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O6’ckmom docrioncenis € nPoyecu ONMUMI3AULL NAAHY UPOOHUUMEA NPOOYKUIL 3a NeGHUMU KPUMEPIAMU WL
xom modenrosanis. OOnum 3 HaubiILW NPOOIEMHUX MICUD € CKAAONICTND B3AEMOY3200MCEHILS | 6DAXYBANIS BNIUBY
Kpumepiie Ha onmMuMaIbHU NAAH 6UPOOHUYMEA. 3 MOUKU 30PY MAMEMAMUKIU NOWYK ONMUMATHHO20 PE3YTbMAmy
MOJNCHA OMPUMATNU NPU PISHUX 3AKAIA0CHUX YMOBAX, Alle 3 eKOHOMIUHOI MOUKU 30PY 6ANCAUBO GUOpAMU Mi, SKi
Maomv susnavanvie suauenns. Toomo ix 6azomicmo 6aNCIUBA ONLst CRONCUBAUA 6 YXBALCHIE PIUUECHHA NPO NOKYNKY
1 015t BUPOOHUKA — 3 MOUKU 30PY MONCAUBOCTNETL BUPOOHULMEA NEGHUX 8U0I6 NPOOYKUIL Mma Pesyibmamis 0iaivHoc-
mi (epexmusnocmi supobnuumea). lany npobiemy 60ai0Csa SUPTUUMU ULLIXOM PO3E A3AHNU MPUKDUMEDIANLHOT
sadaui naanysanms eupodnuymea npodyxkyii. Ilowyx KoMnpoMicroi aremepnamueu 00CsIZHymuil 3a 00NOM0O2010
NOKPOKOB020 PIUUEHH S 3ANPONOHOBAHOT MAMEMATNUYUHOT MOOeT OnmuMizauii naiamny supooHuymea npooyxuii 32iono
HAUBANCAUBTILUX Ol BUPOOHUKA T 0L CRONCUBAUA KpUMEPIie: npubymox, akicmo i RONUM Ha npooyKuin KoICcHOz0
BUOY 3 YPAXYBAHHAM B100MOT KILbKOCTME 00UHUUD KOJCHOZ0 PECYPCY.

B x00i docnidvcenns UKOPUCTNOBYBANUCS MemMOO 10eanbHOl MOUKU, CUMNIEKC MEMOO ma Memoo MHONCHUKIG
Jazpanxca. Ha mecmosomy npuxiadi Hagooumscsi aizopumm eupiulenis noCmasienozo 3as0anis onmumMizayii.
Ompumanuil pesyavmam — eupiuena mpuxpumepiaivHa 3a0aua nianyeants supooHuymea npodyxyii, aka dae
MONCAUBIC MAKCUMISYSaMU NPUOYMOK 610 BUPOOHULMEA, AKICTb NPOOYKYLE Ma nonum na npooyKuio npu 6ido-
MUX BUXIONUX PecypPCHUX CKAA006UX. Baxciugicmy/suauumicmv po3pooienozo nayKkoeo-memoouunozo nioxooy
niOMeEepONYEMbCS/ APLYMEHMYEMBCSL MUM, WO OOCAZHENHHS ePEKMUGHUX PE3YNoMamis isivHoCcmi NiOnpuemMcmea
be3nocepednvo 3aneicumy 6i0 ONMUMAILHOZ0 NAAHY BUPOOHUUMEA NPOOYKUL.

3 02110y na pesyrvmamu nposedernozo 00CAiONcenLs, 3 GE3NIUI MONCIUBUX ANLMEPHAMUE NIONPUEMCMEO 3MO-
dHCe MAKCUMATLHO ehexmueno 30ilcHiosamu sunyck Heobxionoi 0is cnoxcueaua npooyxyii 3a eudamu i axicmio.
To6mo, docseacmvcs npu GiIOOMUX PECYPCHUX NAPAMEMPAX MAKCUMATLHO MONCIUGUT NOSUMUGHUT Pe3ybmam

015t BUPOOHUKA T Ot CRONCUBAUA.

3anpononosaniuii eKOHOMIKO -MAMEMAMUUHULL THCMPYMEHMAPIL MONCHA BUKOPUCTROBYBAMIU Y GUPTULeHH] 3a0ay

onmumizayii eupOOHUYMEA 6 PISHUX 2ANY3AX eKOHOMIKU.

Kmiouosi cnoma: exonomixo-mamemamuunuil incmpymenmapiil, nianyeanns upodHuymea npooyxuii, mpu-

Kpumepiaivna 3a0a4a, OsivHicms NiONpuUeMcmed.
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1. Introduction

The basis (center) of the functioning of any enterprise
is the production program (production and sales plan).
The main task of the production plan is maximization of
customer satisfaction in high-quality products manufac-
tured by the enterprise, on the one hand, with optimal
use of resources by the enterprise and making it maximize
profits, on the other. An important tool for planning and
solving many economic problems is modeling.

In 1906, V. Pareto [1] graphically presented produc-
tion functions in the form of oblique curves and founded
a subsequent study of the theory of production based
on equal opportunity curves. Followers of Pareto’s ideas
continued to study the characteristics of the production
function [2, 3]. Mathematical methods of organizing and
planning production, as well as ideas of optimality in the
economy, are described in [4]. The development of the
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optimization of the production plan in order to maximize
profits was reflected in [5]. Today, modeling is used in
various areas of economic research, including in the study
of production processes [6—8]. In particular, in [9] the
process of modeling production capacities of engineering
enterprises of Ukraine is investigated. The multicriteria
task of making managerial decisions regarding the formation
of the energy security of the enterprise was the subject
of research [10]. In general, it should be noted that the
multivariance of the tools for the analysis of economic
problems provided by models allows us to achieve the
necessary alternative and flexibility. Given the competitive
conditions for the functioning of enterprises in modern
realities, the urgent task is to produce certain types of
products that maximize consumer demand and enterprise
profits. Thus, the object of research is the processes of
optimizing the production plan based on certain criteria
by modeling. The aim of research is optimization of the
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production plan according to the criteria: profit, quality
and demand for products of each type, taking into account
the known number of units of each resource, which are
used to produce units of production of each type.

2. Methods of research

Achieving effective results directly depends on the op-
timal production plan.

The most important thing in determining the optimal
production plan is the selection of modeling criteria.

From the point of view of mathematics, the optimal
result can be obtained with various criteria laid down,
but from an economic point of view, it is important to
choose those that are of decisive importance. That is, their
weight is important for the consumer in making a pur-
chasing decision and for the manufacturer — in terms of
the production capabilities of certain types and results
(production efficiency).

Therefore, we consider the three-criterion task of plan-
ning production, in which it is necessary to maximize profits
from production, product quality and demand for products.

3. Research results and discussion

For the production of certain types of products various
resources are used (raw materials, means of labor, labor, etc.).
It is known how many units of each resource are used to
produce units of each type of product, the quality of products
of each type and the demand for products of each type.

The task is drawing up a production plan with avail-
able resources, which ensures maximum profit, maximum
product quality and maximum demand for products.

Let’s denote the parameters for the model:

n — the number of different types of products that can
be manufactured from available resources;

m — the amount of resources used in production;

a;j — the number of units of the i-th resource, which is
used to produce a unit of production of the j-th type;

b; — the maximum number of units of the i-th resource
that can be used in production;

¢j — the profit from the sale of a unit of production
of the j-th type;

7;— indicators (level) of product quality of the j-th type;

pj— the indicator of demand for products of the j-th type;

x; — the number of production units of the j-th type
that is planned to be manufactured.

Then the mathematical model of the problem will look like:

L1:zn:c,xj—>max, ¢))
=l

L= irjxj —max, (2)
=

L;= z”:pjx]- —max, 3)
=1

under condition:

iaiijsbi,i=1,2...m, 4)

=

x;20,j=12,...n. (5)

To solve the problem, let’s use the ideal point method,
which was also applied in solving the two-criterion prob-
lem of production planning [11].

In this case, a compromise alternative to x" is solution
of the scalarization problem:

2 2
n n

[chxj —alJ +[erxj—a2J +
J=1 j=1

L= — min,

2
+(2pjxj—a3)
j=1

where a; — the solution to problem (1), (4), (5); as — the
solution to problem (2), (4), (5) and a3 — the solution
to problem (3)—(5).

Example. Find a solution to the three-criterion problem:

L =5x,+2x, +4x; —>max, (6)
L, =4x,+2x, 4+ 3x; > max, @)
L, =5x,+3x, +4x; — max, (8)
under conditions:
4x+ 22, + 3x4 <120,
2x+ Xy +4x5 <100, )
4o+ 2x, + 205 <150
x;20,j=1,2,3. (10)

Fig. 1 shows a set of alternatives.

A X3

Fig. 1. An admissible set of alternatives X;

As it is possible to see from Fig. 1, the admissible set
of alternatives is not affected by the inequality:

4, +2x, + 2x5 <150.
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Therefore, the admissible set of alternatives is deter-
mined by the system of inequalities:

4x1 + 2.7CZ +3.X3 S120,
2x+ Xy +4x5 <100.

Solving the problem:

L =5x,+2x, +4x; — max,

under conditions:

4X1 + 2.7CZ +3.X3 £120,
20+ Xy +4x5 <100;

x;20,j=123,
by the simplex method let’s obtain the results (Table 1).

Tahle 1

The results of solving the problem L, = 5x, + 2x, + 4x; — max
by the simplex method

5 2 4 0 0
i ;] 5 Py

P, P P; P, Ps
1 120 4 2 3 1
2 ’;“ g 100 2 1 4 0 1
3 5 0 -5 -2 -4 0 0
1 P 5 30 1 1/2 | 3/4
2 P1 0 40 0 0 5/2 - 1
3 5 150 0 1/2 | -1/4
1 18 1 1/2 0
2 ? i 16 0 0 1 - -
3 g 154 0 1/2 0

Note: i=1,2; B=P, P 5=0,0; F;=120,100,0, P,=5, P,=2, P;=4,
Py=0, Ps=0

The data in Table 1 indicate that max Li=154 at X=
=(18, 0, 16). Therefore, a;=154.
Having solved the problem:

L, =4x+2x,+3x; > max,

under conditions:

4X1 + 2x2 +3.X3 £120,
20+ Xy +4x5 <100;

x;20,j=1,23,

by the simplex method let’s obtain the results (Table 2).
The data in Table 2 indicate that L,=120 at X=(18, 0, 16).
Therefore, a;=120.
Having solved the problem:

Ly =5x,+3x, +4x; — max,

under conditions:

4X1 + 2x2 +3.X'3 S120,
20+ Xy +4x5 <100;

x;20,j=1,23,

by the simplex method let’s obtain the results (Table 3).

Tahle 2

The results of solving the problem L, = 4x, + 2x, + 3x; — max
by the simplex method

4 2 3 0 0
i B 5 B

Py P, P Py P
1 120 4 2 3 1 0
2 f;“ g 100 | 2 1 4 | o 1
3 5 0 -4 -2 -3 0
1 P A 30 1 1/2 | 3/4 0
2 P1 0 40 0 5/2 - 1
3 5 120 0 0 0 0
1 18 1 1/2 0
2 ’;1 ;‘ 18 0 1| - | -
3 8 120 0 0 0

Note: i=1,2; B=F,, Py 5=0,0; P,=120,100,0, P;=4, P,=2, P;=3,
Py=0, Ps=0
Tahle 3

The results of solving the problem L; = Sx; + 3x, + 4x; — max
by the simplex method

5 3 4 0 0
i B 5 Py

Py P, Py Py P
1 120 4 2 3 1
2 f;‘ g wo | 2 | 1| 4 | 0| 1
3 5 0 -5 -3 -4 0 0
1 P c 70 1 1/2 | 3/4 0
2 P1 0 40 0 0 5/2 - 1
3 5 150 0 | -1/2 | -1/4
1 18 1 172 0
2 ]51 3 % | 0o | o | 1| - | -
3 g 154 0 | -1/2 0
1 P, 3 76 2 1 0
2 R 1 16 0 1 - -
3 g 172 1 0 0

Note: i=1,2;, B=F,;, P;; 5=0,0; Fy=120,1000, P;=5, P,=3, P;=4,
Fy=0, F;=0

The data in Table 3 indicate that L3=172 at X=(0, 3, 4).
Therefore, az=172.

In order to find a compromise alternative, it is neces-
sary to solve the scalarization problem:

(5x,+2x,+4x5 —154)? + (4, + 22, + 325 —120)* +
+ (52 +3x, +4x3 —172)* — min,

(11

4
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under conditions:

20+ Xy +4x5 <100;

x;20,j=1,23.

The level lines of the objective function of the sca-
larization problem are concentric ellipsoids centered at
the point O=(154, 120, 172), which is the point of the
unconditional minimum of this function and is the solu-
tion to the system of equations:

SX1 + 2.762 +4X3 = 154,
4+ 2x5 + 315 =120,
5xy+3x, +4x, =172,

(13)

To solve the quadratic programming problem (11)—(13),
let’s use the Lagrange multiplier method.
Let’s compose the Lagrange function:

L(.X'1,XQ,X3,7\.1,7\,2): (5.7(:1 +2XQ +4x?, —154)2 +
+ (dx + 225+ 3x5—120)* + (5, + 30, + 45 —172)* +
+ Ay (4acy + 25 + 3203 =120) + Ay (220, + 26 + 423 —100).

Then, a necessary and sufficient condition for a saddle
point of a function L(ay,25,23,4,L,) is:

oL

=—=10(5x, +2x, + 42, —154) +

ox;

+ 84+ 225+ 3203 —120) + 10 (52, + 30, + 4o —172) +

+ 4N+ 20, 20,
oL

o,
+ 4(4x + 225+ 323 —120) + 5(5, + 3x, + 4oy —172) +
+ 20 +4A, 20,

=4(52; + 220, + 42, —154) +

oL
=——=8(5x +2x, +4a; —154) +
ax;g

+ 6(4a;+ 220, + 3203 —120) + 8(5, + 3, + 4oy —172) +
+ 3N +4A, 20,

oL
BTHZ 4x;+2x,+3x5 —120<0,
JL
B

oL
XZT‘XQ

oL
By == (1042, + 5220, + 82205 — 3328+ 3N, + 41, ) =0,
3

=2x+x,+4x3; -100<0.

=2, (662, + 3420, + 52005 — 2128+ 24, + 41, ) =0,

oL
M =— =My (4 + 200, + 33, —120) = 0,
o\
oL
A== 7\,2(23(1 + Xy +4x, —100)20;
o\,

x;20, j=123; A; 20, i=12

or

(132, +66x, + 10425 + 40, + 20, = 4220,
662 + 3425 + 5205 + 20 + 4N 2 2128,
1042 + 529 + 825 + 3N, + 4N, > 3328,
4x+ 22,4+ 3x5 <120,
2x+x,+4<100,
2, (132, + 662, + 10435 —4220+ 44 + 21, ) =0,
(662, + 340y + 52205 — 2128+ 2, + 44, ) =0,
23 (10420, + 52, + 82205 — 3328+ 3A, + 41, ) =0,
Ay (42r + 220, + 300 —120) =0,
| A (2201 + 26, + 426, = 100) = 0;

Xy

x;20, j=123; A; 20, i=12.

Introducing additional non-negative variables yy, yo,
Y3, 21, 2o, let’s obtain the following relations:

132x, 4+ 66x, +10425 +4A; + 20, — y; = 4220,
66.7C1 + 34.762 + 52.763 + 27\,1 +47\,2 —Y) = 2128,

1042, + 52, + 825 + 3N, + 4N, — y3 = 3328, (14)
4o+ 2xy+ 3x3 +y, =120,
251+ 2y +4x3 + Y, =100,
xy;20, j=1,23; Aiz;20, i=12; (15)
x;20, y;20, j=1,2,3; 1,20, z 20, i=12. (16)

To find a solution to problems (6)—(10), it is neces-
sary to solve the system of linear equations (14) under
conditions (15), (16). To do this, it is enough to find
a solution to the linear programming problem:

V=0v,+0,+0; — min,

under conditions:

132x, 4+ 66x, +10425 + 4N + 20 — yy + 0, = 4220,
662 + 342, + 5225+ 2N + 4N — Yy, + 0, = 2128,
1042, +52x, +82x5 + 3 + 4N —y3 + 03 = 3328,
4o+ 2xy+3x3+y, =120,

2x1+x,+4+y, =100,

x;20, y;20, j=1,2,3;
Ai20, 2,20, i=12; v;20, j=12,3.

The process of solving this problem is presented in
Table 4.

The results in the Table 4 indicate that min L=0 at
X=(0,3, 4). Thus x;= 18, x,=0, x3= 16, A; =42, Ay =6, /=0,
y¥2=0, y3=6, 21=0, 29=0, v1=0, v9=0, v3=0. Since x3 y3=0,
condition (15) is not satisfied. Therefore, let’s derive the
vector Pg from the basis. Let’s obtain the Table 5.

The results in the Table 5 indicate that x;=14.4, x,=7.2,
X3=16, y1=y2:y3:0, 7\.1243.2, 7\,223.6, 2122220. Condi-
tion (15) is satisfied.
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Table 4
The process of solving the linear programming problem

; P g 7 0 0 0 0 0 0 0 0 0 0 1 1 1

Py P P Py Fs Ps Py Pa Fa Pip Py Prp Pi3
1 Py 1 4220 132 66 104 4 2 -1 0 0 0 0 1 0 0
2 Py 1 2128 66 34 52 2 4 0 -1 0 0 0 0 1 0
3 Pz 1 3328 104 52 82 3 4 0 0 -1 0 0 0 0 1
4 Py 0 120 4 2 3 0 0 0 0 0 1 0 0 0 0
5 Py 0 100 2 1 4 0 0 0 0 0 0 1 0 0 0
B - - | 9676 302 152 238 9 10 -1 -1 -1 0 0 0 0 0
1 Py 1 260 0 0 5 4 2 -1 0 0 - 0 1 0 0
2 Py 1 148 0 1 5/2 2 4 0 -1 0 - 0 0 1 0
3 Py3 1 208 0 0 4 3 4 0 0 -1 - 0 0 0 1
4 P 0 30 1 1/2 3/4 0 0 0 0 0 - 0 0 0 0
5 Py 0 40 0 0 5/2 0 0 0 0 0 - 1 0 0 0
6 - - 616 0 1 23/2 9 10 -1 -1 -1 - 0 0 0 0
1 Py 1 180 0 0 0 4 2 -1 0 0 - - 1 0 0
2 Py 1 108 0 1 0 2 4 0 -1 0 - - 0 1 0
3 Pi3 1 144 0 0 0 3 4 0 0 -1 - - 0 0 1
4 Py 0 18 1 1/2 0 0 0 0 0 0 - - 0 0 0
5 Py 0 16 0 0 1 0 0 0 0 0 - - 0 0 0
6 - - 432 0 1 0 9 10 -1 -1 -1 - - 0 0 0
1 Py 1 126 0 -1/2 0 3 0 -1 1/2 0 - - 1 - 0
2 P 0 27 0 1/4 0 1/2 1 0 -1/4 0 - - 0 - 0
3 Py3 1 36 0 -1 0 1 0 0 1 -1 - - 0 - 1
4 P, 0 18 1 1/2 0 0 0 0 0 0 - - 0 - 0
5 P 0 16 0 0 1 0 0 0 0 0 - - 0 - 0
B - - 162 0 -3/2 0 4 0 -1 3/2 -1 - - 0 - 0
1 Py 1 18 0 5/2 0 0 0 -1 -5/2 3 - - 1 - -
2 Py 0 9 0 3/4 0 0 1 0 -1/4 1/2 - - 0 - -
3 P, 0 36 0 -1 0 1 0 0 1 -1 - - 0 - -
4 P 0 18 1 1/2 0 0 0 0 0 0 - - 0 - -
5 Py 0 16 0 0 1 0 0 0 0 0 - - 0 - -
6 - - 18 0 5/2 0 0 0 -1 -5/2 3 - - 0 - -
1 P, 0 0 5/6 0 0 0 -1/3 -5/6 1 - - - - -
2 P 0 0 1/3 0 0 1 1/6 1/6 0 - - - - -
3 P, 0 42 0 -1/6 0 1 0 -1/3 1/6 0 - - - - -
4 Py 0 18 1 1/2 0 0 0 0 0 0 - - - - -
5 Ps 0 16 0 0 1 0 0 0 0 0 - - - - -
B — - 0 0 0 0 0 0 -2 0 0 - - — — -

Note: i=1,2,3,4,5, B=Py1,P12,P13,Ps,P1g; 5=1,1,1,0,0; P,=4220,2128,3328,120,100; P,=0, P,=0, P;=0, P,=0, Ps=0, P;=0, P;=0, F3=0,
Py=0, Pip=0, Pi1=1, Pz=1, P;3=1

Table 5
The process of finding the best result

0 o|0|0]|@O 0 0 0 0
i|B|5| R

Pi| P |P|P |P| B P P | Ps
1P| 0|72|0 1 0|0 |0]|-2/5|-1]|686//5]|-
2|P|0|36| 0 0|0 |0 |1|310|1/3|-2/5]| -
3|P,| 0 (432]| 0 0|01 |0|-2/5|1/3|-2/5]|-
4| P | 0144 0 o|o0|0]|O 0 0 0 -
S|P |0|16|0 0 11010 0 0 0 -
6| -(-] 0 0 o|jo|0|0)| -2 0 0 -

Note: /=1,234,5 EBE=PF, F, P, P, P; £=0000,0 F=7235,

432, 14.4,16; P,=0, P,=0, P3=0, P,=0, Ps=0, P;=0

Therefore, a compromise alternative is "= (14.4; 7.2; 16).
For this alternative, L1=150.4, Ly=120, L3=157.6.

4. Conclusions

A mathematical model for optimizing a production plan
according to criteria is presented: profit, quality and de-
mand for products of each type, taking into account the
known number of units of each resource. Using the ideal
point method, the simplex method and the Lagrange mul-
tiplier method, an algorithm for solving the optimization
problem is given on a test example.

The proposed scientific and methodological approach
makes it possible to draw up an optimal production plan
taking into account the maximization of criteria: prof-
it, quality and demand for products with given/known

4
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resource parameters. The proposed three-criterion model
for optimizing the production plan can be used in various
sectors of the economy.
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