagnostic system;

— libraries of built-in and additional functions;

— third-party feature packages and support for some

other programming languages and programs.

For this work, the most important is another tool —
OpenMaple, which provides access to Maple libraries from
Windows-based applications.

Using the Open Maple API, it is possible to call
maplets (scripts in the internal language of the Maple

Trajectory

.
-
&) = [5arctanie/10) (@]

1
Fange -

dv

KV := Matrix(150, 2);

fork to 150 do v := v+dv; KVEk, 1] := v; KVE, 2] := (b+v"2"M"a/(CrL))/(a+v" 2"Mb/(CF" L))
end do;

Tum Radii | €=

Path Following

system) from within programs written in Java, C, and
Visual Basic.

Such an application is implemented in C# for work-
ing with Maple scripts that synthesize in symbolic form
control for various types of robotic wheel systems, perform-
ing numerical integration of the corresponding systems of
differential equations and visualizing the necessary phase
portraits.

To do this, the maplet executed in the Maple environ-
ment is transformed into a template using metacharacters
for dynamically changing parameters in interactive mode,
for example: m:={m}; R:={R}, etc.

Such parameters are entered in the corresponding fields
of the developed application in C# and in the used Ma-
ple script template; the mapplet is launched by clicking
the [Execute] button.

A fragment of the developed application is shown in
Fig. 10.

The necessary control information for visualization
in the Unity 3D environment is formed from a textual
representation of phase portraits recorded in json files
and containing discretized information about the travel
time, trajectory and rotation angles of the front and rear
wheels.

The script for the Unity system is also implemented
in C#, individual fragments of various types of movement
of the 4WS model are shown in Fig. 11, 12.

The simulation implemented in this way allows to
analyze in detail the various modes of movement of the
robotic wheel system. Obviously, the software for de-
veloping computer games in the Unity 3D environment
is quite suitable for modeling various scenarios of the
movement of robotic wheel systems, providing a high
degree of visibility and ease of analysis of these pro-
cesses.

2WS(red) 4WSiblue} Trajectories

7 T T T T T

Fig. 10. A fragment of a Maple script automation application
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Fig. 12. In-phase rotation of the wheels

7. SWOT analysis of research results

Strengths. The strengths of the proposed method include
the fact that the mathematical model of the controlled
movement of an autonomous mobile robot 4WS model is
based on the classical positions of solid mechanics (taking
into account the presence of nonholonomic constraints).
The problem of synthesizing software controlled movement
is solved on the basis of strictly justified approaches of
the theory of automatic control and control of dynamic
systems. The correctness of the results is checked on the
basis of independent numerical simulation of the system
for all modes of its movement.

The implementation of the control exclusively by the
analytical method based on the synthesized control for
the 2WS model, taking into account the dynamic proper-
ties of the model under study, can significantly accelerate
the synthesis of such a control and makes it possible to
apply this approach in real time.

Weaknesses. Weaknesses include the lack of an experi-
mental robotic device for experimental verification of the
results of numerical modeling and the impossibility, in
this regard, to develop corrective control using feedback.

Opportunities. The proposed approach provides an easy
synthesis of control, eliminates cumbersome calculations,
since it is based on establishing a connection between
the studied 4WS model and the 2WS model. For this
model, control is initially quite easily synthesized and
then adjusted by an established empirical relationship.
Another advantage of this approach is the consideration
of not only kinematic, but also dynamic properties of
the system. This allows to synthesize control based on

the individual characteristics of an autonomous mobile
robot. The prospects for further research are precisely
the creation of such a model of an autonomous mobile
robot with all-wheel control.

Threats. When implementing the research results, it
is necessary to develop a technical device with functions
that help to increase the safety and efficiency of driving
a vehicle by effectively setting up the rear wheel control
system. This will be achieved by choosing the optimal
functional dependence of the coefficient of rotation of
the rear wheels depending on the speed of the autono-
mous mobile robot and the angle of rotation of the front
steering wheels.

1. A mathematical model is developed for the 4WS
model of an autonomous mobile robot by expanding the
2WS model with additional control for the rear wheels.
These extensions leads to a modification of the system
of differential equations for the 2WS model. In this case,
the angle of rotation of the rear wheels is a function
of the rotation of the front wheels, taking into account
the dynamic characteristics of a particular model of an
autonomous mobile robot. Taking these characteristics
into account allows to make control more accurate and
flexible.

2. A qualitative analysis of the 4WS model is performed
to obtain an empirical control law for this model based on
a model with two steering wheels. This analysis is applied
both to the system of differential equations of the 4WS
model and to the corresponding rear-wheel control law.
This allows to synthesize the control of the front wheels
for moving along the trajectory of empirically calculated
curvature, based on the curvature of the trajectory of the
model with the front steering wheels.

3. The correctness of the model by means of numeri-
cal modeling and visualization of the movements of this
model in all possible modes of motion at various speeds
are verified. This makes it possible to confirm the high
quality of control not only when driving at different
speeds, but also when moving uniformly. Obviously, the
speed of movement can be set analytically by any time
dependence.
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