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ESTIMATION OF THE POSSIBILITIES 
OF THE COMBINED SYNCHRONIZATION 
SYSTEM WITH OPEN-LINK TO MINIMIZE 
THE DISPERSION OF THE PHASE ERROR 
WHEN TRACKING THE CARRIER FREQUENCY 
UNDER THE CONDITIONS OF THE 
INFLUENCE OF ADDITIVE NOISE

The object of the article is the process of evaluating the possibilities of a combined synchronization system with 
open (compensating) connection to minimize the phase error variance under the influence of additive Gaussian noise.

The issue of improving the quality of the phase synchronization system is a constant topical scientific task and 
in a number of studies is solved by including the method of developing mathematical models and creating on their 
basis the appropriate optimal schemes for building these systems. The final stage of development and implementation 
of such mathematical models in technical solutions and synchronization schemes based on them is the assessment 
of the limit possibilities of these schemes to minimize the variance of the phase error in different types of noise.

The paper evaluates the possibilities of a combined synchronization system with open (compensating) connection 
to minimize the phase error dispersion under the influence of additive Gaussian noise by selecting the parameters 
of the components of the circuit of this connection.

In order to evaluate the work, mathematical dependencies have been developed and refined, which allow to 
determine the variance of the phase error under the influence of additive Gaussian noise and the corresponding 
algorithm for its determination is presented.

The evaluation results presented in the work showed that the value of the error variance for the combined 
synchronization system is much smaller than for the closed synchronization system with any choice of the para
meters of the latter. The effect of reducing the phase error variance by introducing a broken link at a given level 
of influence depends on the noise signal level and the phase modulation index of the input signal. When using as 
a simple broken link a frequency discriminator included in the circuit of the combined synchronization system in 
parallel, the minimum dispersion of the phase error when the noise level rises to a certain critical limit is limited 
and this broken link loses its effectiveness.

Keywords: carrier frequency synchronization, combined synchronization system, phase error variance, additive 
Gaussian noise.
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1. Introduction

The quality of modern communication systems depends 
on various factors and conditions, including the influence of 
a number of external disturbances and internal noise. For 
example, in space communication lines the main external per-
turbations are additive Gaussian noise and Doppler frequency 
shifts  [1,  2]. The task of improving the quality of commu-
nication systems is to ensure the necessary, as a rule, high 
accuracy of their operation in constant and transient modes.

In turn, the successful solution of the problem of im-
proving the efficiency of communication systems largely 
depends on the quality of operation under the influence 
of these perturbations and noise of individual systems and 
devices that are part of them. As one of the main systems 
which is a part of various radio engineering devices of 

equipment of communication, radar and management and 
also in the device of exact magnetic record the system of 
phase synchronization is widely implemented. For example, 
in phase-coherent telecommunications and control systems, 
such systems are used to restore the carrier and clock 
frequencies and for coherent demodulation of analog and 
digital signals with angular modulation  [3].

The solution of the scientific problem of improving the 
efficiency of the synchronization system can be achieved by 
various methods. Including conducting relevant research on 
the creation of combined synchronization systems, which 
include an open link.

In turn, evaluation of the possibilities of such systems 
to minimize the variance of the phase error is a separate 
scientific problem, the solution of which determines the rele
vance of the research conducted in this work.
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2.  �The object of research
and its technological audit

The object of research is the process of evaluating the 
possibilities of a combined synchronization system with an 
open (compensating) connection to minimize the phase error 
variance under the influence of additive Gaussian noise.

The operation of synchronization systems is characteri
zed directly by the influence of additive fluctuation noise, 
perturbation of useful angular modulation (in the case of 
carrier frequency filtering), phase and frequency jumps and 
others  [1,  3]. In some cases, it is necessary to ensure high 
accuracy of the specified system in constant and transient 
modes under the influence of these noises. And synchro-
nization systems operating in such conditions should be 
characterized by low phase error variance and high speed.

The issue of improving the quality of the phase syn-
chronization system is a constant topical scientific task and 
in a number of studies is solved including the method of 
creating appropriate optimal schemes for its construction 
in the direction of minimizing the phase error variance 
and at the same time ensuring high speed.

It is obvious that these schemes solve the problem of 
minimizing the phase error through the development of 
scientifically sound optimal construction schemes that oper-
ate on the basis of developed mathematical models. These 
mathematical models, in turn, must take into account the 
parameters of all functional components and elements of the 
specified scheme of the synchronization system. The final stage 
of development and implementation of such mathematical 
models in technical solutions and synchronization schemes 
based on them is the evaluation of the limit possibilities 
of these schemes to minimize the phase error variance by 
selecting the appropriate parameters of components and 
functional components of synchronization systems.

The final stage of development and implementation 
of such mathematical models in technical solutions and 
synchronization schemes built on their basis is the solu-
tion of a number of problems, namely:

–	 assessment of the marginal possibilities of these schemes 
to minimize the variance of the phase error;
– selection and substantiation of parameters of con-
stituent elements and functional links of the scheme of
construction of synchronization systems in the direction
of minimization of dispersion of a phase error in the
course of monitoring of the carrier frequency.

3. The aim and objectives of research

The aim of research is to evaluate the possibilities of 
a combined synchronization system with open (compensating) 
connection in relation to the influence of the parameters 
of the components of the scheme of such a connection to 
minimize the phase error variance of the synchronization 
system under the influence of additive Gaussian noise.

To achieve this aim it is necessary:
1. To develop appropriate mathematical dependencies

that allow to determine the variance of the phase error of 
the combined synchronization system under the influence 
of additive Gaussian noise.

2. To use mathematical modeling methods to evaluate the 
influence of the parameters of the open link on minimizing the 
variance of the phase error of the combined synchronization 
system from the signal level of the additive Gaussian noise.

4.  �Research of existing solutions
to the problem

A number of works are devoted to the construction 
of synchronization circuits and evaluation of their pos-
sibilities to minimize the phase error variance.

The paper  [1] presents the results of research on the 
analysis and formalization of the description of synchroniza-
tion devices such as solution-controlled and non-solution-
controlled. The dependencies for the variance of the maxi-
mum plausible estimate of the synchronization device on 
the signal-to-noise ratio, which are designed for a system 
without feedback on the solution, are given. The variances 
of the variance of the maximum plausible estimation of the 
synchronization device from the signal-to-noise ratio and the 
dependencies of the deviation of the synchronization error 
from the signal-to-noise ratio at the output of the phase 
detector presented in this work are designed for the circuit 
without feedback. Such a scheme is essentially a closed syn-
chronization system (CCS), and the dependencies presented 
in the paper do not allow to evaluate the open-loop systems 
that belong to another class of synchronization systems.

In such scientific works as [4, 5], studies are described, 
aimed mainly at optimizing the parameters of the filter 
and the system as a whole for the class of closed synchro-
nization systems (CCS). However, due to their inherent 
contradictions, the CCS does not allow in some cases to 
ensure the required quality of work. This is especially 
noticeable when it is necessary to improve the quality of 
the system on two or more conflicting indicators  [6,  7].

There are great opportunities to improve the quality 
of synchronization systems in the class of combined syn-
chronization systems (CSS). These systems can combine 
the principles of regulation of deflection and perturbation 
with the simultaneous provision of minimization of the 
phase error variance, which was defined as a promising 
method of constructing CSS and covered in  [3,  6].

In  [8], the peculiarities of the implementation of the 
carrier frequency recovery system with coherent demodu-
lation of the signal with a continuous phase are shown. 
The scheme of construction of such system of phase auto-
tuning of frequency is essentially the combined system of 
synchronization with feedback. The question of practical 
realization of the system of phase autotuning of frequency 
on a modern element base is investigated. But research 
on the possibilities of the scheme of construction of the 
synchronization system to increase astatism and reduce the 
variance of the assessment due in this article is missing.

The authors of [9, 10] proposed a method of implement-
ing a certain type of signal sequence synchronization in 
CSS, which expands under conditions of significant excess 
of the noise level over the level of the information signal. 
For synchronization the service channel which works on 
one frequency with information is used. Channel distri-
bution is performed during the formation of signals of 
quadrature channels: in-phase channel is used to generate 
a phase-locked signal with spread spectrum, quadrature 
channel is used to transmit a clock signal. The possibi
lity of increasing astatism and ensuring the speed of the 
system in this work is not considered.

The article [11] presents a new direct sequence modula-
tion scheme for distributed spectrum communication systems, 
defined as delay and addressing modulation (DADS). The 
scheme proposed by the authors is easy to implement and  
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does not require alignment of the input signal code at its 
input, which makes it the most optimal for the transmis-
sion of short signals. The article does not disclose the 
type of scheme in relation to which the conclusions were 
substantiated, and there is no question of increasing the 
order of astatism in a particular scheme.

Certain studies on the possibilities of minimizing the 
variance of the phase error in the open-loop CSS and one 
of the options for constructing the CSS, which has such 
a combination along with the high speed of the system 
are presented in  [12]. This paper develops and presents 
a  mathematical model of CSS with an open connection 
of a certain type and evaluates its ability to minimize the 
phase error in the order of astatism not higher than the 
second. It is directly established that the open channel 
is made in the form of parallel (serial) connection of two 
links of the frequency discriminator with the proposed 
transfer function allows to increase the order of astatism 
to the third and higher order and does not affect the 
stability of the system. The paper shows that the effect 
on the variance of the phase error of the synchronization 
system, as substantiated in this paper, can be achieved 
by changing the parameters of the open link of the syn-
chronization scheme of the system.

But in this paper there is no direct assessment of the 
possibilities of minimizing the root mean square error by 
means of an open (compensating) connection on the input 
signal by changing its parameters.

5. Methods of research

The block diagram of the linear model of the CSS 
synchronization system, which is considered in the work, 
is shown in Fig.  1. The structure of the specified model 
CSS includes an additional link with the transfer func-
tion W S4 ( ) by means of which the open communication is
carried out and the open control channel is formed  [13].

6. Research results

6.1.  Development of mathematical dependencies. Let’s 
turn to the development of mathematical dependencies 
that allow to determine the phase error variance of the 
combined synchronization system under the influence of 
additive Gaussian noise.

In the general case, the phase modulation of the signal 
contains four components  [14]:

j ψinput t d t M t t N t( ) = ( ) + ( ) + ( ) + ( )D , (1)

where d(t) – Doppler shift at the input; M(t) – useful angular 
modulation; Δψ(t) – the total amount of obstacles.

Coherent reception requires accurate knowledge of the 
current phase of the carrier oscillation. When using a  syn-
chronization system as a phase filter, the input signal is, 
according to expression (1), the sum d(t)+Δψ(t), where 
Δψ(t) = ψ1(t)–ψ2(t), ψ2(t) is the sum of various internal 
interferences. Processes M(t), N(t) also represent in this 
case the general obstacle.

The phase error variance thus consists of four compo
nents  [14]:

s s s s sj j
2 2 2 2 2= + + +d M ND , 	 (2)

where sd
2  – variance of the error on the dynamics of signal 

transmission; s jD
2  – variance of the phase shift of the car-

rier frequency; sM
2 – signal modulation error variance; sN

2  –  
variance of the error from the action of the internal noise 
of the system.

Each of which according to spectral theory is defined 
as follows:
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where Wj(jω) – the transfer function of the synchronization 
system in the frequency domain; GS(ω) – energy spectrum 
of signals at the input of the system.

To determine the components of phase error (2) let’s 
use expressions (3) and (4) substituting in them the trans-
fer functions for СSS W S D S F SK Kj j( ) = ( ) ( )3 ,  W S D S F SK K( ) = ( ) ( )3  

W S D S F SK K( ) = ( ) ( )3 and energy spectra G GS Mω ω( ) = ( ), G Gn Nω ω( ) = ( ) 
G Gn Nω ω( ) = ( )  [12,  15].

For ease of integration, let’s present the integrals (3), 
(4) in the form of Perseval integrals  [16]:
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Then the values of the integrals In are expressed by 
subtractions through coefficients ai, βi as follows  [16,  17]:
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Fig. 1. Block diagram of a linear model of a combined synchronization system with an additional link
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An – Hurwitz senior determinant for the polynomial Hn(jω); 
Bn – determinant derived from the determinant An by replac-
ing the first column with coefficients βi.

Expressions (5) and (6) will be useful in the future in the 
development of the algorithm and the analysis and synthesis 
of the synchronization system using computer simulation.

In what follows, let’s consider a modulating signal m(t) of  
two types: with a «maximally flat (butterworth) shape of the  
spectrum» and asymptotic Gaussian processes.

Their energy spectra can be described according to the  
following expressions  [14]:
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ωc – frequency corresponding to half the power.
The following spectra are characteristic of a wide class 

of signals used in communication  [14]:

G G G1 21 1 1ω ω ω, , , ,( ) = ( ) = ( )

when n = 1 they are the same.
Consider the possibility of reducing the root mean square 

error (RMS), which is associated with the minimum marginal 
variance of the phase error when tracking the carrier fre-
quency in the CSS. Let’s consider for a specific type of open 
communication link with the transfer function W4(S) and  
a fixed value of the parameter n in expressions (7) and (8)  
of the energy spectrum of the input signal. For this:

– develop analytical dependencies that allow to assess
the degree of reduction of RMSE in CSS in comparison
with closed synchronization system and the effective-
ness of the introduction of open communication at
different values of the signal/interference ratio;
– develop an algorithm for the synthesis of open com-
munication for СSS;
– with the help of mathematical modeling on the basis
of the developed algorithm let’s study the change of 
UPC at different signal spectra and levels of additive 
interference at the system input.
Let’s turn to the development of analytical dependences 

that allow to assess the degree of reduction of RMSE in 
СSS in comparison with closed synchronization system 
and the effectiveness of the introduction of open com-
munication at different values of the signal-to-noise ratio.

Assume that as an open channel used a frequency dis-
criminator with a transfer function of the form (9) at n = 1, 
that is  [18]:
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Let’s consider the case when the main interfering factor 
of the system is additive Gaussian noise. The spectrum 
of phase modulation is due only to the signal m(t) and 
is equal to  [14,  15]:

G K GM m iω ω( ) = ( )2 . (10)

Since this paper considers high-precision synchronization 
systems, let’s assume that the magnitude of the phase error 
(or its variance) satisfies the conditions of smallness [15, 17], 
which allows to consider it as a linear model. If the input 
noise is defined as «white» and with a one-way spectral 
density N0/2, then as shown in  [15,  16], the equivalent 
phase noise Nj is also approximately «white».

The energy spectrum of the reduced phase noise, listed 
at the input of the system, will be: 

G
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22
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Let’s define the expression of the variance of the phase 
error. For this:

– substitute in expressions (3) and (4) the transfer
functions of CSS  [12,  15];
– take into account the energy spectra of the input phase  
of the vortex signal. (10) and (5) and the energy spectra 
of the equivalent phase noise listed at the input (11);
– use relations (5) and (6).
The final expression of the phase error variance, taking

into account the requirements presented in [13], will look like:
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Let’s give expression (12) as follows:

s s
d
d

d d d
djK K2

1 4
2

1

2
1 3 2

2

12

4

4
= +







+
−










. (13)

From this relation it follows that the function sjK
2  has  

a maximum in the real domain at the optimal value of K4,  
which is determined by the following expression:
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In this case, the minimum value of the phase error 
variance is equal to  [13,  15]:
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For a closed system, the minimum value of 
the error variance can be obtained from expres-
sion (12) at K4 = 0:

s dj3
2

3min .= (16)

Since d1>0 and d1
2 0> , the value of the error 

variance in CSS (15) is less than in closed syn-
chronization system (12) by the value Dd d dj

2
2
2

14=  
of any choice of parameters of the latter.

In order for the minimum of function (13) to 
be in the region of positive values of parameter K4,  
it is necessary that the equality:

d2>0.	 (17)

Let’s consider what determines the value of the parame
ter d2 and, through it, the scope of СSS.

In general  [15,  16]:
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The analysis of the given relations shows that at T1 = 0, 
(i.  e. at a closed circuit the aperiodic link is used as the 
filter), condition (17) is fulfilled at any values of parame
ters of system and signals therefore CSS gives advantage 
in comparison with closed synchronization system.

At T≠0 it is necessary that the inequality  [16] holds:
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If to take into account that T T m1 22 2( ) = , where m≤1
is a filter parameter  [14,  15], then inequality (18) in the 
expanded form will be:
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Additional reduction of the phase error variance in CSS 
is possible, as shown in [12] due to the appropriate choice 
of the denominator parameter of open communication.

6.2.  Estimation of influence of parameters of open link 
on minimization of phase error dispersion of combined syn-
chronization system from signal level of additive Gaussian  
noise. The graphs of dependence η d dφ φ= = ( )K f K T2

3
2

4 4, , 
obtained by the method of mathematical modeling with 
the specification of their dependencies according to the 
works  [6,  19] are given in Fig.  2.

As follows from these dependencies, increasing the pa-
rameter T4 reduces the value djK

2  and causes a change in 
the optimal value of the parameter K4.

But an increase in the parameter T4 is equivalent to  
a decrease in the introduced open-bonded root. Therefore, 
the change T4 is limited to the smallest value of the root 
of the characteristic equation of a closed system.

As the parameter n in formulas (7), (8) increases, the 
expressions for the phase error variance become more com-
plicated and their direct analysis becomes difficult.

The final expression for the variance of the phase error 
in this case can be written as follows, taking into account 
the requirements of  [13,  15,  16]:

d β βjK N F K N F K2
1 1 22 4 2 2 10 4= ( )  + ( ) , (20)

where function from the phase modulation index by a use-
ful process:
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The optimal value of the parameter K4 that minimizes 
the function (20) will be  [16]:
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Substitution (21) in (20) gives the minimum value of 
the variance of the phase error in the CSS:
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That is, in this case, the variance of the phase error 
in CSS is also less than in closed synchronization system 
by value Dsj

2 .
In this case, the effect of reducing the variance of the phase 

error due to the introduction of communication at a given 
influence depends on the noise level in the channel  (func-
tion N2 = f2(N0)) and the phase modulation index of the 
input signal process (8) (function N1) from the signal power.

The results of СSS analysis using mathematical model-
ing are reflected in the dependencies Fig.  3,  4.
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Fig. 2. The dependence of the variance of the phase error of the СSS 
on the parameters of the open channel
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Analysis of Fig. 3 and Fig. 4 shows that at a certain 
obstacle level, an open link becomes ineffective.

7. SWOT-analysis of research results

Strengths. In comparison with analogues, the positive 
effect of the object of study allows to evaluate the possibili-
ties of the scheme of the combined synchronization system 
directly considered in the article to minimize the phase 
error variance in certain conditions of additive Gaussian 
and other types of noise. And the proposed mathematical 
dependencies have the potential to improve the algorithm 
of this estimate for the implementation of such in relation 
to other schemes of CSS with open connection.

Weaknesses. The weaknesses of the work include a detailed 
consideration and assessment of the possibilities of only one 
of the simple implementations of the combined synchroniza-
tion system with open (compensating) connection. Other 
schemes of simple realization of such communication, and 
also synthesis of various types of simple communication 
in one scheme of realization in work are not considered.

Their analysis shows that at a certain level of interference,  
open communication becomes ineffective.

Opportunities. A further promising study in 
the direction of solving a significant scientific 
problem in the article is to assess the pos-
sibilities for minimizing the variance of the 
phase error under the influence of noise in 
the synthesis of more complex open-circuit 
schemes, for which it is necessary to create 
appropriate mathematical models and estima-
tion algorithms.

Threats. The scientific results of the re-
search can be used in the development of 
combined phase synchronization systems with  
a simple open connection, which can operate 
in conditions of external noise not higher than  
a certain level of their signal. The development 
of more noise-tolerant and noise-protected 
synchronization systems requires further re-
search to create more complex open-circuit 
schemes and evaluate their ability to minimize 
phase error variance under external noise with  
a given signal level.

8. Conclusions

1. Mathematical dependencies, allowing
to determine the variance of the phase er-
ror under the influence of additive Gaussian 
noise are developed and refined. And also the 
corresponding algorithm for its determination 
is submitted. By selecting the parameters of 
the constituent elements of the circuit for 
constructing a combined synchronization sys-
tem with an open (compensating) coupling, 
an assessment is made of the possibilities of 
minimizing the phase error variance under the 
influence of additive Gaussian noise

2. Owing to the assessment of the influ-
ence of the parameters of the open-loop link 
on the variance minimization of the phase 
error of the combined synchronization system 
from the signal level of the additive Gaussian 
noise, it is shown that:

– the value of the error variance for the combined
synchronization system is much less than for the closed-
loop synchronization system for any choice of the pa-
rameters of the latter;
– the effect of reducing the variance of the phase er-
ror due to the introduction of a broken connection
according to a given influence depends on the level
of the noise signal and on the modulation index of
the phase of the input signal
– when used as a simple broken connection of a fre-
quency discriminator included in the scheme of a com-
bined synchronization system in parallel, the minimum
variance of the phase error with an increase in the
noise level to a certain critical point has limitations,
and this broken connection loses its effectiveness.
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