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1. Introduction

The increase in anthropogenic influence, which is due 
to technological progress, leads to an increasingly notice-
able change in the state of the environment, and most 
of them have a negative effect on all life on the planet.

Man-made environmental impacts in modern condi-
tions are so great that catastrophic changes in climatic, 
geological, tectonic and seismic conditions are possible, 
as well as the occurrence of global pollution, etc. And, as  
a result, changes in the development of ecosystems, biological 
diversity of living conditions of people and their health, 
the change in the sustainability of technological activities.

The fundamentals of the general concept of influence on 
environmental elements, in particular, on soils and ground-
water, are presented in [1] at the end of the last century. 
In connection with the intensive development of industrial 
and urban areas, the scales of the manifestation of the 
negative influence of processes and phenomena, as well 
as the amount of damage to the soil, are expanding. As 
a result of this, a problem arises in studying the processes 

of influence and changes that arise in the territories for 
the development of protective measures with maximum 
regard for varieties of natural and man-made factors.

Thus, the study of the impact of industrial facilities 
on the environment is relevant. For this, it is necessary 
to create such methods of mathematical modeling that 
will make it possible to reduce the technological load on 
the components of the environment.

2.  The object of research  
and its technological audit

The object of research is environmental safety of soil 
pollution by an industrial enterprise.

Currently, passivity in the problem of resolving en-
vironmental safety issues, and soils in particular, for hu-
manity can cause irreversible processes. Human activity is 
inextricably linked with an increase in the load of pollu-
tants on the soil of industrial ecological systems. A high 
degree of pollution of atmospheric air and water leads 
to the accumulation of pollutants in the soil. Moreover,  
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this is also observed during the normal operation of en-
terprises, especially the chemical industry. Only monitor-
ing can’t solve the problem of environmental safety of 
territories; forecasting methods are needed for informed 
decision-making. For an objective solution to the problem 
of reducing the man-made load, it is necessary to estimate 
the level of distribution of the pollutant in the soil in 
advance quantitatively.

3. The aim and objectives of research

The aim of research is to determine all the features of 
the process of soil pollution by an industrial enterprise.

To achieve this aim it is necessary to perform the fol-
lowing objectives:

1. To highlight the mathematical models, which best 
describe the physicochemical processes in soils.

2. To separate soil types of Ukraine with different geo-
filtration conditions in a separate classification.

3. To determine the ratio of mathematical models to 
soil types.

4. To determine the level of influence of the industrial 
enterprise on the soil layer.

4.  Research of existing solutions  
of the problem

The authors analyze a number of works devoted to the 
assessment and modeling of filtering processes of pollutants 
coming through the soil layer. The fundamental work in 
this direction, according to the authors, is the work [2]. 
In this work, a number of models of the process of mass 
transfer of soluble substances when moving through a soil 
layer are proposed. The generalized geofiltration model 
proposed by the author of this work is a functional dif-
ferential equation of the second order in partial derivatives. 
The author does not set the task of obtaining a generalized 
solution to this equation, since the functions introduced 
into it strongly depend on the conditions of the process. 
However, the paper considers three main options for solv-
ing this equation – for the averaged and variable filtration 
rates and in the case of convective diffusion. However, the 
problems of transferring the obtained simulation results to 
real soils remained unsolved, since the author does not 
give recommendations on the criteria for the applicabi-
lity of one or another solution to the model. In addition, 
only the convective diffusion process is considered in the 
work, at the same time, other physicochemical processes 
also have a significant effect on geofiltration.

In continuation of the aforementioned work, it is pro-
posed in [3] to consider filtration in the soil, based on 
mass transfer processes occurring at the phase boundary 
during the motion of a Newtonian fluid through cylindrical 
tubes. The author of [2] suggests considering such a formal 
structure as ideal soil. To describe the filtration process, 
the author of [3] recommends using the dependence of 
the filtration rate based on the Leverett function, which 
approximately corresponds to low and high filtration rates. 
However, the assumption about the movement of the pol-
lutant in the soil in the capillary mode is not accurate 
enough, and the author’s conclusion about the need to 
clarify Darcy’s law is general.

In [4], mathematical modeling of the process of saline 
water purification with an initial salt concentration of 

15 g/l when passing through the soil layer is considered. 
This takes into account the partial accumulation of salts 
and the establishment in the soil of the concentration of 
salts, which has the essence of the background. The ma-
thematical model of the filtration process proposed by the 
authors has the form of a system of algebraic equations 
and second-order differential equations in partial deriva-
tives. However, the authors do not take into account the 
difference in the composition of soils of different types. 
In addition, the authors did not complicate the model by 
introducing into it the whole complex of processes occur-
ring in soils during filtration. At the same time, it seems 
appropriate for the authors to use a simulation experi-
ment to study filtration processes in the soil, since finding  
a generalized solution to a system of mathematical models 
is extremely difficult.

The authors of [5] proposed a mathematical model of the 
mass transfer process in saturated and unsaturated porous 
media under isothermal conditions to simulate the spread 
of contaminants in the soil. The model is a system of dif-
ferential equations of the first and second orders in partial 
derivatives. The undoubted advantage of the proposed model 
is the consideration of the movement of the pollutant not 
only in the vertical, but also in the horizontal directions. 
The result of the solution of the model is the field of 
pollutant concentrations in the soil. However, the authors 
focus their work only on the processes of mass transfer and 
mass transfer, although geofiltration is not limited to only 
these processes. Thus, the problems of taking into account 
the influence of the processes of mechanical, chemical, etc., 
components of geofiltration remained unresolved. It should 
be noted that the authors also failed to obtain a genera-
lized solution to their proposed model due to its rather 
high complexity. The solution proposed by the authors is 
obtained by numerical methods.

In the development of research [2], in the work [6], 
performed with the participation of the authors, it is pro-
posed to take into account the physicochemical charac-
teristics of the soil to build a model of the geofiltration 
process. In addition to the already mentioned convective 
diffusion coefficient, the active porosity of the medium and 
bulk density is introduced into the model. The obtained 
results more adequately describe the experimental data 
of the filtration process in real soil. At the same time, 
the issues of the influence of other physical and chemical 
parameters of the soil remained unresolved.

In [7], the authors present the results of modeling the 
spread of pollution in sandy soils. As pollutants, the com-
bined composition of the municipal waste dump is conside-
red. The undoubted advantage of the work is the form of 
the model accepted by the author – linear, power-law and 
quadratic regression equations. These equations describe the 
relationship between the masses of the introduced and filtered 
pollutant per unit area of soil. Despite the use of simple 
mathematical dependencies, the obtained simulation results 
correlate with real results with a coefficient of 0.98÷0.99. 
The authors point out the possibility of adapting the re-
gression equations it proposed for other soil compositions 
other than those considered in the work of sandy soils 
and various types of pollution, but the adaptation itself 
was not carried out.

It should also be noted [8], in which the authors propose 
a mathematical model of the inverse problem of removing 
contaminants from the soil by washing contaminated, in 
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this case saline, soils. The models proposed by the authors 
are based on fairly simple structural equations of chemical 
kinetics. The authors propose to consider the process of 
removing contaminants as a first-order chemical reaction. 
However, other types of interactions between pollutants and 
the soil layer remained unexamined. The authors’ assumption 
of the first order of interaction when washing with water 
particles of a solid substance – soil – seems rather crude.

A more thorough attempt to develop a mathematical 
model of the processes occurring during leaching of the 
soil, as well as desalination and purification of soils from 
pollutants, is made in [9]. The authors propose a model of 
the dynamics of the locally non-equilibrium in time process 
of convective diffusion of soluble substances under the 
conditions of plane-vertical stationary filtration of ground-
water, taking into account the presence of interphase mass 
transfer. The authors obtain integral differential models  
of the non-equilibrium convective-diffusion process in a po-
rous medium under mass transfer conditions. Based on 
the developed models, the authors perform computational 
experiments and computer simulations, the results of which 
show the propagation front of contaminants in soils tak-
ing into account mass transfer. However, the authors do 
not take into account the differences between the types 
of soils that are to be washed, which would undoubtedly 
make adjustments to the processes occurring in the soil.

In [10], the authors develop a facility for studying 
the penetration of pollutants – heavy metals generated as 
a result of fuel combustion in a car engine, into the ground. 
Based on theoretical and experimental studies, they propose 
a physical and mathematical model of the penetration of 
these pollutants into the soil and determined the maximum 
depth of their penetration. However, the mathematical 
model proposed by the authors is actually an equation of 
the material balance of the process. Also, the authors do 
not take into account the background concentrations of the 
studied pollutants in the study, the measurement of which 
made significant adjustments to the results obtained by 
the authors, since the error in the concentration changes 
(reaching 10 %, in one case 15 %) significantly exceeds 
the background concentration of pollutants.

It is also possible separately to distinguish works in 
which specific features of the movement of moisture in 
the soil are noted [11, 12]. And studies in which several 
groups of specific phenomena of soil moisture transfer are 
distinguished:

– fast transfer along the «leading» pore spaces and 
further exchange with stagnant zones;
– uneven movement of soil moisture associated with 
variability of soil properties;
– movement along macropores [13];
– formation of individual water channels, lines of pre-
ferential flow [14].
After analyzing the results of studies on the problems of 

filtering contaminants when passing through a soil layer, 
the authors came to the conclusion that it is difficult 
to describe this process using one mathematical model. 
The geofiltration process is complex and various physical, 
physico-chemical and chemical processes take part in it. 
Therefore, it is advisable to conduct studies of the filtra-
tion properties of soils on the basis of models of individual 
processes, taking into account the relative contribution 
of such processes to the overall geofiltration process for 
various types of soils.

5. Methods of research

To solve the problems, the most promising are the fol-
lowing of the above models:

1) a model for assessing soil pollution taking into ac-
count a chemical reaction in the filtering process [15–17];

2) a model for assessing soil pollution taking into ac-
count the features of the soil layer [6];

3) a model for assessing soil pollution taking into ac-
count mass transfer processes [2];

4) a model for assessing soil pollution taking into ac-
count mass transfer processes: with uniform sorption [2];

5) a model for assessing soil pollution taking into ac-
count mass transfer processes: with uneven irreversible 
sorption [2];

6) a model for assessing soil pollution taking into ac-
count mass transfer processes: during crystallization or 
dissolution of rock components in wastewater [2].

6. Research results

6.1. Consideration of soil features during a simulation 
experiment. The types of soils with different geofiltration 
conditions are presented in [1].

Systematization of data on geological and hydrogeo-
logical conditions makes it possible to distinguish 4 areas 
of filtration schemes and 9 regions in their composition 
in Ukraine:

1. Aeolian-deluvial soils of the loess complex:
1.1. With the presence at the base of the cover deposits 

of relative water resistance.
1.2. Without the presence of relative waterproofing 

at the base of the cover sediments.
2. Alluvial deposits of river terraces:
2.1. With the presence at the base of the cover deposits 

of relative water resistance.
2.2. Without the presence of relative waterproofing 

at the base of the cover sediments.
3. Modern marine sediments:
3.1. With the presence at the base of the cover deposits 

of relative water resistance.
3.2. Without the presence of relative waterproofing 

at the base of the cover sediments.
4. Fissured rock and semi-rock:
4.1. With the presence of integumentary aeolian-deluvial 

deposits.
4.2. With the presence of integumentary alluvial deposits.
4.3. With the presence of aeolian-deluvial deposits, de-

stroyed rock and semi-rock.
According to the classification, which is proposed based 

on the study [1], the aeolian-deluvial soils of the loess 
complex include: aeolian-deluvial soils of the loess com-
plex, continental red-brown Pliocene-Lower Quaternary 
clays and/or green-gray sea clays of the Neogene age and 
sand-clay deposits of river and sea terraces with a pre-
dominance of the first species. Depending on the types 
and composition of the soil, certain physical and chemical 
processes in the soils prevail, which can significantly affect 
the filtration properties of the soil layer. In this type of 
soil, in connection with the ratio of its composition, the 
processes prevail in which it is necessary to take into 
account the features of the soil layer to a greater extent, 
as well as processes in which the chemical reaction and 
mass transfer are taken into account. In this regard, to  
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assess soil pollution, processes are taken into account in 
the following ratio:

– assessment taking into account the features of the 
soil layer during the filtration process will be 35–40 %;
– assessment taking into account mass transfer pro-
cesses in 15–25 %;
– assessment taking into account the chemical reac-
tion in the filtration process will be 15–20 %;
– assessment taking into account mass transfer pro-
cesses: with uniform sorption of 7–20 %, with uneven 
irreversible sorption of 5–10 %, with crystallization or 
dissolution of rock components in wastewater at 0–5 %.
Let’s assume that these ratios of filtration processes 

will correspond to the fraction that describes their models 
in the general calculation. For the indicated type and 
other soils in accordance with the classification, the ratio 
of the models is shown in Table 1.

Table 1

Matrix of relations of mathematical models to soil types

Soil 
type

Impact assessment 
boundary

Model serial number

1 2 3 4 5 6

1.1
lower 0.15 0.35 0.15 0.07 0.05 0

top 0.2 0.4 0.25 0.2 0.1 0.05

1.2
lower 0.2 0.28 0.09 0.15 0.05 0

top 0.25 0.35 0.2 0.25 0.1 0.05

2.1
lower 0.3 0.2 0.1 0.1 0.05 0

top 0.4 0.3 0.2 0.15 0.1 0.05

2.2
lower 0.3 0.25 0.1 0.1 0.05 0

top 0.35 0.3 0.2 0.15 0.1 0.05

3.1
lower 0.15 0.3 0.17 0.05 0.11 0

top 0.2 0.35 0.25 0.1 0.25 0.05

3.2
lower 0.15 0.3 0.16 0.07 0.08 0

top 0.2 0.4 0.25 0.12 0.16 0.05

4.1
lower 0.1 0.1 0.05 0.05 0.05 0.4

top 0.15 0.2 0.1 0.1 0.1 0.5

4.2
lower 0.05 0.15 0.07 0.05 0.05 0.4

top 0.1 0.2 0.13 0.14 0.12 0.5

4.3
lower 0.1 0 0.05 0.07 0.07 0.5

top 0.2 0 0.1 013 0.15 0.6

6.2. Determination of interval assessment of the de-
gree of possible purification during geofiltration. Since the 
accepted assessment of the degree of influence of indi-
vidual processes and their corresponding models on the 
result of geofiltration are interval in nature, as can be 
seen from the Table 1, an assessment of the degree of 
possible purification determined on the basis of a group 
of models will also be interval. To determine it, let’s use 
the following algorithm. At the first step, let’s simulate 
the concentration of the pollutant for each of the models 
selected in section 5 separately. Let’s calculate based on 
the depth of the soil layer in increments of 0.1 m until 
the concentration calculated by all selected models reaches 
the background. Thus, the maximum layer depth (Dmax) 
will be found. The calculation showed that for the initial 
concentration of the pollutant, exceeding the background 
depth by 3 times, this depth is 2.9 m, 5 times – 4.9 m, 
10 times – 11.0 m.

In the second step, let’s calculate the purification 
degree at each point in depth for all selected models. 

The purification degree is calculated as the ratio of the 
current concentration to the background. At the third 
step, the found purification degrees are summarized tak-
ing into account the degree of influence of individual 
models (Table 1). Thus, the top and lower boundaries of 
the purification degree at each depth are determined. If, 
as a result of addition, the obtained value exceeds one, 
it is replaced by one.

Table 2 shows the results of calculations by the described 
algorithm – the depth of achieving a single purification 
degree at the upper boundary (D1) and the maximum 
purification degree at the lower boundary (qmax).

Table 2

Depths at which a purification degree is achieved, equal to one at the top 
boundary (D1) and the maximum possible purification degree at the lower 

boundary (qmax) in soils of different types

Soil type
Сb×3 Сb×3 Сb×3

D1 qmax D1 qmax D1 qmax

1.1 1.4 0.833 3.1 0.833 9.1 0.833

1.2 1.5 0.833 3.5 0.833 9.6 0.833

2.1 1.7 0.833 3.9 0.833 9.9 0.833

2.2 1.8 0.87 4.1 0.87 10.1 0.87

3.1 1.5 0.833 3.1 0.833 9.1 0.833

3.2 1.4 0.847 2.9 0.847 9 0.847

4.1 1.5 0.87 2.5 0.87 7.9 0.87

4.2 1.5 0.84 2.6 0.84 8 0.84

4.3 1.7 0.847 2.7 0847 8.4 0.847

6.3. Simulation experiment to determine the probability 
of the maximum possible purification. To determine the 
probability of the maximum possible purification, which 
will be interpreted as achieving a pollutant concentra-
tion equal to the background, it is proposed to conduct 
a simulation experiment. The implementation of a single 
experiment is as follows. Let’s accept that the degree of 
influence of each of the purification processes in the soil 
and, as follows from the above accepted assumption, the 
degree of participation of the model, is a random variable. 
The distribution law of this quantity is uniform in the 
interval equal to the accepted interval from the Table 3. 
According to the indicated law, wet’s draw these random 
variables and obtain their point values. When drawing, let’s 
take into account that the sum of all the values played 
is equal to one.

Table 3

Depths at which the maximum probability (РDMP) of the maximum possible 
purification in soils of different types is achieved

Soil type РDMP

Depth, m

Сb×3 Сb×5 Сb×10

1.1 0.610 1.3 3.7 9.5

1.2 0.600 1.8 4.1 9.8

2.1 0.660 1.7 4.2 10

2.2 0.714 1.9 4.3 10.4

3.1 0.570 1.8 3.7 9.8

3.2 0.716 1.6 3.6 9.7

4.1 0.832 1.6 2.6 8.9

4.2 0.634 1.6 2.5 7.9

4.3 0.616 1.7 3.2 9.3
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The next step is to calculate the concentration of pol-
lutants in the soil for all models, taking into account the 
obtained point values of the degrees of their influence. 
The calculation is carried out for each depth from the  
soil surface to that found in Subsection 6.1 with an ac-
cepted step of 0.1 m. If the obtained concentration at 
a given depth does not exceed the background concentra-
tion of pollution in the soil (with a rounding error), let’s 
recognize a single experiment for this depths successful, 
otherwise – not successful.

Based on the results of implementing a sufficiently 
large number of single experiments, the relative frequency 
of successful experiments for each depth can be calculated. 
According to the law of large numbers, with an increase 
in the number of experiments, this relative frequency will 
tend to the probability of complete purification with an 
increase in the number of single experiments. In this study, 
10,000 such experiments were implemented. The results 
of the calculation of the relative frequency (statistical 
probability) of the maximum possible purification (РМВО) 
are given in Table 3.

As can be seen from the Table 3, the statistical proba-
bility of the maximum possible purification does not de-
pend (up to the results of a simulation experiment) on 
the initial concentration of the pollutant. Only the depth 
at which the maximum possible purification is achieved 
depends on the initial concentration.

6.4. Determination of the risk of contamination through 
the soil. Let’s establish the acceptability of purification based 
on the magnitude of the risk of incomplete purification. 
Let’s take such a risk as 1–РDMP and set its marks in ac-
cordance with the Harrington desirability scale [12], Table 4.

Table 4
Acceptability grade

1–РDMP Acceptability grade

0÷0.2 Definitely acceptable

0.2÷0.37 Acceptable

0.37÷0.63 Conditionally acceptable

0.63÷0.8 Unacceptable

0.8÷1 Definitely unacceptable

The acceptability of the risk of contaminant penetra-
tion through the soil layer depending on the depth of 
this layer is summarized in Tables 5, 6.

Table 5

The risk of pollution penetration through the soil layer (initial concentration 
three times higher than the background)

Soil 
type

Depth, m, at which the risk of penetration:

definitely  
unacceptable

conditionally  
acceptable

definitely  
acceptable

1.1 <2.0 >2.2 not achieved

1.2 <2.1 >2.3 not achieved

2.1 <2.1 2.2 –2.4 not achieved

2.2 <2.1 2.2–2.3 not achieved

3.1 <2.0 >2.3 not achieved

3.2 <2.0 2.2–2.3 not achieved

4.1 <1.8 2.0–2.1 >2.4

4.2 <1.8 2.0–2.3 not achieved

4.3 <2.1 2.2–2.4 not achieved

Table 6

The risk of contamination through the soil layer (the initial concentration 
exceeds the background tenfold)

Soil 
type

Depth, m, at which the risk of penetration:

definitely  
unacceptable

conditionally  
acceptable

definitely  
acceptable

1.1 <10.3 >10.5 not achieved

1.2 <10.4 >10.6 not achieved

2.1 <10.5 10.7–10.8 not achieved

2.2 <10.5 10.7–10.8 not achieved

3.1 <10.4 >10.7 not achieved

3.2 <10.2 10.5–10.7 not achieved

4.1 <9.8 10.1–10.4 >10.8

4.2 <9.8 10.1–10.7 not achieved

4.3 <10.2 10.5–16.4 not achieved

Based on the results of the simulation experiment, it 
is possible to draw the following conclusions:

– for aeolian-deluvial soils of the forest complex of type 
1.1, conditionally acceptable purification is achieved at 
a depth of 1.3, 3.7, and 9.5 m for 3 different experi-
ments, respectively;
– for aeolian-deluvial soils of a forest complex of type 
1.2, conditionally acceptable purification is achieved 
at a depth of 1.8, 3.6 and 9.8 m, respectively;
– for modern marine sediments of type 3.1, condition-
ally acceptable purification is achieved at a depth of 
1.8, 3.7 and 9.8 m, respectively;
– for fractured rock and semi-rock type 4.3, condi-
tionally acceptable purification is achieved at a depth 
of 1.7, 3.2 and 9.3 m, respectively;
– for alluvial deposits of river terraces of type 2.1 
acceptable purification is achieved at a depth of 1.7, 
4.2 and 10 m;
– for alluvial deposits of river terraces of type 2.2, 
acceptable purification is achieved at a depth of 1.9, 
4.3 and 10.4 m;
– for modern marine sediments of type 3.2 acceptable 
purification is achieved at a depth of 1.6, 3.6 and 9.7 m;
– for fractured rock and semi-rock type 4.2, acceptable 
purification is achieved at a depth of 1.6, 2.5 and 7.9 m;
– for fractured rock and semi-rock rocks of type 4.1, 
unconditionally acceptable purification is achieved at 
a depth of 1.6, 2.6 and 8.9 m;
– for rock types 1.1, 1.2, 3.1 and 4.3, acceptable puri-
fication in the territory can’t be achieved.

7. SWOT analysis of research results

Strengths. The main strength of the proposed methodo-
logy is that at the moment there are no such methods that 
can allow to assess the risk level of the influence of an 
industrial enterprise on the soil by the height of its layer.

Weaknesses. The main weakness of the proposed metho-
dology is that the matrix of the ratios of mathematical 
models to soil types (Table 1) is suitable for the corre-
sponding soil types with the classification presented in 
Section 6.1. And when using the methodology for other 
types of soils, it will be necessary to introduce a correla-
tion matrix that better describes the physical processes 
that occur in it.
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Opportunities. The problem of predicting the anthro-
pogenic impact on the state of the soil layer is nowhere 
sufficiently integrated into the decision-making system. In 
this regard, the application of this technique will allow: 
to actually assess the level of negative impact on the soil, 
as well as decide on its consequences.

Threats. The application of this technique does not 
require separate costs for its implementation, and it is 
necessary to know the list of substances that enter the soil 
and their concentration. In this regard, the introduction 
and use of it in enterprises does not pose any threats.

8. Conclusions

1. Six mathematical models have been identified that 
best describe the physical and chemical processes in the 
soil layer.

2. The Ukrainian soil is classified to describe the dis-
tribution of pollutants with a fluid flow in the soil layer, 
depending on its different geofiltration conditions.

3. To solve the problem of determining the level of 
influence of enterprises on the soil layer, a matrix of re-
lations of mathematical models to soil types is created, 
which takes into account the specifics of the composition 
of the soil layer and the physicochemical processes in it.

4. To determine the level of influence of an industrial 
enterprise on soils, interval estimates of the degree of pos-
sible purification for different types of soils were found. 
It also found the probability of the maximum possible 
purification and the depth at which it is achieved for 
different types of soils. As a result, this allows to deter-
mine the risk of contaminants penetrating through the 
soil layer for different types of soils.
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