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FINANCIAL TIME SERIES
MODELLING: RETURN ON ASSETS

Poboma npucesuena 0ocaioNcenio OKpemMux acneKmie uacosux paodie Qinancosux 0anux, 30kpema mooeo-
ganmio ix penmabervrocmi. Q0 exmom 00CAIONCeHMS € CUCTEMA NOKASHUKIE AHANI3Y PeHMAbeabHOCTI (DIHANCOBUX
acosux psadie. Icnye xaouosa ocobaugicmn, Axka i0PIsHAEC anaiis GiHanco8Ux YaACOBUX PAOIE 610 anari3y THUUX
UACOBUX PAA0I6, KA NOLSAAE 8 MOMY, WO (Dinancosa meopis ma ii emnipuuni 4acosi psou MiCMams eieMenm ne-
susHauenocmi. B pesyivmami nasenocmi yiei 000amr060i HegU3HAMEHOCMT cCmamucmuurna meopis ma il memoou
i Modeni gidizpaiomo 6aNCAUBY POLL Y AHANIST PIHANCOBUX UACOBUX PAiE.

O0num 3 HallbiNbLUL NPOOIEMHUX MICUD € GUKOPUCTAHHS UiH AKMUGIE MA iX 60LAMULLHOCTI Y AHANI3L Ma NPO-
2HO3YBAHHT (PIHAHCOBUX UACOBUX PSOIG, WO € XUOHUM, OCKLIbKU MAK PAOU MICMSMb eIeMEHM HeGUSHAYCHOCI.
Tomy 6 3adauax maxozo Muny nOGUHHA BUKOPUCTNOBYBAMUCH TMAK 36a4HA PEHMADENbHICD (DIHANCOBUX AKMUBIE
ma iHCmpyMmenmie.

B pobomi demanvio poseasnymo munu penmadeivnocmi (pinancosux akmueie, ki MoNcymv Oymu UKOPUCManii
Y MAMEMAMUUHOMY MOOJI08AIHE MA NPOZHO3YEanii Pondosux indexcie. B x00i docnioicenis uKopucmosyeamics
CIAMUCMUYHI MeMOoOU, W0 00360JUNU YCYHYMU HeOOIIKU SUKOPUCTIANIS Uil (IHAHCO8UX aKMUEIe 6 ananizi ma
NPOZHO3YBANHT (PIHANCOBUX UACOBUX Ps016. Poseisnymo emnipuuni 61acmueocmi (Pinancosux 4acosux psaoie na
npukiadi indexcie IIDTC (Ilepuoi hondosoi mopzosoi cucmemu) ma SEP 500.

Ompumano KOMIICKCHY CUCTEMY NOKASHUKIE analisy YACOBUX P0i6 (inancosux akxmueis. 3anpononosana
cucmema nepeddauae UKOPUCTIAHN YUCLCHHUX MeMO0i6 Po3paxynKy penmabenviocmi (npubymroeocmi) ak-
MUBGIE 3 METNOI0 BUSHAYEHHS SHAYUMUX CIMAMUCTRUYHUX XAPaAKMePUcmux danux. 3asdaxu nodydosanii cucmemi
NOKA3HUKIE 3a0e3NeuyembCst MONCAUBICMD 30TUCHENHS eMNIPUUHO20 NPOZHO3YEANH UACOBUX PAOIE (PIHANCOBUX
danux. Y nopieusnui i3 anaiozivnumi GI00MUMU MEMOOAMU BUKOPUCTIANHS Ui (a He penmabeivbHOCmi) Ha
axmusu, ye sabesneuye Kuouosy nepesazyl, aka 00360546 8PAX0BYEAMU CLEMEHMU HeGUSHAUEHOCTT (iHanC080-
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1. Introduction

Today, financial markets are the defining element of
the economic and social systems of modern society. In
addition, financial activity plays an important role in the
global economy, influencing the economic development
of most countries of the world [1]. In financial markets,
the success of an investor depends on the quality of the
information that it uses to support decision-making, as
well as how quickly it is able to make decisions. Therefore,
due to its practical importance, the analysis of financial
markets in recent decades has been widely studied by
scientists in the field of mathematics, computer science
and engineering [2].

Forecasting financial time series can be considered one
of the main tasks in the scientific literature, the purpose
of which is to study time series [3, 4]. Recall that a time
series is a set of observations x,, determined at time ¢,
that is, it is a series of data points indexed in chrono-
logical order.

Analysis of financial time series follows from the theory
and practice of valuing financial assets over time. Let’s
note that there is a key feature that distinguishes the
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analysis of financial time series from the analysis of other
time series, which is that financial theory and its empirical
time series contain an element of uncertainty.

For example, there are various definitions of asset
volatility, but volatility is not directly observed for time
series of stock returns. As a result of this additional un-
certainty, statistical theory and its methods and models
play an important role in the analysis of financial time
series. Therefore, it is relevant to study the statistical
characteristics of the profitability of financial assets and
instruments.

Let’s note that the publication [5] provides two main
reasons for using profitability. The first one is that for most
investors, profitability is the main assessment of invest-
ment opportunities, and the second is that profitability
has more «attractive» statistical characteristics than asset
prices. There are several definitions of the profitability of
financial assets. Let’s define them in detail.

So, the object of research is a system of indicators for
analyzing the profitability of financial time series. And
the aim of research is simulation of the main statistical
characteristics of the profitability of the S&P 500 and
PFTS (First Stock Trading System) indices.
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2. Methods of research

The following scientific methods are used:

— system analysis method for identifying features of
the time series of financial data;

— classification method in the study of types of interest
accrual.

3. Research results and discussion

Let P — the price of an asset at time . Then it is pos-
sible to distinguish between the types of profitability (R,)
of financial assets.

1. Single-period simple profitability. When determining
the asset for one period ¢ —1 from time ¢—1 to time ¢, let’s
obtain a simple gross margin:

P
L+R =5~ or R=P(L+R).

t—1

(1)

Accordingly, single-period simple net profitability have
the form:

(2)

2. Multi-period simple profitability. In determining the
asset for k periods between dates t—% and ¢, let’s obtain
a k-period simple gross margin:

b B Py P
1+R[k]=o—=————.: =
R R R,
k=1
=(1+R)(A+R)..(1+ Ryy) = J(1+R.)). (3)
Jj=0

The corresponding k-period simple net profitability
to have the form:

(P —Pi)
R, [k] P

In practice, the actual time interval is important for
the analysis of profitability (for example, monthly or an-
nual profitability) in order to make appropriate effective
management decisions. If the time interval is not specified,
then it is implicitly assumed to correspond to one year.
If the asset is analyzed from % years, then the calculation
of profitability on an annual basis (average) will look like
(it is also called annualized):

£t 1/k
{R[F]}=TT(1+R-)| -1
Jj=0
It is obvious that this is the geometric mean k-period
of simple gross margin and can be calculated as:

{R[k]}= exp[ziln(u R”-):| -1,

j=0

where exp(x) — the exponential function, and In(x) —
the natural logarithm of the positive values x. Since the
arithmetic average is easier to calculate than the geometric,
as well as single-period profitability is small, it is pos-

sible to use the first-order Taylor series to approximate
the canceled profitability:

(kI35

3. Profitability of the continuous accrual of compound
interest (compounding or the logarithm of profitability,
log-profitability) is expressed as:

(4)

P
=ln(1+Rt)=1nP—=pt—pr,1, (%)

t-1

where p, =In(P). The profitability of the continuous ac-
crual of compound interest 7 has certain advantages over
simple net profitability R,. So, let’s consider multi-period
profitability:

rlk=In(1+R, k) =In[(1+R,)(1+ R)..(1+ Ry) | =
=In(1+R)+In(1+ R )+..+In(1+R )=

=htlhagtetlgm =0+t g

Thus, the multi-period profitability of the continuous
accrual of compound interest is the sum of the single-
period profitability of the continuous accrual of compound
interest. It should be noted that finding the statistical
characteristics of the logarithms of profitability is simpler
in the calculations.

4. Profitability of the investment portfolio. The simple net
profitability of investment portfolio, consisting of N assets,
is the weighted average of the simple net return on as-
sets, in which the weight of each asset is a percentage
of the investment portfolio invested in this asset. Let p
denote the investment portfolio that has weight w; in
the asset i. Then the simple profitability of the portfolio p
at time ¢ will be:

N
Rp,z = zwiRim (6)
i=1

where R, — the simple profitability of the asset i.

5. Payment of dividends. If the asset involves the pe-
riodic payment of dividends, their profitability of such
an asset must be modified. Let’s denote by D, payment
of dividends on the asset in the period from ¢-1 to ¢,
and by P, the price of the asset at the end of period P,
in this case, dividends are not included in P. Then the
simple net profitability and the profitability of the con-
tinuous accrual of compound interest at time ¢ will have
the corresponding form:

P +D,
R =

-1, =In(P +D,)-1In(P). (7)

t-1

6. Fxcess return (profitability) of an asset at time ¢ is
expressed by the difference between the return on the
asset and the return on some underlying asset. The simple
net excess profitability and excess profitability of the con-
tinuous accrual of compound interest at time ¢ will have
the corresponding form:

thRr_ROry 2t =1 —Tors (8)
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where R,, and 7,, respectively, is the simple profitability
and the profitability of the continuous accrual of com-
pound interest of the underlying asset.

It is obvious that the relationship between simple profit-
ability R, and log-profitability 7 is set through the ratio:

=In(1+R), R, =e" —1.

If profitability R, and 7, is expressed as a percent-
age, then:

100In| 1 R =100(e"/1%0 —1
T = {4750 | R, =100(e"/1% -1).

The distribution of time series of financial assets (in
this case, profitability) also has its own characteristics.
The most common model of the logarithms of profitability
{r;i=1.,N;t=1..T} is the joint distribution function:

F (1o P13 T2 s T2 e i oo Ty Y30,

)

where Y — the vector of variables describing the environ-
ment, profitability of assets, and © — the vector of parame-
ters of the distribution function.

The probability distribution F,(-) determines the stochas-
tic behavior of profitability {7} and Y. In the financial
literature [6, 7], the vector Y is interpreted as given, so an
empirical analysis of return on assets consists in evaluating
an unknown parameter 0 and statistical behavior {r,t} for
given historical data of profitability logarithms.

Some financial research sources focus on the joint dis-
tribution of N profitability at one point in time ¢, i. e.,
distribution {m,...,m}. Also, one can find an emphasis on
the dynamic structure of the profitability of individual
assets, that is, the distribution {#,...,7;} for a given as-
set i. However, the joint dlstrlbutlon {r,,} for asset i is
most studied. In this case, transformations of the general
distribution should be carried out as:

F(tigyeertir;0) = F (1) F(rio | 1) ..F

T
HF( zt‘rzt 1ree 11)

t=2

("iT |ri,T—1v~--,ri1):

(10)

where, for the sake of simplicity, the parameter 6 is omitted.
This separation emphasizes the temporal dependence of
the logarithms of profitability 7,. In this case, the main
problem is the determination of the conditional distribu-
tion F(r,-L |ru_1), in particular, how it changes over time.
In finance, different distribution characteristics lead to
different hypotheses. For example, one of the versions of
the hypothesis of random changes in asset prices is that
conditional distribution F(ri[|rivt,1,...,ri1) corresponds to a
separate distribution F(r;). In this case, the profitability
is temporarily independent, and therefore unpredictable.
Let’s note that the profitability of assets is also con-
sidered to be a continuous random variable (especially in
the case of analysis of stock indices with a low perio-
dicity, as in the case under consideration) and use the
distribution density. In this case, from (10):

T

11r HF( Ti |rtI 19+

=2

F(rih nTv 1179) (11)

From relation (11) it follows that conditional distribu-
tion is more appropriate than isolated when studying the
profitability of financial assets. However, isolated distribu-
tions can still cause some interest, in particular, in this
case it is easier to estimate the limit distributions than
conditional distributions using historical time series. In
addition, in some cases, the return on assets has weak
empirical autocorrelation, and therefore, their marginal
distributions are close to their conditional distributions.

In total, in the scientific literature [8] there are several
statistical distributions of the profitability of financial
assets, including normal distribution, log-normal distribu-
tion, stable distribution and the final mixture of normal
distributions. Let’s consider some of their features for use
in the analysis of financial assets.

The traditional assumption in the scientific literature on
finance [7, 8] is that simple profitability {R,-t \t:1,...,T} is
independently equally distributed with a fixed mathemati-
cal expectation and variance. This assumption makes the
statistical characteristics of profitability solvable, but, in
turn, leads to certain difficulties. Firstly, the lower limit
of simple profitability is 1, while the normal distribution
can take any value on the data axis, and therefore, there
is no lower limit. Secondly, if R; is normally distributed,
then multi-period simple profitability R, [k] is not normally
distributed, since it is a product of one-period simple pro-
fitability. Thirdly, the assumption of a normal distribution
is often not suitable in practice, since the empirical return
on assets has a positive excess coefficient.

Another generally accepted assumption is that the log-
profitability 7 of an asset is independently and equally
normally distributed with mathematical expectation p and
variance o?. Then simple profitability is independent iden-
tically distributed random variables with mathematical
expectation and variance, given as:

E(R)= exp(u+c;2]—1,
Var(R,)=exp(2u+ 62)[exp(62)— 1]4

Similarly, if to denote by m; and m,, accordingly, the
expectation and variance of simple profitability R,, which
is log-normally distributed, then for the corresponding log-
profitability, have:

m+1
E(r)=In —
1+m, /(1+m)

my
(1+m1)2 .

However, the log-normal distribution also does not
satisfy all the properties of historical time series of stock
indices, in particular, their profitability has a positive value
of the excess coefficient.

A stable distribution acts as a natural generalization of
the normal, since it is stable when added, which corresponds
to the profitability of the continuous accrual of compound
interest 7,. However, stable distributions do not have finite

Var(r,)zln[1+
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variance, contrary to most financial theories. In addition,
statistical modeling of stable distributions is challenging. An
example of a stable distribution is the Cauchy distribution,
which is symmetric about its median but has infinite variance.

Some studies [5, 6] use a finite mixture of normal
distributions. An example of such a distribution might be:

~ (1= X)N (,0?)+ XN (u,63),

where X — a Bernoulli random variable (P(X=1)=o and
P(X=0)=1-0 with 0<a<1).

Let’s note that economic globalization and the develop-
ment of web services have significantly accelerated the
integration of global financial markets in recent years. The
movement of prices in one market can easily and instantly
spread to another market, financial markets have become
more dependent on each other, so they need to be conside-
red together to better understand the dynamic structure of
global finance. So, knowing how markets are interconnected
is of great importance in finance. Similarly, for an investor
or financial institution that owns several assets, the dynamic
relationships between asset returns play an important role
in decision making. The analysis of this situation is carried
out using models and methods of multivariate analysis of
time series. Accordingly, in the financial literature [9, 10]
there is the concept of multidimensional profitability.

Let’s denote by r,=(#,,..,7v)" the log-profitability
of N assets at time ¢, and by {n} the corresponding
joint distribution, which can be spemfled similarly to (10).
Profitability analysis in this case focuses on the specifica-
tion of the conditional distribution function F(rL | n_1,...,r1,9).
The mathematical expectation vector and the covariance
matrix of a random vector X:(X1,...,X ) are defined as:

) E(X,)]

cqu)=zx=ka_uxx_ugi.

r

E(X)=u,=[E(X,

Let’s also note that relation (10) can be used to obtain
the likelihood function of log-profitability {,..,7} of the
respective assets. If conditional distribution f(n |n,1,...,r1,0)
is normal with mathematical expectation u, and variance 62,

then 0 consists of the parameters u, and o2, and the like-
lihood function has the form:

~(r—w.)

S (ryer730) = 57|
t

roo
f(n;ﬂ)]:!mc exp (12)

where f(r;0) — the distribution density of the first ob-
servation 7. Value 0, which is maximized this likelihood
function, is an estimate of maximum likelihood 6. Since
the log function is monotonic, the maximum likelihood
estimate can be obtained by maximizing the logarithmic
likelihood function, which is easier to evaluate in practice:

In /(n,....77;0) =
1 T

(=0}
g In(2m)+In( (52)+#

=Inf(r;0

The logarithmic likelihood function can be obtained in
a similar way if conditional distribution f(l; |r,_1,...,r1;6) is
not normal. To guide the main statistical characteristics,
time series of such stock indices were formed:

1. PFTS index for the period from 03.01.2013 to
09.01.2019. PFTS Exchange is one of the largest organi-
zers of trading on the Ukrainian securities market; supports
the interregional system of electronic trading in securities
in real time. The PFTS Stock Exchange trading system has
been operating since 1997 and technologically consists of
a «quotes market», «orders market>, REPO (from the Eng-
lish Repurchase agreement). The PFTS also holds auctions
of the National Bank of Ukraine, auctions for the sale of
securities by the State Property Fund of Ukraine, companies
that conduct an initial public offering (IPO) of their own
securities, or vice versa, sell their own assets in securities.

2. The S&P 500 for the period from 07.05.2014 to
07.05.2019 a stock index, the basket of which includes
500 US joint stock companies with the largest capitalization.
The list belongs to Standard&Poor’s and is compiled by
it. It was first designed on March 4, 1957.

The corresponding graphs of the indicated time series
are shown in Fig. 1. The corresponding statistical cha-
racteristics of the indices are given in Table 1.
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Fig. 1. Graphs of time series of profitability and logarithms of profitability of PFTS and S&P 500 indices:
a — log-profitability PFTS; b — simple profitability S&P 500
TECHNOLOGY AUDIT AND PRODUCTION RESERVES — Ne 5/2(49), 2019 53 -



— INFORMATION AND CONTROL SYSTEMS:
REPORTS ON RESEARCH PROJECTS

I55N 2664-9969

Descriptive statistics of the simple and log-profitability of PFTS and 5&P 500 indices, % Teble 1
Index Number of observations Average Standard deviation Minimum Maximum Asymmetry coefficient Excess ratio
Simple profitability, %

PFTS 1481 0.0451 1.3690 -6.6319 27.6746 6.3164 121.373

S&P 500 1259 0.00375 0.83525 -4.09792 495938 -38.0616 387.1468
Log-praofitability, %

PFTS 1481 0.0362 1.3202 -6.8620 24.4314 4.8664 88.2870

S5&P 500 1259 0.0034 0.836444 —-4.18426 4.84032 -45.218 389.3258

The data in Table 1 allow the corresponding analysis
of stock indices:

1) for indices, high values of excess coefficients are
observed, that is, they have the property of minimal risk.
With a decrease in the excess coefficient, the distribution
of the random variable is smoothed, that is, the scattering
of individual values of the economic indicator around the
average value increases. This means that the uncertainty of
obtaining a result grows and, accordingly, the risk increases;

2) the standard deviation of the S&P 500 index is
higher than in the PFTS;

3) on the whole, descriptive statistics show that the
difference between simple profitability and log-profitability
is not significant.

Fig. 2 shows the corresponding densities of the indices.

density.default(x = d)
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Density
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density.default(x = d)

005 0.00 0.20

80

Density
40
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T T
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N =1259 Bandwidth = 0.001191

b

Fig. 2. The density of the indices:
a — PFTS log-profitability; 5 — S&P 500 log-profitability

002

In Fig. 2 for comparison, empirical density and nor-
mal density are given (they coincide). The appearance
of these functions confirms the assumption of a normal
distribution of stock indices, as noted in the financial li-
terature [7, 8], as mentioned above. The empirical density
has, similarly, a higher peak and less gentle slopes, that is,
it is higher and <«narrow», which indicates some unac-
counted factors and may be the subject of further scien-
tific research.

4. Conclusions

Thus, the analysis of financial time series involves the
use of numerous methods for calculating the profitabi-
lity of assets in order to determine significant statistical
characteristics of the data. A comprehensive system of
indicators for analyzing the time series of financial assets
has been obtained.

The proposed system provides for the use of nume-
rous methods for calculating the profitability of assets in
order to determine significant statistical characteristics
of the data.

Thanks to the constructed system of indicators, it is
possible to carry out empirical forecasting of time series
of financial data. Compared to similar well-known meth-
ods of using prices (rather than profitability) for assets,
this provides a key advantage that allows to take into
account the elements of uncertainty of financial and eco-
nomic data.
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