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THE GRAPH THEORETIC FORMULATION 
OF THE TEAM FORMATION 
PROBLEM BASED ON THE FACTOR 
OF  COMPETITION

The object of the research is to increase the level of productivity of teamwork due to the effective selection of 
participants who demonstrate the highest level of productivity in cooperation. The presented research is aimed at the 
mathematical formalization of the problem of team formation based on the results of a series of competitions using 
graph-theoretic approaches. Each competition in this series involves teams with the same number of participants. 
The composition of the team necessarily changes for each subsequent competition. After the competitive series, the 
obtained information about the teams’ composition and their results is evaluated for the success of the interaction 
of the participants, which can be used in the formation of successful teams. A graph-theoretic formalization of  
the team formation problem on a complete undirected weighted graph has been developed. The set of vertices  
of this graph corresponds to the set of potential participants. Each edge is weighted with a number that reflects the 
quality of the interaction between the two participants. A valid solution is to cover the graph with cliques, the size 
of which is determined by the number of team members. A mathematical model of a two-criterion problem with 
MAXSUM and MAXMIN criteria was built, where the first criterion evaluates the overall success of the created 
teams, the second criterion evaluates the «weakest link», allowing to choose the option that maximizes the mini-
mum edge weights for each clique. A two-criterion objective function defines a Pareto set consisting of all Pareto 
optima in the set of admissible solutions. The algorithmic problem of finding the complete set of alternatives, which 
is a subset of the Pareto set of minimum power when the condition of equality of the objective functions for the 
complete set of alternatives and the Pareto set is fulfilled, is considered. The weight of the edges of the graph is 
calculated using the scores obtained during the series of competitions. In practice, the research results can be used 
as a basis for the development of team building techniques.
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1.  Introduction

Increasing the efficiency of work groups and teams is 
the main task for modern organizations in the conditions of 
dynamic changes and global challenges of economic develop-
ment. Currently, the accepted approach is to view teams  
as complex dynamic systems that exist in a specific context, 
develop as members interact over time, and evolve and adapt 
as situational demands unfold [1]. Team members are united 
by the implementation of joint activities. Team members have 
common goals, values, complementary skills, take responsibility 
for final results, are able to perform any intra-group roles. 
The effectiveness of the team’s activity is evaluated by the 
indicators of achieving the specified result within the speci-
fied time, the level of quality of the work performed, the 
efficiency of the use of resources, the expansion or retention 
of the «niche» of its activity. The monitoring of the team’s 
competitiveness is based on indicators that are combined into 

groups of production and economic indicators, indicators 
of the team’s market stability, and indicators of the team’s 
psychological stability. Monitoring of the first two groups 
of indicators is important for the team to enter the area of 
successful development. The main characteristic of system 
monitoring is the schedule of their movement by calendar 
periods, which allows to record and monitor changes. The 
periodicity of monitoring is set for each indicator separately 
from one month to six months depending on the speci
fics of the team’s activities. The indicators of the first two 
groups are determined by the field of professional activity 
of the team. Monitoring of the third group of indicators 
is related to aspects of psychological support in the field 
of team activity, which allows to significantly increase the 
effectiveness of the team as a whole. Diagnostic monitoring 
methods and techniques should ensure:

–	 objectivity and statistical nature of the information used;
–	 comparative nature of assessments;
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–	 multi-criterion nature of integral assessments;
–	 minimization of the used criteria;
–	 use of additional information and organization of 
selective target studies.
Since the 1980s, the number of studies devoted to the  

search for methods of increasing the effectiveness of team-
work in various areas of human activity has remained con-
sistently high  [1–15]. Research is devoted to teamwork in 
corporations  [2], medicine  [3], industry  [4, 5], sports  [6], 
creative teams, innovative activities, education  [6, 7], agri-
culture [8]. In [1], a review of 50 years of research devoted 
to teamwork was carried out. The authors defined the re-
search object «Team» as a dynamic system that evolves and 
adapts under the influence of the external environment and 
transforms over time due to the interaction of its members. 
This makes the formalization of problem statements and 
descriptions, the selection of quality criteria, as well as 
the development of evaluation methods and the setting 
of experiments relevant. Among the indicators that are 
studied are the indicator of team trust  [9], social cohe-
sion  [10], motivation, the level of proactive participation 
in achieving development results, the need for knowledge 
and technical support to achieve results  [2], collective in-
telligence  (CI)  [11]. In  [9], a retrospective analysis of the 
conducted experiments on team trust assessment was carried 
out, the weaknesses and strengths of the applied approaches 
were identified. According to the authors, the development 
of an experiment to assess team trust should be based on 
the multi-level nature of this research object, should reflect 
the dynamics of the development of trust during the life 
of the team, and should develop new methods of assessing 
team trust without interfering in the personal space of 
team members. The work  [5] is devoted to the develop-
ment of a two-stage decision-making methodology. At the 
first stage, the task of forming a team with the maximum 
qualification of employees is solved. The minimization of 
the total inventory level and the fluctuation of the average 
idle time of a cell worker are two criteria of the worker 
allocation problem in the second stage. Work  [12] proved 
that team competitions lead to an increase in the team’s 
work efficiency. The aspect of gamification is indicated 
as one of the influencing factors on team development in 
methodical materials  [4]. Various approaches to setting up 
the experiment and mathematical formalizations are used. 
The authors of the work  [13] chose the Disclosure games 
approach to solve the problem of effective communication 
in a team through feedback. The non-linear nature of the 
relationship between task characteristics, team productivity  
and the skills of its members was studied [14]. The authors 
chose a rating in the form of a weighted product of the 
best and worst ratings with certain degree indicators. The 
paper  [15] investigates the modern type of team coopera-
tion in industrial cyber-physical-social systems  [11] and 
proposes an approach based on hidden Markov models, 
Hidden Markov model (HMM) for creating conditions for 
cooperation of a team of specialists and agents with the 
application collective intelligence (CI) indicator.

The analysis of the literature on this topic indicates 
the relevance of developing methods for effective selection 
of team members. The object of research is to increase the  
level of productivity of teamwork due to the effective selec-
tion of participants who demonstrate the highest level of 
productivity in cooperation. The purpose of the presented 
research is the mathematical formalization of the problem 

of team formation based on the results of a series of com-
petitions using graph-theoretic approaches. Each competi-
tion in this series involves teams with the same number 
of participants. The composition of the teams necessarily 
changes for each subsequent competition. After the com-
petitive series, the obtained information about the team 
composition and their results is evaluated for the success of  
the interaction of each pair of participants, which can be used  
in the formation of target groups.

2.  Materials and Methods

Let’s build a mathematical model of the formation of 
the set of teams on a complete undirected graph G V E= ( , ), 
V n E n n= = −( ), .1 2  Set of vertices V v i ni= = −{ }| ,0 1  is 
according to the number to a set of independent partici-
pants that must be combined into m teams with a given 
number of k members in each team. Each edge e Eij ∈  has 
a numerical weight wij that reflects the level of coopera-
tion productivity of two participants vi and v j.

An admissible solution of the problem is a discon-
nected subgraph x V E V V E E= ( ) ⊂ ⊂   , , , , whose connectivity  
components are m cliques of dimension k. Each clique 
represents a group of participants who are united in one 
team. Number of clicks m n k= [ ], where n k[ ] – integer part 
from ratio n k. Number of vertices r V V n n k k= = −[ ]  are  
according to the number of participants who will not enter 
any of the teams.

The set of all admissible solutions on the graph G V E= ( ),  
are denoted by X X G x= ( ) = { }. The formula:

 m m m
n

m m m n
n

n
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tions of the set with cardinality n of the subset among 
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0
 [16]. The formula is used for to find the cardinality  

of the set of admissible solutions:
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The vector objective function:

F F F= ( )1 2, ,	 (2)

is defined on the set of admissible solutions.
It consists of the criteria:

MAXSUM F w
e E ij

ij
: max,1 = →

∈∑


	 (3)

MAXMIN F w
e E

ij
ij

: min max.2 = →
∈

	 (4)

The first criterion evaluates the overall level of per-
formance of all teams. The second criterion evaluates the 
«weakest link», allowing to choose the option that maxi-
mizes the minimum weights of the edges of the subgraph x.

On the set of admissible solutions, the vector objective 
function defines Pareto set X, consisting of all Pareto optimal 
solutions. The algorithmic problem of finding a complete set 
of alternatives X0 is considered. The complete set of alter-
natives X0 is subset of Pareto set with minimal cardinality 
and the condition of equality F X F X0( ) = ( )  fulfilled  [17].



ECONOMICS OF ENTERPRISES: 
ECONOMIC CYBERNETICS

27TECHNOLOGY AUDIT AND PRODUCTION RESERVES — № 4/4(78), 2024

ISSN 2664-9969

The series will consist of separate competitions, in each 
of which teams with the same number of participants par-
ticipate. A mandatory condition is to change the composition 
of the teams for each subsequent competition.

To calculate edge weight wij, let’s use the formula:

w
N

Nij
ij

ij

=


,	 (5)

where N ij  is the number of team wins in cases where members 
vi and v j  participated, N ij  is the total number of team where 
members vi and v j  participated.

3.  Results and Discussion

Three illustrative examples of the application of the 
mathematical model (2)–(5) are considered below. The 
first example considers the structure of the set of ad-
missible solutions for given values n та k. In the second 
example, the issues and features of the practical applica-
tion of building a series of competitions are considered. 
In the third illustrative example, the application of the 
vector objective function (2)–(4) is demonstrated. Pareto 
set and the set of admissible solutions are obtained by 
brute force for all admissible solutions.

The first illustrative example demonstrates how teams 
of k = 2 members are built for a set of n = 5 participants. 
According to model (2)–(4) graph G V E= ( ), ,  V n= = 5,  
E n n= −( ) =1 2 10, | ,V v ii= ={ }0 4  is defined. The admissible 
solution is the disconnected subgraph x V E V V E E= ( ) ⊂ ⊂   , , , , x V E V V E E= ( ) ⊂ ⊂   , , , , 
the connectivity components of which are m = 2 cliques with 
cardinality k = 2, since m n k= [ ] = [ ]5 2  = 2. One vertex does 
not belong to subgraph х, since r n n k k= −[ ] = 1. According 
to formula (1) cardinality of the set of admissible solu-
tions is equal to X = ( ) =5 2 2

2
! ! ! 15. The elements of the set  

of admissible solutions X  is presented in Table 1.
Table 2 presents the dependence of the set of admis-

sible solutions’ cardinality on n and k in cases of values 
not exceeding 11. It should be noted that the formulation 
of the task requires that the composition of the teams 
necessarily change for each subsequent competition, i.  e. 
the case n k=  has no practical application.

Table 1

The elements of the set of admissible solutions X for n = 5, k = 2, m = 2

No. x The vertexes 
of clique 1

The vertexes 
of clique 2

The vertex does not belong  
to subgraph х

1 0, 1 2, 3 4

2 0, 1 2, 4 3

3 0, 1 3, 4 2

4 0, 2 1, 3 4

5 0, 2 1, 4 3

6 0, 2 3, 4 1

7 0, 3 1, 2 4

8 0, 3 1, 4 2

9 0, 3 2, 4 1

10 0, 4 1, 2 3

11 0, 4 1, 3 2

12 0, 4 2, 3 1

13 1, 2 3, 4 0

14 1, 3 2, 4 0

15 1, 4 2, 3 0

Table 2

The dependence of the cardinality of the set of admissible  
solutions by n and k

n/k 2 3 4 5 6 7 8 9 10 11

2 1 – – – – – – – – –

3 3 1 – – – – – – – –

4 3 4 1 – – – – – – –

5 15 10 5 1 – – – – – –

6 15 10 15 6 1 – – – – –

7 105 70 35 21 7 1 – – – –

8 105 280 35 56 28 8 1 – – –

9 945 280 315 126 84 36 9 1 – –

10 945 2800 1575 126 210 120 45 10 1 –

11 10395 15400 5775 1386 462 330 165 55 11 1

The second illustrative example is devoted to the prac-
tice of building a series of competitions.

First, the theoretical approach is considered, and then 
the experimental work is presented.

The most probable number of entries of a pair of play-
ers to one team in a series of ℵ competitions is estimated 
theoretically. The most probable number of event occur-
rences in ℵ independent trials, in each of which the event 
occurrence probability is equal to р, q p= −1 , is determined 
by the formula ℵ − ≤ ≤ℵ +p q k p p  [18].

Consider the experiment in which 8 players are di-
vided into two teams of 4 players. The calculation of the 
probability p that a pair of players will enter the same 
team in each of the independent trials is determined by 
the formula p X X= 6 8 , where X8

2
8 2 4= ( ) =! ! ! 35 – the 

total number of possible teams of 8 participants with four 
players according to the formula (1), X6 6 2 4= ( )( ) =! ! ! 15 –  
the total number of possible teams of 6 players, where 
one team combines four players and one team consists of 
two players according to the formula (1), since one pair is 
recorded. the probability of a pair of players entering the 
same team in each of the independent trials is constant and 
equal to p X X= = =6 8 15 35 3 7. The series of  = 8  com- 
petitions is planned. Then the most probable number of 
occurrences of pairs of players in one team in a series with  
ℵ= 8 competitions is equal to k = 3 4.or  

Let’s build an experiment in which 8 players are divided 
into two teams of 4 players in series of  = 8 competitions, 
so that each pair of players plays for the same team at 
least twice (Table  3).

Table 3
Distribution of players by 2 teams

No. com-
petition

The composition of the 
team 1

The composition of the 
team 2

Winner

1 0, 2, 3, 4 1, 5, 6, 7 team 2

2 0, 2, 3, 6 1, 4, 5, 7 team 2

3 0, 1, 2, 3 4, 5, 6, 7 team 2

4 0, 1, 3, 5 2, 4, 6, 7 team 2

5 0, 2, 6, 7 1, 3, 4, 5 team 1

6 0, 1, 4, 6 2, 3, 5, 7 team 1

7 0, 1, 2, 5 3, 4, 6, 7 team 2

8 0, 4, 5, 7 1, 2, 3, 6 team 2
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Players are marked with indexes from 0 to 7 inclusive. 
The distribution of the number of occurrences is shown  
in Fig. 1. The maximum number of entries in one team is 5 (for 
example for a couple v v0 2,( )), and the average value of the 
number is 3.43, which corresponds to the theoretical estimates.

 
Fig. 1. Distribution of the number of entries of a pair of players  

to one team depending on the number of competitions

Let’s note that it is impossible to distribute players 
in such a way that each pair is part of the same team 
exactly twice. The total number of pairs in this example 
is 28  (a  combination of 8 and 2). Taking into account the 
fact that at least two pairs play for the same team, it is 
necessary to use 56 pairs. In each competition there are 
6 pairs (2  teams of 3 players). The impossibility follows 
from the fact that 56 is not a multiple of 6. The proposed 
competition plan is not the only possible one. The total 
number of team formation options in this example according 
to formula (1) is equal to X = ( ) =8 2 4

2
! ! ! 35 (Table 2), that 

is, only 22.8 % of the possible options in our plan are used.
Table 3 presents the composition of the teams in the 

series of 8 competitions and recorded the winners.
Find the edge weight using the formula (5). A complete 

list of the values of edge weights in order of decrease and 
corresponding pairs of participants is given in Table  4. 
For example, w26 0 750= . , since pair v v2 6,( ) participants in 
four competitions (with numbers 2, 4, 5, and 8), of which  
3 are victorious for this pair (4, 5, and 8). Also w03 0 0= . , 
since pair v v0 3,( ) never participated in the winning team.

The third illustrative example demonstrates the imple-
mentation of the brute force and contains all the elements 
of the set of admissible solutions. The Pareto set and 
the set of admissible solutions are made up. The goal is 
to create two teams of three players from eight partici-
pants  (i.  e. n k= =8 3, ). The set of admissible solutions is 
set of sudgraphs х, the connectivity components of which 
are m = 2 cliques with cardinality k = 3. There are such cases 
according to the formula (1) ! ! !X = ( ) =8 2 3

2
280 (Table 2),  

which determines the cardinality of the set of admissible 
solutions. After that, it is necessary to calculate the values 
of the vector objective function (2)–(4) for all elements of  
the set of admissible solutions. Visualization of these cal-
culations is given in Fig.  2.

Table 4
Values of edge weights and pairs of participant’s indexes

wij Indexes of participants, (i,  j )

1.000 (1, 6), (1, 7), (4, 6), (5, 6), (6, 7)

0.800 (4, 7)

0.750 (2, 6)

0.667 (0, 6), (1, 4), (2, 7), (3, 6)

0.600 (5, 7)

0.500 (0, 7), (2, 4), (3, 7), (4, 5)

0.400 (1, 5)

0.333 (0, 4), (1, 2), (3, 4)

0.250 (0, 1), (1, 3)

0.200 (0, 2), (2, 3)

0.000 (0, 3), (0, 5), (2, 5), (3, 5)

There are two Pareto optimal solutions:

x v v v v v v229 1 2 7 4 5 6= ( ) ( )( ), , , , , , x v v v v v v260 1 5 6 2 4 7= ( ) ( )( ), , , , , . 

They make up the Pareto set. In this case, the Pareto 
set is equivalent to the complete set of alternatives: X X= 0.  
In Fig.  2 markers highlight two solutions that make up 
the complete set of alternatives. It can be argued that, 
taking into account the positive practical experience of 
interaction of the participants, a number of better options 
for forming teams with given parameters have been built.

 
Fig. 2. The values of the vector objective function (2)–(4) (n = 8, k = 3)

The conditions of martial law in Ukraine led to the 
need to increase the productivity of teamwork to meet 
the needs of the front and restore Ukraine.

Restrictions on the practical use of the results of this 
research are determined by the time limits of the competi-
tion, which determines the direction of further research 
in this case.

The issue of mathematical justification of the choice 
of the number of team members, the number of teams for 
a certain number of participants requires further research. 
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This will make it possible to build methodological recom-
mendations for practical application.

4.  Conclusions

A graph-theoretic formalization of the team formation 
problem on a complete undirected weighted graph has been 
developed. The set of vertices of this graph corresponds 
to the set of potential participants. Each edge is weighted 
with a number that reflects the quality of the interaction 
between the two participants. A valid solution is to cover 
the graph with cliques, the size of which is determined by 
the number of team members. A mathematical model of  
a two-criterion problem with MAXSUM and MAXMIN 
criteria was built, where the first criterion evaluates the 
overall success of the created teams, the second criterion 
evaluates the «weakest link», allowing to choose the option 
that maximizes the minimum edge weights for each clique. 
An illustrative example is given as the implementation of the 
brute force, which requires exponential time for execution. 
When planning a series of competitions in practice, it is 
necessary to take into account the time resource – how many 
series of competitions can be held. Illustrative examples with 
introduced artificial restrictions on the number of occurrences 
of a pair in one team are given. Descriptive statistics of the 
conducted experiments are presented. Further research is 
planned to be devoted to distinguishing the classes of the 
described problem with certain parameters and algorithms 
for their solution, based on algorithmic approaches of graph 
theory, which will be acceptable for application in practice.
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