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CONSTRUCTION OF HOMOGENEOUS

SOLUTIONS IN THE TORSION PROBLEM
FOR A TRANSVERSALLY ISOTROPIC
SPHERE WITH VARIABLE ELASTIC MODULI

The object of research is the problem of torsion for a radially inhomogeneous transversally isotropic sphere and
the study based on this three-dimensional stress-strain state.

1o establish the scope of applicability of existing applied theories and to create more refined applied theories
of inhomogeneous shells, it is important to study the stress-strain state of inhomogeneous bodies based on three-

dimensional equations of elasticity theory.

The problem of torsion of a radially inhomogeneous transversally isotropic non-closed sphere containing none

of the poles 0 and  is considered. It is belicved that the elastic moduli are linear functions of the radius of the
sphere. It is assumed that the lateral surface of the sphere is free from stresses, and arbitrary stresses are given
on the conic sections, leaving the sphere in equilibrium.

The formulated boundary value problem is reduced to a spectral problem. After fulfilling the homogeneous
boundary conditions specified on the side surfaces of the sphere, a characteristic equation is obtained with respect
to the spectral parameter. The corresponding solutions are constructed depending on the roots of the characteristic
equation. It is shown that the solution corresponding to the first group of roots is penetrating, and the stress state
determined by this solution is equivalent to the torques of the stresses acting in an arbitrary section ©=const. The
solutions corresponding to the countable set of the second group of roots have the character of a boundary layer
localized in conic slices. In the case of significant anisotropy, some boundary layer solutions decay weakly and can
cover the entire region occupied by the sphere.

On the basis of the performed three-dimensional analysis, new classes of solutions (solutions having the character
of a boundary layer) are obtained, which are absent in applied theories. In contrast to an isotropic radially inhomo-
geneous sphere, for a transversely isotropic radially inhomogeneous sphere, a weakly damped boundary layer solution
appears, which can penetrate deep far from the conical sections and change the picture of the stress-strain state.
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1. Introduction

One of the properties of materials that affect the stress-
strain state of elastic bodies is their inhomogeneity. Various
materials are being developed and created, the characteris-
tics of which, in particular, the elastic moduli, can change
continuously along certain directions [1]. These materials
offer unique advantages over traditional materials.

Despite the existence of a number of applied theories
of shells based on various hypotheses, the areas of their
applicability have been little studied. To establish the scope
of applicability of existing applied theories and to create
new, more refined, applied theories of inhomogeneous shells,
it is important to analyze the stress-strain state of inho-
mogeneous bodies from the standpoint of three-dimensional
equations of elasticity theory.

The study of the stress-strain state of inhomogeneous
bodies on the basis of three-dimensional equations of the
theory of elasticity is associated with significant mathemati-
cal difficulties. Along with this, from the physical point
of view, new qualitative and quantitative effects arise.

A number of studies [2] are devoted to the study of
three-dimensional problems of elasticity theory for a sphere.
The problem of elasticity theory for a sphere was studied
by Saint-Venant [3]. In [4], on the basis of the equations
of the theory of elasticity for a sphere, a general solution
was obtained that satisfies the boundary conditions on the
contour in the sense of Saint-Venant, and an analysis of
the stress-strain state of the sphere was carried out. In [5],
based on the equations of elasticity theory for a thick
isotropic sphere, homogeneous solutions were constructed
that depend on the roots of the transcendental equation.
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In [6], on the basis of solving three-dimensional problems
of the theory of elasticity for a sphere of small thickness,
the accuracy of existing applied theories was studied and
a method for constructing refined applied theories was
given. In [7], a three-dimensional asymptotic theory of
a spherical shell of small thickness is presented. In [8],
an analysis of the three-dimensional stress-strain state
of a three-layer sphere with soft filler is given. In [9],
the problem of torsion was studied for a radially layered
sphere with an arbitrary number of alternating hard and
soft layers. The existence of weakly damped boundary
layer solutions and the possible violation of the Saint-
Venant principle in its classical formulation are shown. The
work [10] is devoted to the study of thermal stresses in
electromagnetically elastic hollow balls made of a functio-
nally graded material. In [11, 12], thermal and mechanical
stresses in a hollow thick radially inhomogeneous sphere
are studied, when the properties of the material change
along the radius according to power laws. In [13], using the
finite element method and spline collocation, the problem
of elasticity theory for a radially inhomogeneous hollow
ball was studied. The results obtained by finite element
methods and spline collocation are compared. In [14], an
axisymmetric problem of elasticity theory for a radially
inhomogeneous transversely isotropic sphere of small thick-
ness was studied by the method of asymptotic integration
of the equations of elasticity theory. The nature of the
stress-strain state is established. In [15], an axisymmetric
problem of elasticity theory for a sphere of small thickness
with variable moduli of elasticity was considered by the
method of homogeneous solutions. Asymptotic formulas
for displacements and stresses are obtained, which make
it possible to calculate the three-dimensional stress-strain
state of a radially inhomogeneous sphere. In [16], an axi-
symmetric problem of elasticity theory for a radially inho-
mogeneous transversally isotropic sphere of small thickness
was considered by the method of homogeneous solutions.
Based on the asymptotic analysis carried out, three groups
of solutions are obtained: a penetrating solution, a solu-
tion having the nature of an edge effect, and a solution
having the nature of a boundary layer. The branching
of the third group of roots of the characteristic equa-
tion generates a countable set of new solutions. A weakly
damped boundary layer solution appears.

In order to construct an applied theory of torsion for
a radially inhomogeneous transversally isotropic sphere,
which adequately takes into account the occurrence of
weakly damped boundary layer solutions, it is important
to analyze its stress-strain state based on the equations
of elasticity theory.

Thus, the object of research is the problem of torsion
for a radially inhomogeneous transversely isotropic sphere
and the study on the basis of this three-dimensional stress-
strain state.

The aim of this research is to construct a solution and
reveal the features of the stress-strain state for the problem
of torsion of a radially inhomogeneous sphere. This will
allow to evaluate the areas of applicability of existing
applied theories for a radially inhomogeneous sphere.

2. Research methodology

The problem of torsion for a radially inhomogeneous
sphere is studied on the basis of the equation of elasticity

theory. Equilibrium equations are given that describe the
torsion of a radially inhomogeneous transversally isotropic
sphere in a spherical coordinate system, and a boundary
value problem is formulated.

3. Research results and discussion

Let’s consider the problem of torsion for a radially
inhomogeneous transversely isotropic non-closed hollow
sphere of small thickness. Let’s assume that the sphere
does not contain any of the poles 0 and w (Fig. 1). In the
spherical coordinate system, the area occupied by the sphere
will be denoted by Fz{re[n;rz | 0€[65;6,], (pe[O;Zn]}.

z

Fig. 1. An open hollow sphere that does not contain any
of the poles 0 and ©©

Let’s assume that the change in the elastic modulus
along the radius occurs linearly:

Ap= agg)r, Ags = agg)r, A= a‘(,?;)r,

(1)

where afy), a), a9 are some constant values.
The equilibrium equation in the absence of body forces
in a spherical coordinate system 7, 6, @ has the form [17]:

d6,, 1064 30,,+204Ctg0
o vt %

(2)

where 6,4, 6, — the components of the stress tensor, which
are expressed in terms of displacement vectors Vy =V, (7,6)
as follows [17]:

_ (A22 —A23) aU
Ogp = I e— e -V, ctgo |, 3)
Jdu, v
GCro =A44(a—r‘°—7“’] . 4

Substituting (3), (4) into (2), taking into account (1),
let’s obtain the equations of equilibrium in displacements:

o200 g0 30 la-d)
"o

r 2r?

0%, 81)“, et cos20 )
X 892 "0 8 Sinze )T
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Let’s introduce a new dimensionless radial variable p
related to r by the relation:

1 r
PZSIH(%} (6)

where €=1/2In(n/r) — small parameter characterizing the
thickness of the sphere; r, = /rn; pe[-11].

Taking into account (6), the equilibrium equations take
the form:

Q%u du O _ p0)) g2
bﬂ)( ¢+2aw—382uw]+( - 23) x

ap? ap 2
*u, du, 0 c0s20 0
| 902 +¥Ct TsinZe e |7 @

where u, =v, /7, big-o) = afjo)ro/GO — dimensionless quantities;
Gy — some parameter having the dimension of the modulus
of elasticity.

Let’s assume that the lateral part of the sphere boundary
is stress-free:

B ou,
O =" | 3p

where 6,,=0,,/G, — dimensionless quantity.
Let’s consider that stresses are given at the ends of the
sphere (on conical sections):

Gq)eL):eA = fs (p)7 (9)

=0, (®)

p=t1

where f;(p)(s=12) — sufficiently smooth functions that have
an order O(1) with respect to € and satisfy the equilibrium
conditions.

A homogeneous solution is any solution of the equilib-
rium equation (7) that satisfies the condition of the absence
of stresses on the side surfaces.

Let’s construct homogeneous solutions. Solution (7)
is sought in the form:

u‘p(p;e):c(p)m’(e). (10)

Here, the function m(0) satisfies the Legendre equation [7]:

m”(6)+ctg6-m’(6)+(22—i)m(ﬁ):O, (1)

moreover, the parameter z is determined after the fulfillment
of the boundary conditions on the lateral surface.
Substituting (10) into (7), (8) let’s obtain:

where Dy, D, are arbitrary constants;

(0) _ 2(0)
] E-BR) o
26 4)

With the help of (14), satisfying the boundary condi-
tions (13), with respect to Dy, Ds, let’s obtain a homo-
geneous linear system of algebraic equations:

(15)

(t=2)e D, —(t +2)e D, =0,
(¢=2)e" D, —(t+2)e D, = 0.

From the existence condition for nontrivial solutions (15),
there is the characteristic equation:

9 b(o)_b(o) 9
A(z;s):(zz—4Jsh 2e\/4+(”23)(22—4] =0. (16)

209

The function A(ze) has two groups of zeros with the
following properties:

1) the first group consists of zeros zf=+3/2;

2) the second group consists of a countable set of zeros:

L9 26 n2k2+4
PN A )

which tend to infinity as € = 0.
Displacements and stresses corresponding to zeros
zz =+3/2 have the form:

() ol Lo ,(©
uy) (p:0) = Dye®? §smeln ctg ) +ctgh |,

(04 -0l

sin’@

7

(18)

ol) =0,64) = — Dy. (19)

Displacements and stresses corresponding to the second
group of zeros have the form:

Tk

nkcos( 5 (1 —p)) -
—&(p+1) ’

R —4£sin(n2k(1 - p)] e

(20)

. o5 k
o= 3" 2 [Zs + 4e)sm(n2(1 - p)) mi (6),(21)

Tk Tk .
——-cos 7( -p) |+

(bgy - b§§>) 9 ol =3 (o) - bi)ecd x
“ 2ec’ A NR— R RS P =0, 12 k=1 . b
¢”(p)+2ec’ (p)+ 20 (4 z ) e’(p) (12) +2€sin(n2(1—p)]
1

o} (¢ (p)—ec(p)) _, =0. (13) x[2ctgem,; (e)+(z,3 —4Jmk(e)], 22)

Solution (12) has the form: where

c(p)= Dy P + Do, (14) mi (0)=NyP 1 (cos8)+NuQ i (cosO);

kT Zk*g
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P 1(cose), Q 1(cose)
%y 2%
are the Legendre functions of the first and second kind,
respectively; Ny, Ny, are unknown constants.
Equations (12), (13) will be represented in the fol-
lowing form:

=Ac, (23)
where
Ac=
~a(-e)-2xe o) setp) (¢ p)-etp) =0},
9 2b{3)
}\' = 227 =
T )

Let’s introduce a Hilbert space H with inner product:
1
(c,v):_[iic(p)v(p)ezspdp.

Let’s prove that A is a symmetric operator in a Hil-
bert space H(-1;1) having a weight e*®. For any function,
c(p)e Dy, v(p)e Dy there is:

(Ac,0)—(c, Av)= .[1 (0Ac—cAv)edp =

0 lq( ¢”(p) - 2e¢’(p) + 3e%¢(p))(p) - ] o~
q(-v"(p)-2e2'(p )+382v(p)) c(p)

rg c(p)o’(p) )+]
_ qJ
+c(p)v”(p)-o(p ) "(p)

Using integration by parts and taking into account
the boundary conditions (13) from (24), let’s find that:

(24)

(Ac,0)—(c,Av)=0, i.e. (Ac,0)=(c, Av). (25)

All eigenvalues A, (A) are real and their corresponding
eigenfunctions are orthogonal:

(ci€2)=0

where

= (nncos(?(1—p))—4esin [7;"(1—;)))}*@“).

The general solution of problem (7), (8) will be a super-
position of solutions corresponding to the different groups
of roots of the characteristic equation (16) found above:

s (k#n), (26)

. 0
U, (p,0) = Dye Esmeln ctg’ 5
k
nkcos[n(1—p)]—
2
k
- 4£sin(n2(1—p)J

+ctgeJ+

+y e m;,(8), 27)

2/ 12b ¢ee+) [ 4}; +48]Sln[ Zk(i_p))m}; (e)’(28)

O _p0) e
( 22SIIIZBO) p Di+3, 1( 2 — bog ) ~E(p)

[ 20
1 .

Let’s prove that the constant Dy, in the absence of
external forces on the side surfaces, is proportional to the
torque M of the stresses acting in the section 6=const.

For torques M stresses acting in the section 6=const
there is [7]:

Ge(p:_

2ctg Omj (8)+

X (29)

M =2nsin? ejr_zce@rzdr, (30)

SO

M =2mesin? 9_[1_10%639"61 p. (31)

Substituting (29) into (31) using integration by parts,
let’s obtain:

M =2mesin? 9 x

(0) _ 7(0)
xj11{—(b”b“)espD0 + zk 1( () bég))efg(pﬂ) o

sin%0
k
2ssin(n2(1—p)J— 2ctgOmy (6)+
k Tk + 22—1 m;,(8)
_2cos(2(1—p)] VS

(0) _2(0)
= 2nesin? 9'—(b22bzg)

X e**rdp =

1
sin’@ DOJ.71e“Pdp+
- 1
+Zk:1(b£2> —b&?))[2 ctg om; (9)+(z,§ —4]mk (G)Jx
1. [Tk
28-[_1SH1( 3 (1- p)) e2plp —

% k B
) 11“’5(“2 (1- p)) e dp

X

:n(bég)— Sz)))sh(l;e)Do (32)
So,

M
D, = (33)

n (D) - b8 )sh(4e)

Equation (18) is a penetrating solution and determines
the internal stress-strain state of the sphere. The stress
state corresponding to solution (20) is self-balanced in
each section @=const and has the nature of a boundary
layer localized at the ends.

The main term of the asymptotic solution of equa-
tion (24) for the second group of roots of equation (16)
has the following form [14]:

18
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m, (6) =

_(un2k2 )’% 1 exp(—zk\/ﬁ(e -6, )](1 + O(s))

sin©

in the vicinity of 6 =6,
= (34)

(um2k? )‘% \/1_ exp(tk\/ﬁ(e -8, ))(1 +0(e))

sin®

| in the vicinity of 6=8,.

where
by

Tl

Solutions (20)—(22) decrease exponentially as to move
away from the conic sections 6=6;(j=1,2). It can be seen
from (34) that for fixed values of «k» and for smaller values
of y, some boundary layer solutions do not decay. They
can penetrate deeply and significantly change the picture
of the stress-strain state far from the ends. In this case,
the stress-strain state of a transversely isotropic inhomoge-
neous and isotropic inhomogeneous sphere is qualitatively
different [14].

Let’s substitute equation (29) into (9) and take into
account (33):

Y ) [23 sin (nzk@ - P)) - ?COS(E;M B p)ﬂ §

X[ZCtgesm,ﬁ (95)+[z,§ —i) m, (GX)} =1 (p), (35)

Me*
n(bég) - bég))sh(4e)sin2 0,

Multiplying (35) by c,(p)e*? and integrating within
limits [-1;1], taking into account (26):

= N, (S=1;2)v (36)

[zctgem,; (6)+ (z)ﬁ —i]mk (e)]

CECN

where

1

P sesin| 2t keos| 2 (1 00 ;. (p)d
“k__mj esin| 5-(1-p) [-mkcos 7( —p) [ [xe ™ f5(p)dp.

-1

After solving system (36), let’s determine the unknown
constants in the following form:

Wi
N1k=7‘/‘;k 5

War
Nzkzvzk,

where
W, = 4ctg®, ctg8,L"), (6,;0,)+
2=y
ctg8, L"), (6,;6,)+
2=y

+2(2,§ - ) _
4)| +ctg0,l", (6,;8,)

2

sy

1 2
+[z§ —4] £ (61:6,);

1
Wi, = by, |:2ctg92Q(1) . (c0592)+(z§ —4JQ . (COSGQ):|—

2z} ) 2k )

1
—hy, |:2ctg61Q(1) . (00361)+[2,§ _4]Q2, 1(00561)];

sy -5

1
Wap, = by, |:20tg91P(1) . (c0391)+(2§ —4JP L (00591):|—

] #73

1
—hy [2 ctgf,P", (cos®,)+ (z,f - 4JP  (cos 6, )],

2k ’E 2k ’E

L(mﬁz) (6;8,)= P (cos; )Q(”2)1 (cos®,)-

2k 9 s 2k

2 2

-p) (cose2)Q(”‘)1 (cos®,); (m,n,=0.1).

2y 2%y

It is found that homogeneous solutions are composed
of two types: penetrating solution and boundary layer
solutions.

The penetrating solution (18), (19) determines the in-
ternal stress-strain state of a radially inhomogeneous spheri-
cal shell. Solutions (20)-(22), which have the nature of
a boundary layer, are localized at the ends, and as they
move away from the ends, they decrease exponentially. Such
solutions are absent in applied shell theories. The division
of the stress-strain state into internal and boundary layer
solutions are valid only for a thin shell.

When, for a radially inhomogeneous spherical shell, the
values of the elastic modulus do not change within the
same order, but differ greatly from each other, then a weak
boundary layer appears and the processes of determining
the penetrating solution, the weak boundary layer, are not
separated. Then, for solving the torsion problem, the use
of the above method is not effective.

4. Conclusions

The nature of the stress-strain state of a radially inho-
mogeneous transversely isotropic sphere of small thickness is
determined. Based on the analysis carried out, a penetrating
solution and a solution that has the character
of a boundary layer are obtained. The stress
state determined by the penetrating solution is
equivalent to the torque of the stresses acting
in an arbitrary section 8=const of the sphere.

The second group of solutions is localized in conic sec-
tions and decreases exponentially as to move away from
conic sections. For a radially inhomogeneous transversely
isotropic sphere, some boundary layer solutions can penetrate
deep far from the conic sections and change the pattern of
the stress-strain state.

Formulas for displacements and stresses are obtained,
which make it possible to accurately calculate the three-
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dimensional stress-strain state of a radially inhomogeneous
transversely isotropic sphere.

It is shown that, in contrast to an isotropic radially
inhomogeneous sphere, new solutions appear that are cha-
racteristic only of a transversely isotropic radially inho-
mogeneous sphere.
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