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CONSTRUCTION OF A GENERALIZED 
MATHEMATICAL MODEL AND FAST 
CALCULATIONS OF PLANE-PARALLEL 
ROTATING MAGNETIC FIELDS IN PROCESS 
REACTORS WITH LONGITUDINAL 
CURRENTS OF CYLINDRICAL INDUCTORS 
ON A GRAPHICAL CALCULATOR

The object of research is a quasi-stationary rotating magnetic field (RMF) generated by cylindrical inductors 
with longitudinal windings in the working space of process reactors, in particular reactors designed to work with 
magnetic particles (MP). The RMF theory in the working space of reactors has not yet been sufficiently developed, 
which hinders the widespread introduction of the considered, rather complex technologies into practice. The RMF 
of a specific reactor can be calculated accurately and completely using modern programs based on the finite ele-
ment method, but it does not replace the general theory and theoretical analysis. In the literature, special cases of 
circular and elliptical plane-parallel RMF in reactors of the type under consideration have been studied, however, 
analytical formulas for a plane-parallel RMF for the general case of m-phase cylindrical inductors of external 
and internal design with symmetrical longitudinal windings are not presented.

In this paper, a mathematical model is constructed and generalized analytical formulas for magnetic induction 
are obtained, linking the characteristics of a plane-parallel RMF in the working space of reactors at idle speed 
with the main parameters of external and internal cylindrical inductors with an m-phase symmetric longitudinal 
winding. A physical analysis is carried out and the adequacy of the model is confirmed. Using the proposed for-
mulas and a free, easy-to-use Desmos graphical calculator, quick trial calculations and analysis of RMF in several 
reactors with two-pole external inductors and various windings for three phases (for 6 and 42 slots) and for six 
phases (12 slots) are carried out. The calculation results are consistent with experimental and literary data.

New analytical formulas, as well as the demonstrated methods of quick evaluation calculations, analysis and 
experimental studies are recommended for practical implementation in the research, development and operation 
of reactors of this type. To carry out the calculations, it is enough to have a laptop or smartphone connected to the 
Internet, the time costs are insignificant. The results of the work will be useful to technologists, engineers and de-
velopers of both the reactors of the type under consideration and other devices with a similar purpose with an RMF.
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1.  Introduction

Magnetic particle (MP) reactors using the rotating 
magnetic field (RMF) of cylindrical inductors with longi-
tudinal AC windings are used in a wide range of industrial 
and scientific applications  [1–9]. However, their theory, 
including the RMF theory of cylindrical inductors, has 
not yet been sufficiently developed. The RMF of a specific 
reactor can be calculated accurately and completely using 

modern programs based on the finite element method, 
but it does not replace the general theory and theoreti-
cal analysis.

Previously, analytical expressions were obtained and 
studied that describe various types of circular RMF of 
idealized external cylindrical inductors with a sinusoidal 
longitudinal winding [10], as well as plane-parallel elliptical 
RMF of three-phase external inductors with a symmetrical 
longitudinal winding  [11].
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Generalized analytical formulas for the plane-parallel 
RMF for m-phase cylindrical inductors of external and 
internal design with symmetrical longitudinal windings 
have not yet been presented in the literature.

The aim of research is to derive and analyze the above-
mentioned formulas with subsequent examples of their 
application and confirmation of adequacy.

The work will be useful to researchers, technologists 
and engineers for the prompt assessment and analysis of the 
RMF characteristics and the parameters of the inductors 
in the process of designing and operating various reactors.

2.  Materials and Methods

Reactors with cylindrical inductors of two types are 
considered:

1) a reactor with an external inductor similar to the stator  
of an electric machine, with a boring radius r0;

2) a reactor with an internal inductor similar to a statio
nary rotor of an electric machine with a phase winding 
and a turning radius r0.

The working chamber and the medium in the reactor at 
this stage of the research are assumed to be non-magnetic 
and non-conductive.

The boundary value problem for describing a plane-
parallel quasi-stationary RMF reactor is solved in polar 
coordinates with an answer obtained in the form of an 
expansion of the components of the magnetic induction 
vector in a Fourier series. The boundary conditions are 
specified by the values of the tangential, i.  e. tangent 
to the boundary, component of the magnetic induction 
vector, which determines the distribution of the magnetic 
potential along the boundary. Therefore, the boundary value 
problem solved here has all the features of the Dirich-
let problem, which, in particular, means the uniqueness 
of the solution to the problem. The problem is solved 
by superimposing the fields of the coils of an m-phase 
symmetrical winding with a number of pole pairs. The 
general principles of constructing windings of electrical 
machines are taken into account: the coil is limited by 
the limits of the pole division; the coils can be connected 
into a coil group with a constant displacement of adjacent  
coils; there can be several coil groups in a phase. The 
magnetic field from the coil current, from the coil group 
current, from the current of a single-phase, m-phase wind-
ing is described  sequentially.

Measurements of the magnetic induction components 
were carried out using miniature induction sensors in the 
normal operating mode of the inductors. Miniature two-
coordinate induction sensors were made to measure the 
phase shift and induction hodographs.

Calculations and graphs were performed using the Des-
mos graphic calculator.

3.  Results and Discussion

The boundary value problem of describing the working 
RMF of both external and internal inductors is consid-
ered under the same boundary conditions on the core 
surface r = r0.

Assumptions: the inductors are infinitely long; the in-
ductor cores have infinitely high magnetic permeability 
and infinitely low electrical conductivity; the magnetic 
field is quasi-stationary; the variability of the boundary 

value on the surface in the slot section can be neglected; 
the winding is symmetrical.

Main designations: r0 – the core surface radius; p – the 
number of pole pairs; ω – the frequency of the power sup-
ply network; m – the number of phases; q – the number 
of coils in the coil group; θ – the angle characterizing 
the displacement of the coils in the coil group; β – the 
relative coil pitch; ρ – the half the slot opening angle; 
Iw – the coil ampere turns.

3.1.  Magnetic field of a coil with current. The polar 
coordinates (r, α) in the plane of the inductor cross-section 
with the pole on the inductor axis and the origin of the 
angle α on the coil axis are used. The boundary condi-
tions on the core surface r = r0 are specified by one of the 
known methods  [12] – the values of the tangential com-
ponent B0α of the magnetic induction vector 



B, and are 
shown in Fig.  1.

 
Fig. 1. Distribution on the surface r = r0 of the tangential component  
of the induction vector of the magnetic field of a coil with current:  

π/p – the diametrical pitch of the coil (pole division of the inductor),  
β – the relative pitch of the coil, 2ρ – the opening angle  

of the slot with the coil current

Such boundary conditions are valid for the surface of 
an infinite ferromagnetic tube and in most practical cases 
are approximately fulfilled for the surface of the induc-
tor core, in the slots of which the longitudinal winding 
coil is placed. The dependence B0α(α) is an odd function. 
The value of the tangential component of the magnetic 
induction vector is determined by the ampere turns Iw of  
the section 2ρ:

B
Iw

rh = μ
ρ0

02
,	 (1)

where μ0 = 4π·10–7 H/m – the magnetic constant, I – the coil 
current, w – the number of coil turns.

After decomposition of the function shown in Fig.  1 
functions in a Fourier series:
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obtained:
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where k kβ  – the shortening factor of the coil winding (coil 
pitch) of the k-th member of the series; k kρ  – the slot opening 
factor or the width of the current sheet of the k-th member 
of the series [11, 13].

Based on the laws of the potential field, it is possible to  
assume that:
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Further, in the combinations of signs "±", "", the upper 
sign is assigned to the variant based on the "plus" in (6), the  
lower one – to the variant based on the "minus" in (6).

According to the theory of potential electromagnetic field:
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To solve the problem using the well-known method of 
separating variables, it is possible to assume:
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Substituting the assumed solution into expression (7) for  
the divergence yields:
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Substituting the assumed solution into expression (8) for  
the rotor yields:
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In each k-th term of the series of expression (11), and 
in each k-th term of the series of expression (12), the 
same factor ∂ ( ) ∂ ( ) ( )R r r r k R rk k 1 1  dependent only on r 
is present, which indicates the success of the application of 
the method of separation of variables and the correctness 
of the choice of the type of solution for the variable α.

Equations (7) and (8), taking into account expressions (11) 
and (12), must be satisfied for any value of α, for which  
it is necessary and sufficient that the above factor in each 
k-th term of the series be equal to zero:
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Equation (13) is a linear equation without a right-hand 
side, the solution of which has the form  [14]:
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where C – an arbitrary constant, the value and dimension 
of which determine the conditions of a specific problem.

On the surface of the bore of the outer inductor and 
the turning of the inner inductor, as can be seen from the  
comparison of (3), (6) with (9), (10), (14):
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The physical meaning of the solution indicates that:
–	 the variant based on the "plus" in (6) leads to the 
relations for the outer inductor:
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–	 the variant based on the "minus" in (6) leads to the  
relations for the inner inductor:
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3.2.  Magnetic field created by a coil group. The magnetic 
field induction from the current of a coil group consisting  
of q identical coils fed by the same current, laid with a con-
stant offset of adjacent coils by an angle 2θ p  (the step along  
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the coil laying slots), is formed by adding the induction 
values from individual coils:
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The starting point α is along the axis of the outermost 
coil in the group.

Using the formulas ready for this case  [15]:
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and taking into account that there are correspondences between 
the designations in these formulas and in formulas (22), (23): 
k = c, n = q, x = kα, y k p= ( )2θ , it is possible to obtain:
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where k k k kwk k k k= ρ β θ  – the winding coefficient of the coil group.
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where k kθ  – the distribution coefficient of the coil group of 
the k-th member of the series, θ – the half of the shift angle 
between adjacent coils multiplied by p.

Let’s shift the origin of the coordinate α by an angle 
q p−( )( )1 θ , that is, by the axis of the coil group, and ob-

tain the expansion in a Fourier series of the components of 
the induction vector from the current of the coil group in  
the  following form:
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3.3.  Magnetic field of the phase. The symmetrical wind-
ings typical of electric machines, which induce a magnetic 
field without even harmonics, are considered. In particular, 
these include all types of diametrical windings, in which 
the shortening factor k kβ  is zero for even harmonics. The 
important case of an even number n of coil groups with 
the same shortened pitch with pairwise matching connec-
tion (each pair of adjacent coil groups forms two magnetic 
poles p = n/2) is considered separately.

Let’s add up the components of the magnetic induction 
vector from the currents of an even number of identical 
coil groups of a single-phase circuit of a symmetrical wind-
ing of an inductor, connected pairwise matching:
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Summation over j yields zero for all k n≠ ( )2 ν, where 
ν = 1,  3,  5,  … – an odd number, therefore:

B
qn

B
r

r
kr h

n

w

j

n

= ×

×

±






−( )

= …

∞ ±






=

−

∑

∑

4

1

1 3 5 0

2
1

0

1

ρ
π ν

ν

ν
, ,



jj n
jcos ,

2
να π+







	 (33)

B
qn

B
r

r
kh

n

w

j

n

α
ν

ν

ν

ρ
π

= − ×

×







−( )

= …

∞ ±






=

−

∑

∑

4

1

1 3 5 0

2
1

0

1

, ,



jj n
jsin ,

2
να π+







	 (34)

or

B
W

w
B

r

r
k pr h

p

w= ±




= …

∞ ±( )

∑ cos ,
, ,

4

1 3 5 0

1ρ
π

να
ν

ν

ν



	 (35)

B
W

w
B

r

r
k ph

p

wα
ν

ν

ν

ρ
π

να= −




= …

∞ ±( )

∑
4

1 3 5 0

1

sin ,
, ,



	 (36)

where p – the number of pole pairs of the magnetic field crea
ted by the currents of the single-phase circuit of the induc-
tor winding, p = n/2; W – the number of turns of the phase  
winding, W = qnw.

Thus, in the case of harmonious inclusion, there are no  
even harmonics in the inductor field.

Inductor winding coefficient:

k k k k
p

p

q

qw vν ρν β θν

νρ
νρ νβ

π ν θ
νθ

= = ⋅ 





⋅
sin

sin
sin

sin
,

2
	 (37)

where kβν νβ
π= 





sin
2

 – the winding shortening coeffi-

cient, known in the general theory of electrical machines, 

k
q

qθν

ν θ
νθ

=
sin

sin
 – the winding distribution coefficient, known 

in the general theory of electrical machines.
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Formulas (35)–(37) are further accepted for use with any 
symmetrical windings that ensure the absence of even harmonics 
and for which the parameters W, p, q, ρ, β, θ are defined.

3.4.  Magnetic field of the mm-phase winding. The 
rotating magnetic field in the inductor, represented 
by the components of the magnetic induction vector, 
is formed by adding the components of the field 
induction vectors from sinusoidal in time t (s) with 
frequency ω  (s–1) currents of m single-phase cir-
cuits with a phase shift step from circuit to circuit 
Δω πt m= 2  with a sequential shift of the circuit 
axes with a step Δα π= 2 mp.

In this case, (1) is taken into account in the form:

B
I w

rh
m= μ
ρ0

02
,	 (38)

where Im – the amplitude value of the current in 
a single-phase circuit.

Let’s agree to understand by the designation Bnν :
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Then in the m-phase inductor:
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If the harmonic number ν is a multiple of m, then:
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from which it follows (taking into account the ab-
sence of even harmonics) that in the field of the m-
phase inductor there are those harmonics of the field 
whose numbers ν satisfy the following expressions:
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Then,

B B t
m

p
mr me n

m

= ± −






−






±
= +

=

−

∑ ∑cos cos
ν ν

σ

ω σ
π

να νσ
π

2 1
0

1 2 2

±± −






−






=

= ±

= −
=

−

∑ ∑ν ν
σ

ν

ω σ
π

να νσ
π

2 1
0

1 2 2
ms n

m

B t p
m m

cos cos

== +
=

−

∑ ∑ −






− +( )




2 1

0

1 2
2 1

2
me n

m

B t
m

p me mν
σ

ω σ
π

να σ
π

cos cos ±±

± −






− −( )

= −

=

−

∑ ∑ν ν
σ

ω σ
π

να σ
π

2 1
0

1 2
2 1

2
ms n

m

B t p msm m
cos cos




=

= ± −






−




= +

=

−

∑ ∑ν ν
σ

ω σ
π

να σ
π

2 1
0

1 2 2
me n

m

B t
m

p
m

cos cos ±±

± −






+






=

= ±

= −
=

−

∑ ∑ν ν
σ

ω σ
π

να σ
π

2 1
0

1 2 2

0

ms n

m

B t p
m m

cos cos

.. cos cos5 2
2

2 1
0

1

ν ν
σ

ω να ω να σ
π

= +
=

−

∑ ∑ −( )+ + −











me n

m

B t p t p
m 

±

± − −






+ +(
= −

=

−

∑ ∑0 5 2
2

2 1
0

1

. cos cos
ν ν

σ

ω να σ
π

ω να
ms n

m

B t p t p
m

))






=

= ± −( )( + +( )
= +

=

−

∑ ∑0 5
2 1

0

1

. cos cos co
ν ν

σ

ω να ω να
me n

m

B t p t p ss

sin sin .

cos

2

2
2

0 5
2 1

0

1

σ

ω να σ
π

ω

ν

ν
σ

+

+ +( ) 


± ×

× −

= −

=

−

∑

∑

t p
m

B t

ms

n

m

pp
m

t p
m

t p

να σ
π

ω να σ
π

ω να

( )


+

+ −( ) + +( )


=

= ±

cos

sin sin cos

.

2
2

2
2

0 55

0 5
2 1

2 1

m B t p

m B t p
me n

ms n

ν ν

ν ν

ω να

ω να
= +

= −

∑
∑

−( ) ±

± +( )
cos

. cos ; 	 (45)

B t
m

p
m

B
me

m

nα ν
σ

ν ω σ
π

να νσ
π

= − −






−






−

−

= +
=

−

∑ ∑2 1
0

1 2 2
cos sin

νν
σ

ν

ν ω σ
π

να νσ
π

= −
=

−

=

∑ ∑ −






−






=

= −

2 1
0

1 2 2
ms

m

nB
m

t
m

pcos sin

22 1
0

1 2
2 1

2
me

m

nB t
m

p me
m+

=

−

∑ ∑ −






− +( )





−ν
σ

ω σ
π

να σ
π

cos sin

−− −






− −( )
= −

=

−

∑ ∑ν
σ

ν ω σ
π

να σ
π

2 1
0

1 2
2 1

2
ms

m

nB
m m

t p mscos sin



=

= − −






−




= +

=

−

∑ ∑ν
σ

ν ω σ
π

να σ
π

2 1
0

1 2 2
me

m

nB t
m

p
m

cos sin −−

− −






+






=

= −

= −
=

−

∑ ∑ν
σ

ν ω σ
π

να σ
π

2 1
0

1 2 2

0

ms

m

nB
m m

t pcos sin

.. sin sin5 2
2

2 1
0

1

ν
σ

ν ω να σ
π

ω να
= +

=

−

∑ ∑ + −






− −( )





me

m

nB t p
m

t p


−

− +( ) − − −




= −

=

−

∑ ∑0 5 2
2

2 1
0

1

. sin sin
ν

σ
ν ω να ω να σ

π
ms

m

nB t p t p
m 







=

= − +( )


+

+

= +
=

−

∑ ∑0 5 2
2

2 1
0

1

. sin cos

co

ν
σ

ν ω να σ
π

me

m

nB t p
m

ss sin sin

.

( )ω να σ
π

ω να

ν
σ

ν

t p
m

t p

B
ms

m

n

+( ) − −

−




−

= −
=

−

∑ ∑

2
2

0 5
2 1

0

1

ssin sin cos

cos sin

ω να ω να σ
π

ω να σ
π

t p t p
m

t p

+( ) − −( )





+

+ −( )

2
2

2
2

mm
m t p

m t

B

B

me

ms

n

n







= −( ) −

− +

= +

= −

∑
∑

0 5

0 5

2 1

2 1

. sin

. sin

ν

ν

ν

ν

ω να

ω ppνα( ). 	 (46)



INDUSTRIAL AND TECHNOLOGY SYSTEMS:
TECHNOLOGY AND SYSTEM OF POWER SUPPLY

43TECHNOLOGY AUDIT AND PRODUCTION RESERVES — № 5/1(79), 2024

ISSN 2664-9969

It was taken into account that:
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3.5.  Generalized formulas for analytical calculations of 
the magnetic field in reactors with cylindrical inductors. 
Taking into account (38), (39), (45), (46) let’s obtain the 
desired generalized formulas for calculating and analyzing the 
magnetic field in a reactor, which relate the components of 
the induction vector of a plane-parallel elliptical magnetic 
field of an m-phase inductor to the parameters of the latter.

For an external inductor:
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For an internal inductor:
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Here Br, Bα – the scalar components of the magnetic 
field induction vector 



B at a point in the working zone 
of the inductor, T; m – the number of phases; ν – the 
harmonic number; е = 0,  1, 2, 3, …, ∞; s = 1, 2, 3, …, ∞; 
μ0 = 4π·10–7  H/m is the magnetic constant; Im – the peak 
value of the phase current, A; W – the number of turns in 
the phase; p – the number of pole pairs of the fundamental 
harmonic; k k k kwν ρν θν βν=  – the winding coefficient for the ν-th 

harmonic component; k
p

pρν

νρ
νρ

=
sin

– the slot opening coef-

ficient, ρ – the half of the slot opening angle; kβν νβ
π

= sin
2

 –  

the shortening factor (β – the relative winding pitch); 

k
q

qθν

ν θ
νθ

=
sin

sin
– the winding distribution coefficient (θ – the

half of the displacement angle of adjacent coils of the coil  
group multiplied by p, rad), q – the number of coils in the 
coil group, at q = 1 (θ = 0) the coefficient is kθν = 1; r in me- 
ters and α in radians are the polar coordinates with the 
pole on the inductor axis  (α is measured from the axis 
of the phase in which the current reaches the peak value 
at the moment the time count begins); r0  – the radius of 
the bore of the outer or turning of the inner inductor, m;  
ω – the angular frequency, s–1 (ω = 2πf, where f – the  fre-
quency of the power supply voltage, Hz); t – time, s.

3.6.  Explanations for formulas (47)–(50). The induction 
vector of each field harmonic is described by the formu-
las of a circular field (i.  e. the hodograph of the rotating 
induction vector of any harmonic is a circle) and rotates 
at a constant speed ω  [10]. For the external inductor, the 
group of forward-rotating harmonics with numbers ν = +2 1me ,  
e = 0, 1, 2, …, ∞ rotates in the direction of the coordi-
nate α, the group of backward-rotating harmonics ν = −2 1ms ,  
s = 1, 2, 3, …, ∞ rotates in the opposite direction. For the 
internal inductor, the directions of rotation of the induction 
vectors of the harmonics of the specified groups change to 
the opposite ones. The direction of the vector 



Bν of each 
harmonic does not depend on the coordinate r, and the 
modulus Вν does not depend on the coordinate α:

B B
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ν ν
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where B
I W

r

mm
0 0

0
ν μ= π ·kwν .

Dependence (51) of the modulus of the fundamental 
harmonic of the induction of the reactor RMF on the rela-
tive radius for external and internal inductors with a  dif-
ferent number of pole pairs is shown graphically in Fig. 2.  
For the external inductor r r/ 0 1≤ ; for the internal induc-
tor r/r0 ≥ 1. The value of the modulus of the first harmonic 
of the induction on the boundary circle of radius r0 is taken  
to be the same for all cases and is taken as 1.

Fig. 2. Dependence of the first harmonic of the RMF magnetic  
induction vector MF in the cross-section of the inductor working space on 
the relative radius r/r0 in inductors with different numbers of pole pairs p

The sum of the magnetic induction vectors of the forward-
rotating harmonics is a certain vector 



B + that is constant in 
modulus and rotates with a constant speed ω. The resulting 
vector 



B − of the counter-rotating harmonics is constant in 
modulus and rotates in the opposite direction with the same 
angular velocity. Thus, the induction vector 



B is the sum of 
two vectors and that are constant in modulus 



B + and 


B − 
rotate in different directions with the same angular velocity 
and have moduli B+  and B− . From this, as is known  [16], 
it follows that the hodograph of the induction vector of 
magnetic field is an ellipse with semi-axes:

B B Bmin = −+ − and B B Bmax .= ++ −

Thus, according to the nature of rotation of the magnetic 
induction vector, the considered RMF is elliptical. The vector 



B  
at any point in the working space of the reactor rotates in  

·
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the same direction as the vector of the first harmonic, or 
vector 



B +, and makes a complete revolution, returning to 
the initial position on the hodograph, in the same time 
as the vectors 



B + and 


B −. The instantaneous angular ve-
locity of the vector 



B is not constant, but changes with 
a  period of half a revolution of this vector. The expression 
for the instantaneous angular velocity ω’ of the vector 



B 
is given in an early work  [11] without a derivation. Let’s 
give a derivation: taking the time derivative of the angle ϑ  
between the vector 



B and the long semi-axis of the ellipse, 
while assuming that t = 0, when B B= max:
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Let’s obtain the final formula:
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which provides a tool for calculating the relative ( ′ω ω)  
instantaneous angular velocity of the rotating vector of 
magnetic induction of elliptical RMF of the class under 
consideration and will be used below (example No. 1).

As follows from formulas (47)–(52), the effect of higher 
harmonics of induction on the RMF characteristics with 
distance from the surface of the inductor core with distrib-
uted longitudinal currents decreases the more, the greater 
the harmonic number. Therefore, the characteristics of the 
magnetic field in the working areas of the reactor remote from 
the specified surface of the core approach the characteristics 
of the circular field of the first harmonic. The RMF of the 
first harmonic in a reactor with a two-pole external induc-
tor is a circular uniform rotating vector field. In all other 
cases, the magnetic field of the first harmonic is a circular 
non-uniform rotating vector field. Near the core surface, the 
resulting magnetic induction vector in the reactor in all the 
studied cases rotates along a clearly defined elliptical hodo-
graph, which, as will be shown below, has a  different tilt 
angle, different absolute values and axis ratios, and a certain 
spatial periodicity for different operating points.

The force action of the RMF with elliptical inhomo-
geneity on the MP differs significantly from the force 
action of the circular magnetic field considered in  [10]. 
Consideration of the issues of the force action of the el-
liptical RMF of reactors on the MP and the processed 
medium is beyond the scope of this work.

The emergence of new formulas is always accompanied 
by a lot of work to confirm them and clarify the details 
of the area of application. Since formulas (47)–(52) cover 
a  significant range of different types (number of pole pairs) 
and designs (stator, stationary rotor) of cylindrical induc-
tors, it is impossible to provide examples of confirmation 

of their adequacy for each type and design of reactors in 
one article. In this paper, let’s limit ourselves to examples 
of calculating the RMF characteristics of several reactors 
using exclusively external two-pole inductors. Such reactors 
are most widely used in practice. The working chamber 
of the reactor is a pipe or vessel inserted into the bore 
of the external inductor with the number of pole pairs 
of the winding p = 1. This pipe or vessel is filled with 
the processed medium and working magnetic particles. 
An important geometric parameter of the reactor, affect-
ing the content of higher harmonics in its RMF, is the 
ratio r ri 0 , where ri  – the inner radius of the working 
vessel. In industrial applications, the inner radius of the 
reactor working pipe usually amounts to 0.8–0.95 of the 
bore radius. In scientific applications of reactors, the task 
is often set to ensure operation in a field region with a 
low content of higher harmonics. In these cases, the inner 
radius of the working vessel, depending on the distribution 
of the winding and the design of the inductor, as well 
as on the level of requirements for the field "purity", is 
selected from the condition r ri 0 0 8 0 1< −. .  (see papers [8, 9]  
and examples No.  1–3 below). It also follows from the 
structure of formulas (47)–(52) that a reduction in the 
level of higher harmonics in the reactor’s RMF at a given 
relative radius can be achieved by methods known from the 
theory of electrical machines: by distributing the winding 
with q > 2, as well as by shortening the step by 0.8–0.86 
and increasing the number of phases. The influence of these 
factors is considered in examples No.  2 and No.  3 below.

Note. Previously presented formulas with ν = ±1 6e [11]:
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are limited to the special case of three-phase external induc-
tors and are less convenient for analysis.

3.7.  Examples of calculations and analysis of rotating 
magnetic fields of reactors at idle (without magnetic particles) 
and their verification. To calculate the RMF characteristics 
in reactors using formulas (47)–(52) and to plot the ne
cessary graphs, the Desmos graphical calculator was used. 
For brevity, this calculation method and its results will be 
denoted by the letters FD. Only the first ten harmonics 
from the Fourier series of formulas  (47)–(50) were taken  
into account. In this case, the calculation results change 
insignificantly, and the calculation time is significantly 
reduced. The FD calculation results were compared with 
the experiment or literature data containing RMF calcu-
lations of similar inductors using various programs using 
the finite element method.

In examples No.  1 and No.  3, the values of B, Br, Bα are 
represented by ratios to the modulus of the first harmonic of 
the field induction vector, the values of ω′ are represented 
by ratios to the angular frequency ω.

In the first example, the results of FD calculations 
are compared with the results of measurements, in the 
second and third examples, the results of FD calculations 
are compared with the results of calculations by numerical  
field methods.
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Example No. 1. A reactor with a simple three-phase exter-
nal salient-pole inductor for six removable teeth, fastened to 
the yoke with bolts and embedded bushings (380  V, 50  Hz).

The external inductor of such reactors is usually placed 
in a protective casing, which includes a thin cylindri-
cal bushing, limiting the bore, and creating space for 
the circulation of the cooling agent. The inductor has  
a simple winding connected according to a circuit that 
ensures the number of pole pairs p = 1. The inductor section 
and winding connection circuit are shown in Fig.  3  (the 
inductor protective casing and the boring sleeve sepa-
rating the inductor from the reactor working chamber 
are not shown in Fig.  3). Each phase in this design has  
two opposite coils  (of the same color in the 
figure). The circles indicate the directions 
of axial currents in the coils of phase C 
at one of the moments in time. The axis 
α = 0 is the axis of phase  A. The calcu-
lated parameters of the inductor are m = 3; 
p = 1; q = 1  (kθν = 1); β = 1/3  (the winding is 
shortened and connected in pairs according);  
ρ = 0.05; ω = 314  s–1.

The calculations demonstrate FD graphs 
of the radial Br, tangential Bα components 
and the module B of the resulting induction, 
since all these RMF characteristics are im-
portant in reactors for calculating the torques 
and forces acting on the MP.

Some FD characteristics of a plane-parallel 
RMF on representative circles of different 
relative radii r/r0 in the bore of such in-
ductors depending on the coordinate α are 
shown in Fig.  4.

The peak values of the modulus B of the induction on 
the circle r/r0 = 0.8 during field rotation (the field rotation 
is simulated on the calculator by introducing a dynamic 
slider for the parameter ωt) do not go beyond the limits 
of 1.88/0.47, indicated in Fig.  4 by dotted lines. On the 
circle r/r0 = 0.5 the peak values of induction during the 
field rotation are equal to 1.08/0.92 (i.  e. the maximum 
deviations of the resulting magnetic induction modulus 
from the first harmonic modulus are ±8 %).

The induction vector hodographs for a given inductor 
under any slot at the same relative radius are the same.  
The hodographs under the teeth are also repeated at a step 
of π/3 along the α coordinate. 

 
Fig. 3. Cross-section and connection diagram of a two-pole three-phase external inductor 

with six slots and a symmetrical winding containing six identical coils with a shortened pitch

   
 
 

   

   
 
 

   

a

c

b

d

Fig. 4. Dependence on the coordinate α: radial Br, tangential Bα components and the modulus B of the magnetic induction vector in the inductor  
bore on representative circles of different relative radii for two moments in time: a – r/r0 = 0.5, ωt = 0; b – r/r0 = 0.5, ωt = π/2;  

c – r/r0 = 0.8, ωt = 0; d – r/r0 = 0.8, ωt = π/2
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In other words, the distribution of hodographs along 
the α coordinate has a spatial periodicity with a period 
of π/3. The full FD characteristics of the RMF behavior 
depending on time at two boring points (along the slot 
axis and along the tooth axis) close to the tooth-slot sur-
face are shown in Fig.  5,  6. The induction components are 
harmonic in nature. At the presented points, their phase 
shift is equal to π/2, which indicates the location of the 
hodograph axes along the coordinate axes. At other points, 
the phase shift between the induction components is not 
equal to π/2, as a result, the hodograph axes do not coin-
cide with the coordinate axes and the hodograph acquires 
an inclined character.

As can be seen from Fig.  5,  6, the speed and module 
of the rotating resulting induction vector retain periodi
city, but their instantaneous values at the reactor operat-
ing points close to the core surface r = r0 can vary within 
wide limits. In practice, this causes significant changes in 
the force effect of the RMF and the behavior of MPs 
in various working zones of the reactor (central region, 
periphery, wall zones).

Experimental confirmation of the calculations was ob-
tained on two types of inductors:

1)  an inductor with a bore diameter of 100  mm and 
an induction at the center of 0.12  T;

2)  an inductor with a bore diameter of 150  mm and 
an induction at the center of 0.15  T.

The values of the induction components were measured 
at several characteristic points of the bore. The measurements 
were carried out in the standard mode of the inductor at 
idle (in the absence of MP) using a miniature induction sensor. 
At some points, the phase shift, the change in the induction 
components over time, the orientation and type of hodographs 
were studied. For this purpose, a special two-coordinate induc-
tion sensor was made, which is two flat circular calibrated 
microcoils with a common center, located in mutually per-
pendicular planes. The discrepancies between the calculated 
and experimental data in all cases were commensurate with 
the measurement error and did not exceed several percent.

Typical results of measurements of the values of the 
induction components (for an inductor with a bore diameter 
of 100  mm) are presented in Table  1 (Bc is the  induction 
module in the bore center).

Note on the non-standard manufacture of a salient-pole 
inductor. A three-phase inductor with six coils mounted 
on removable teeth and a slot opening at an angle of 
2 0 1 0 2ρ = ÷. .  rad is a widely used standard design for imple-
menting a uniform circular RMF of the first harmonic of 
magnetic induction in reactors  [1–3, 5, 8, 10, 11, 17].

The advantages of this inductor are its simple manu
facturing and repair technology, as well as the short length of 
the winding end parts, which reduces the weight and length 
of the reactor working chamber (necessary in technologies 
with frequent removal and installation of the chamber).  

When calculating the RMF of 
such an inductor, a relative wind-
ing pitch of β = 1/3 is used. Ac-
cording to the first developers of 
this inductor [17], with a further 
increase in the slot opening, the 
shortening factor decreases signifi-
cantly  (since the coil turns are 
not distributed uniformly over 
the slot, but are concentrated 
in one of the slot halves near 
the corresponding tooth). And 
also, the saturation of the teeth 
increases, and in general the in-
ductor performance deteriorates. 
It often happens that researchers 
do not take this into account when 
independently producing similar 
designs.

Table 1

Comparison of calculated and experimental values of the induction 
components in the bore of the inductor

α, rad r/r0

Hodograph semi-axes in relative units

Brmax /Bc Bαmax /Bc

FD calcula-
tion

Measure-
ments

FD calcula-
tion

Measure-
ments

Tooth 
axis

0.5 1.05 1.1 0.92 0.95

0.7 1.11 1.15 0.68 0.7

0.8 1.12 1.2 0.47 0.5

0.9 1.08 1.15 0.23 0.25

Slot  
axis

0.5 0.952726 0.95 1.078364 1.15

0.7 0.861868 0.85 1.39756 1.45

0.8 0.800937 0.8 1.880993 1.9

0.9 0.734745 0.75 3.302783 3.4

   
a b

Fig. 5. Change on the slot axis, r/r0 = 0.93: a – component of the magnetic induction vector;  
b – modulus B and angular velocity ω’ of the magnetic induction vector

 
Fig. 6. Induction hodographs on the surface r/r0 = 0.93: on the tooth axis, 

a vertically located ellipse and on the slot axis, a horizontally  
located ellipse
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For example, in the work  [9], on the creation of a  me-
chatronic reactor for biological applications, to improve the 
design characteristics for the stated purposes, it is advisable 
to use removable teeth and reduce the slot opening to the 
optimal value. At the same time, increasing the cross-section 
of the teeth to the standard work "on the knee" of the steel 
magnetization curve. To switch to a diametrical winding 
pitch while maintaining a small overhang of the frontal parts, 
it is possible to try Gramme coils, which cover the yoke 
of the core. In this case, the coils are put on a split yoke 
of the core between the teeth, or are wound between the 
teeth on a solid core. If it is necessary to create a reactor 
for operation in a precision homogeneous RMF, a six-phase 
Gramme system with 12 slots, described in example No.  3, 
can be used.

Example No.  2. A reactor with a three-phase two-pole 
external inductor with a distributed winding: bore diameter 
350  mm; 380  V; 50  Hz; 0.25  T in the bore center.

A reactor with such an inductor is described in work [2]. 
The advantage of such an inductor in comparison with 
a  salient-pole inductor is lower reactive power, respectively, 
lower current load (especially if, for technological reasons, 
the length of the inductor bore in the reactor exceeds its 
diameter) and the ability to reduce higher harmonics where 
necessary. Recently, the RMF characteristics of a  reactor 
with a similar 42-slot inductor were calculated using the 
FEMM program  [18]. For comparison with the FEMM 
results, a comparative calculation of some RMF charac-
teristics of the specified inductor for 42 slots on Desmos 
was carried out using formulas (47), (48), the results of  
which are designated by the letters FD. Calculated para
meters of the inductor: m = 3; p = 1; q = 7; β = 1 and β = 0.86; 
ρ = 0.037; r0 = 0.175  m; IW = ⋅950 2 28 A.

The graphs of the FD calculations for the diametrical 
and shortened winding are shown in Fig.  7.

There are no graphical dependencies B Bα α α( ), ( )  in [18]. 
However, graphs Br ( )α  are given for the radial component 
of induction at r/r0 = 0.943 on the inner surface of the work-
ing chamber with a radius of 165  mm  [18, Fig.  2, P.  174],  
which can be used for the comparison of interest to us. 
Comparison on the same scale showed that these graphs are 
almost identical to the graphs of the radial component of 
induction in Fig.  7,  a,  b. The difference in peak values is 
insignificant: 0.37  T FD and 0.38  T FEMM – diametrical 
winding; 0.288  T FD and 0.28  T FEMM – the winding 
pitch is shortened to 0.86.

The first harmonic induction modulus with a diametrical 
coil pitch according to FD (47), (48):
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When the pitch is shortened to 0.86, the induction in 
the center according to FD will be 0.2405  T.

The results of calculating the induction modulus at 
three characteristic points selected in Fig.  1  [18] are pre-
sented in Table  2.

Thus, the difference between the FD and FEMM results 
did not exceed 5  %. At the same time, the calculation 
and evaluation of the RMF of a specific inductor using 
the FD method takes several minutes. Special computer 
knowledge is not required to work with the calculator.

   
 
 

   

   
 
 

   

a

c

b

d
Fig. 7. RMF characteristics of a reactor with a powerful inductor with 42 slots: tangential component of induction Bα ; radial component Br;  
modulus of the resulting induction B; induction values are given in 0.1 T: a – β = 1, r/r0 = 0.943, ωt = 0; b – β = 0.86, r/r0 = 0.943, ωt = 0;  

c – β = 0.86, r/r0 = 0.8, ωt = 0; d – β = 0.86, r/r0 = 0.5, ωt = 0
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Table 2

Comparison of calculated induction values according to FD and FEMM

β

Bmax, T

Point 1 Point 2 Point 3

FEMM FD FEMM FD FEMM FD

1 0.242 0.246 0.379 0.37 0.272 0.288

0.86 0.236 0.241 0.237 0.24 0.222 0.227

Let’s note that the level of higher harmonics in this  
reactor is significantly lower than in the reactor of  
example No. 1, which is clearly evident from the comparison 
of Fig.  7,  c and Fig.  4 (r/r0 = 0.8, ωt = 0). A quantitative 
comparative assessment of the level of higher harmonics in 
reactors for a less obvious case is given in example No.  3.

Example No. 3. A reactor with a six-phase two-pole inductor 
with 12 slots and a diametrical winding to create a  precision 
uniform rotating magnetic field.

Calculation parameters for dimensionless induction cal-
culations using FD: m = 6; p = 1; q = 1; β = 1, ρ = 0.043. In the 
case under consideration, Gramme winding can be used to 
construct a six-phase diametrical winding.

The literature contains a RMF calculation of an analogue 
of such an inductor in the version of the Gramme winding 
on a toothless ferrite core for weak RMFs of a  fairly high 
frequency. This calculation, carried out using the 2D mo
deling code on OPERA-2D, revealed the content of higher 
harmonics in the region r r0 0 5≤ .  less than 5·10–4  [19]. 
According to FD calculations, the mean square deviation 
of the induction vector modulus from the first harmonic 
vector modulus in relation to the first harmonic modulus 
on the radius r/r0 = 0.5 was 7.5·10–4, which agrees with the 
presented results of numerical modeling. A similar relative 
average deviation at the same relative radius by FD for the 
RMF of the inductor of example No.  2 was 0.4  %, and for 
the inductor of example No.  1 it was 4.5  %. As ωt scan-
ning on Desmos shows, the average arithmetic deviation 
of the resulting induction modulus from the first harmonic 
modulus in all the cases considered depends little on the 
choice of the moment in time, therefore this indicator for 
evaluation calculations is sufficient to determine for one 
moment (usually ωt = 0).

FD graphs for the RMF characteristics of this reactor 
on a circle r/r0 = 0.5 are shown in Fig.  8.

When considering examples No. 1–3, the adequacy of the 
proposed analytical formulas for estimating and analyzing 
the RMF of reactors with external two-pole inductors 
was confirmed. It is advisable to continue working on 
accumulating the results of applying the proposed formulas 
to reactors with other inductors.

 
Fig. 8. Dependencies of the induction components of a six-phase inductor 

with a diametrical winding r/r0 = 0.5, ωt = 0

Limitations: with winding asymmetry, significant satura-
tion of steel, strong influence of the axial component of the 
RMF, and other circumstances causing significant devia-
tions from the accepted assumptions, the accuracy of the 
formulas can decrease and should be further investigated.

In the future, it is advisable to use formulas (47)–(52) 
in the practice of research and design of process reactors 
and inductors. This can be done both in the form of the 
FD program and in various combinations with other com-
puter programs, including numerical field methods. The 
main areas of further application of the new analytical 
formulas: fast evaluation calculations and analysis of the 
RMF; estimated calculations of torques and forces acting 
on MP and the environment in the reactor; estimated 
main parameters of the inductor for given requirements 
for the RMF density.

4. Conclusions

A mathematical model has been constructed and ana-
lytical formulas for magnetic flux density have been ob-
tained, linking the characteristics of a quasi-stationary 
plane-parallel elliptical RMF density in the working zone 
of the process reactors’ RMF with the parameters of m-
phase cylindrical inductors of external and internal design 
with a longitudinal symmetric winding.

Examples of calculations and analysis of the magnetic 
flux density of various reactors using the obtained formulas 
and an easy-to-use, free DESMOS graphical calculator are 
given. The calculation results have been confirmed both 
experimentally and by comparison with available litera-
ture data. The time spent on calculations is insignificant.

It has been shown that the characteristics of the ellipti-
cal RMF of the reactors under consideration approach the 
characteristics of the circular field of the first harmonic of 
magnetic flux density when moving away from the surface 
of the inductor core with longitudinal windings. Near the 
core surface, the hodograph of the magnetic induction vector 
in the reactor has a strong ellipticity. At the same time, 
at different operating points, the hodograph ellipse has 
a  different angle of inclination, different absolute values 
and axis ratios, as well as a certain spatial periodicity. 
These RMF features in the considered reactors can be 
used to implement various technologies for the impact 
of RMP and MP on the processed medium.

New analytical formulas, as well as the demonstrated 
methods of calculations, analysis and experimental studies 
are recommended for practical use in the design, operation 
and study of the considered reactors.
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