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ADAPTIVE HYBRID NUMERICAL 

MODELING OF WAVE PROCESSES 

IN MULTILAYER STRUCTURES 

BASED ON TMM AND FEM METHODS

The object of research in this work is wave processes in multilayer thin films and methods of their numerical modeling using adap-
tive hybrid models. The research covers multilayer media with gradient distribution of physical parameters, including inhomogeneities.

The problem addressed in this study is the enhancement of the accuracy and efficiency of numerical modeling of wave processes in 
complex multilayered structures while reducing computational costs. Traditional methods, such as the transfer matrix method or the 
finite element method, have limitations related to computational complexity, numerical stability, and the ability to account for intricate 
geometric features.

The essence of the obtained results lies in the development and software implementation of an adaptive hybrid model that combines 
the transfer matrix method for wave propagation calculations in homogeneous regions and the finite element method for modeling 
complex geometries. The proposed approach optimizes computational resources by dynamically adjusting the grid resolution accord-
ing to local variations in the refractive index. The use of adaptive discretization reduced the number of computational points by 40 % 
without compromising calculation accuracy. The relative error of the results obtained using the proposed model does not exceed 1 %, 
demonstrating its high precision.

The achieved results can be attributed to the implementation of efficient adaptive algorithms that automatically adjust the grid 
resolution based on the gradient of physical parameters, as well as the application of consistent boundary conditions between computa-
tional domains using different methods. This ensures a smooth transition between different modeling zones and minimizes numerical 
errors at domain boundaries.

The practical applications of these findings include optical technologies for the design and optimization of photonic devices, sensors, 
anti-reflective coatings, and nanostructured materials. The model can be utilized for the analysis of complex multilayered systems in 
nanotechnology, biomedical research, and the design of micro-optical elements. It is particularly useful in scenarios where it is necessary 
to account for structural inhomogeneities, complex geometries, and boundary conditions while maintaining minimal computational costs.
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1. Introduction

The modeling of wave processes in multilayered thin films is  
a pressing scientific problem with broad applications in nanotechno-
logy, optical devices, and photonics. Modern materials with multilay-
ered structures exhibit unique physical properties that can be effectively 
utilized across various scientific and industrial domains. However, 
ensuring high-precision modeling requires accounting for complex 
physical interactions, including electromagnetic, acoustic, and thermal 
processes occurring within such structures. Given the growing interest 
in developing new adaptive and hybrid computational methods, there 
is a pressing need to improve existing approaches to enhance the ac-
curacy and efficiency of numerical modeling.

The scientific works analyzed below cover a wide range of topics 
related to the modeling of multilayered structures; however, several  
critical issues remain unresolved. For instance, study [1] presents a mul-
tilayered model for data storage systems, incorporating modern big data 
processing technologies. However, the challenge of efficiently integrating 
data from various sources requires further research, particularly con-

sidering the characteristics of social network data. Similar challenges 
are partially addressed in [2], where a multiscale approach is applied to 
analyze the piezoresistive effect in polymer nanocomposites. Nonetheless, 
accurately predicting nanomaterial behavior remains an open issue, mo-
tivating the research in [3], which investigates the impact of carbon fillers 
on the electrical conductivity of polymer materials. Despite significant 
advancements in nanocomposite modeling, achieving multiscale pa-
rameter consistency remains challenging. This issue is partially addressed 
in [4], which integrates molecular dynamics with the finite element me-
thod (FEM) to more accurately model both rigid and soft materials. How-
ever, the effective implementation of such models demands substantial  
computational resources, a key limitation in [5], which proposes a nume-
rical model for analyzing the thermal insulation properties of multilayered 
systems with vapor cooling. While thermal loss reduction is achieved, the 
problem of optimizing system geometry remains relevant and is explored 
in [6], which analyzes fiber orientation effects in 3D-printed composites.

Another critical aspect is the precision of geometric modeling of 
complex structures, which is studied in [7] using a two-dimensional 
FEM approach for three-dimensional analysis of curved laminated 
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shell structures. However, preserving thin interlayer interactions re-
mains an unresolved issue, as explored in [8], where density functional 
theory (DFT) is used to examine the electronic structure of multilay-
ered graphene under external pressure. Despite the high accuracy of 
the DFT method, its application to complex nanostructures remains 
limited, necessitating the development of hybrid models such as in [9], 
where a multilevel modeling approach is employed to analyze super-
hard multilayer coatings. The problem of comprehensive material be-
havior modeling under load is investigated in [10], which introduces 
a homogenized model for analyzing the mechanical performance of 
batteries. However, the need for more precise nonlinear effect consid-
erations calls for further research, partially addressed in [11] through 
an algorithmic approach for modeling helical structures with enhanced 
accuracy. Nevertheless, the challenge of accounting for dynamic loads 
remains unresolved, as examined in [12], which applies a multilayered 
model to assess risks in rocket missions.

In biomedical engineering, precise numerical modeling of mass 
transport in microfluidic systems is a significant challenge, as demon-
strated in [13]. However, the limitations of traditional approaches drive 
the development of novel methods, particularly machine learning-based 
techniques, which are the focus of [14], where the impact of digitaliza-
tion on business models is analyzed, proposing a multilayer taxonomy 
for classifying technologies. Finally, [15] presents numerical modeling 
of thin-film solar cells, optimizing interface layers to improve device 
efficiency. However, the problem of system longevity remains open, 
requiring further research on thermal and mechanical stability.

The literature review indicates that classical discretization methods, 
including the transfer matrix method (TMM), the finite-difference 
time-domain (FDTD) method, and FEM, have inherent limitations. 
TMM, for instance, has restricted applicability in modeling inhomo-
geneous and complex media. Computational accuracy may degrade 
as the number of layers increases due to numerical instability, and the 
method cannot account for nonlinear effects. Similarly, FDTD has its 
constraints, requiring substantial computational resources for large-
scale structures, with time step limitations dictated by the Courant 
stability condition. Moreover, wave reflections at simulation domain 
boundaries can introduce numerical artifacts. Regarding FEM, its pri-
mary challenges include high implementation complexity, particularly 
for three-dimensional models. Ensuring the required accuracy neces-
sitates careful meshing, and computations for large domains demand 
significant memory resources. Special attention should also be given to 
multiphysics modeling of wave processes and the application of neural 
networks, which have shown promising results.

Despite significant progress in numerical modeling, several unre-
solved issues remain, including the automatic identification of critical 
computational regions, grid optimization based on physical parameter 
gradients, and the seamless integration of different numerical methods. 
Existing approaches are insufficiently efficient for modeling complex 
nanostructures, necessitating the development of novel methods, par-
ticularly hybrid approaches that combine various techniques to optimize 
computations. The implementation of adaptive algorithms for automatic 
grid selection based on structural properties is crucial for efficient re-
source allocation. Additionally, the use of parallel computing is essential 
for significantly accelerating simulations of large and complex systems.

The aim of this research is to develop an adaptive hybrid model 
for numerical modeling of wave processes in multilayered thin films, 
integrating the transfer matrix method with numerical FDTD and FEM 
techniques to enhance computational accuracy and efficiency. The 
scientific contribution of this research focuses on the development of 
adaptive discretization algorithms, dynamic region-of-interest determi-
nation, and numerical method integration. The practical significance 
of this work lies in its potential applications for designing advanced 
nanostructured materials, optical devices, and sensor systems, leading 
to significant improvements in performance and efficiency.

2. Materials and Methods

2.1. Object and subject of the study
The object of research in this work is wave processes in multilayer 

thin films and methods of their numerical modeling. The subject of the 
research is advanced numerical modeling of wave processes, which is 
based on TMM using adaptive algorithms and hybrid computational 
methods. Numerical experiments were performed using specially de-
veloped algorithms in the Python programming language with the use 
of GPU acceleration to increase computational efficiency. 

In this study, a number of assumptions and simplifications were adop-
ted to increase the efficiency of numerical modeling of wave processes 
in multilayer structures. The plane-parallel geometry of the multilayer 
structure was considered, where each layer had clearly defined optical pa-
rameters, and gradient changes in the refractive index were approximated 
by discrete segmentation. It was assumed that the medium was linear and 
isotropic, and scattering and nonlinear effects were not taken into account. 

A hybrid approach combining TMM with FDTD and FEM me-
thods was used only in those areas where TMM did not provide suf-
ficient accuracy, for example, in areas of strong inhomogeneities. That is, 
numerical calculations were based on TMM for homogeneous areas, and 
more complex geometries and inhomogeneities were modeled by FEM. 
Adaptive discretization was used, which allowed to densify the mesh in 
areas with a high gradient of the refractive index or electromagnetic field, 
and to reduce the number of computational points in homogeneous areas. 
The coordination between different numerical approaches was performed 
through adaptive boundary conditions, which ensured a smooth transi-
tion between areas processed by different methods. 

The calculations assumed that the wave radiation was planar, and 
reflection and transmission were calculated for separate polarization 
states (s- and p-waves). Numerical stability was ensured by using QR 
decomposition for the transfer matrices, which reduced the errors as-
sociated with the multiplication of high-dimensional matrices. GPU 
acceleration was used to speed up the calculations, especially when 
working with large structures and adaptive algorithms. Such assump-
tions allowed to optimize the numerical simulation, ensuring high ac-
curacy at minimal computational costs.

2.2. Introduction of adaptive discretization to account for in-
homogeneities

The classical approach in the Transfer Matrix Method (TMM) as-
sumes layer homogeneity; however, real materials often exhibit parame-
ter gradients, such as a refractive index that varies along the layer thick-
ness, denoted as n(z). An account for these variations, an enhancement 
was proposed involving the discretization of the layer into sublayers of 
variable thickness. This approach adapts to the gradient of the func-
tion n(z), ensuring a more accurate representation of the medium’s physi-
cal properties and improving the quality of numerical modeling. The 
mathematical implementation of this approach consists of several steps.

Discretization of the layer into sublayers. A layer of thickness d, where 
the refractive index varies according to n(z), is discretized into N sub-
layers of variable thickness Δzi, i. e.:

d zi
i

N

= ∆
=
∑

1

. (1)

The selection of Δzi is performed to ensure an accurate representa-
tion of the inhomogeneity, for example, according to a specific accuracy 
criterion:

∆ ∈
−

z
dn z
dzi
( )

.
1

 (2)

Thus, in regions with sharp refractive index variations, finer dis-
cretization is applied, while in areas with a small gradient, larger sub-
layers are used.
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Approximation of the refractive index. The averaging of the refractive 
index within each sublayer was implemented as the arithmetic mean:

n
z
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It should be noted that the refractive index averaging can also be 
performed using a linear approximation:
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Formation of transfer matrices. For each sublayer with an approxi-
mately constant refractive index ni the corresponding transfer matrix 
is constructed:
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where ki = (2π/λ)ni – wave number in the sublayer. The total matrix 
of the entire inhomogeneous region is obtained as the product of the 
matrices of the sublayers:

Mtotal = MNMN−1…M1. (6)

Stopping criterion for adaptive discretization. The discretization pro-
cess continues until the variation of the refractive index within each 
sublayer satisfies the specified tolerance:

n z n z
n z

i i

i

( ) ( )
( )

,+ −
<1 ε  (7)

where ε is the specified discretization accuracy.
Such an approach ensures high accuracy in modeling wave processes 

in multilayered structures while optimizing computational cost by adap-
tively adjusting the resolution in regions with varying inhomogeneity.

Optimization of numerical stability using QR decomposition. In ad-
dition to adaptive layer discretization, applying QR decomposition 
to the transfer matrix enhances numerical stability. Representing the 
transfer matrix as the product of an orthogonal matrix Q and an upper 
triangular matrix R helps mitigate numerical instability issues, reducing 
accumulated errors during matrix multiplications:

M = QR, (8)

where the orthogonal matrix Q preserves the system’s energy, while the 
upper triangular matrix R ensures numerical stability in subsequent 
computations. Thus, QR decomposition complements adaptive dis-
cretization, enhancing both the accuracy and stability of calculations.

2.3. Integration of adaptive algorithms for computation opti-
mization

To optimize computations, dynamic grid resolution adjustment 
and automatic determination of the region of interest were utilized.

Dynamic adjustment of grid resolution. In classical TMM, layer discre-
tization is often performed uniformly, leading to excessive computations 
in regions with smooth parameter variations and insufficient accuracy 
in areas with high refractive index gradients. The use of adaptive resolu-
tion adjustment enables optimal distribution of computational resources.

To address this, an adaptive grid refinement algorithm was deve-
loped, consisting of the following steps:

1. Initial discretization of the region. A layer of thickness d is ini-
tially divided into N uniform segments, each with a thickness of:

Δz = (d/N), that is zi = i⋅Δz, i = 0, 1, 2, …, N. (9)

2. Calculation of the refractive index gradient. For each segment, 
the gradient of the refractive index is computed as:

G
n z n z

zi
i i=

−
∆

+( ) ( )
.1  (10)

Next, let’s compare with the given threshold value Gmax.
3. Local grid refinement. If Gi > Gmax, the mesh resolution needs to 

be increased in this region. In segments with high gradients, local mesh 
refinement occurs by increasing the number of sublayers in proportion 
to the gradient:

∆
∆
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z
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  (11)

This allows for a more accurate approximation of the variable re-
fractive index.

4. Recalculation of matrices for the new grid. After updating the 
grid, the transfer matrices are re-formed for each new sublayer accord-
ing to formula (4).

5. Optimization by merging segments. In regions where the refrac-
tive index gradient is small, merging adjacent segments is allowed:

∆ = ∆ + ∆ <+z z z G Gi
new

i i i1 , .min if  (12)

This allows to reduce computational costs in areas with smooth 
changes in parameters.

As a result , the adaptive adjustment of grid resolution reduces 
computational costs in regions with slow parameter variations while 
improving calculation accuracy in critical areas, such as layer interfaces.

Automatic identification of the region of interest. In complex multi-
layered structures, it is crucial to identify regions where significant wave 
interactions occur, such as resonance areas or zones with high absorp-
tion. Automatically detecting these regions enables the concentration 
of computational resources on critical areas.

To achieve this, an algorithm for determining the region of interest 
has been developed:

1. Evaluation of the electromagnetic field gradient. For each seg-
ment, the gradient of the electric field is calculated as:

G z
E z E z

zE
i i( )

( ) ( )
,=

−
∆

+1  (13)

where E(z) – electric field distribution obtained by solving the wave 
equation.

2. Identification of critical zones. Regions where the gradient ex-
ceeds a predefined threshold ε are identified using the criterion GE(z) > ε.  
In these zones, grid refinement is applied similarly to the dynamic reso-
lution adjustment algorithm, ensuring a more accurate representation 
of the field behavior.

3. Calculation clarification. In critical regions with high field gra-
dients, calculations are refined by incorporating more precise approxi-
mation functions and locally increasing the order of approximation.

4. Adaptation of the computational domain boundaries. If the field 
outside the region of interest decreases below a specified threshold 
|E(zout)| < Δ, the simulation domain can be automatically reduced, 
significantly decreasing the problem’s dimensionality and computa-
tional costs.

As a result , automatic identification of the region of interest 
significantly reduces computation time by focusing resources on 
critical areas, ensuring a balance between modeling accuracy and  
efficiency.
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2.4. Hybrid approach: combining TMM with FDTD/FEM 
methods

Combining TMM with numerical methods such as FDTD and 
FEM allows combining their advantages. To implement the com-
bination of methods, a corresponding hybrid approach scheme was 
developed.

1. Partitioning of the domain into subdomains. The simulation do-
main is divided into two parts:

– domain with homogeneous layers – processed using TMM;
– domain with complex geometry or inhomogeneities – processed 
using FDTD/FEM.
Formally, let the computational domain Ω be composed of two 

subdomains ΩTMM∪ΩFDTD/FEM = Ω. In the region ΩTMM the solution 
is obtained using the transfer matrix method (see formula (5)). In the 
domain ΩFDTD/FEM the wave equation is solved using:

∇⋅ ∇⋅ −
∂
∂

=( ) .




E
E
t

µε
2

2 0  (14)

2. Matching of computational domains. At the interface between 
domains ΩTMM and ΩFDTD/FEM matched boundary conditions are 
introduced to ensure the continuity of the electromagnetic fields:

ETMM(zint) = EFEM(zint), HTMM(zint) = HFEM(zint). (15)

To ensure the correct wave transmission, the energy balance at the 
interface must be satisfied:







S n S nTMM FEM⋅ = ⋅ , (16)

where 


S  is the Poynting vector; n is the normal to the interface.
3. Solving the system of equations. The hybrid system of equations 

takes the form of a block system:
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where 


ATMM – matrix of coefficients for the region calculated by the 
method TMM; 



AFEM  – coefficient matrix for the region FEM/FDTD; 


X  – vector of unknown electromagnetic fields; 


B – vector of boundary 
conditions. The solution is carried out through the method of iterative 
interaction between subdomains.

4. Iterative scheme for error matching. Due to the difference in nu-
merical methods, it is necessary to correct the field values at the junc-
tion boundary using an iterative scheme:

– in the first step, the problem is solved for TMM, transferring the 
obtained field values to FEM/FDTD;
– the FEM/FDTD calculation is performed, the obtained values 
are returned to TMM.
The inconsistency at the junction is determined:

ΔE = ETMM−EFEM, ΔH = HTMM−HFEM. (18)

Fields are adjusted according to the rule:

Enew = Eold+αΔE, (19)

where α – smoothing coefficient to stabilize the process. The iterative 
process continues until convergence is achieved:

||ΔE|| < ε, ||ΔH|| < ε. (20)

The main results of applying the hybrid approach include improved 
modeling accuracy (combining the precision of TMM in layered struc-

tures with the accuracy of numerical methods for complex geometries), 
consideration of complex boundary conditions (handling inhomo-
geneities and wave effects at the interfaces of intricate regions), and 
memory optimization (reducing computational cost and memory re-
quirements by employing TMM in simpler regions).

Overall, the hybrid approach combining TMM and FDTD/FEM 
proves to be an efficient method for modeling complex multilayered 
media. Based on the previously described steps, a comprehensive 
model was implemented along with the corresponding Python code. 
The model integrates the core methodology, an adaptive mechanism, 
the hybrid approach, and computational optimization.

2.5. Algorithm of the adaptive hybrid model
The input data include geometric parameters of the structure (num-

ber of layers, thickness, parameter distribution), optical characteris-
tics (refractive index n(z), permeability ε, magnetic permeability μ), 
wave source (wavelength λ, amplitude, polarization), adaptive discreti-
zation parameters (gradient thresholds Gmax, Gmin) and convergence 
criteria (marginal error ε).

1. The preliminary analysis of the structure includes loading the in-
put data and examining the refractive index distribution n(z) along the 
structure. Based on this analysis, regions of homogeneity and regions 
with complex geometry are identified. The domain is then partitioned 
into subdomains: ΩTMM – regions with homogeneous layers, processed 
using TMM, ΩFDTD/FEM – regions with complex geometry, processed 
using FDTD/FEM.

2. Adaptive domain discretization begins with an initial uniform 
discretization of the layer according to formula (9). Next, the refractive 
index gradient is calculated according to formula (10). In regions with  
a high gradient, the mesh is densified, which is described by formu-
la (11), while in regions with a low gradient, the segments are com-
bined according to formula (12). After this, the transfer matrices for the 
updated mesh are recalculated using formula (5).

3. Automatic determination of the region of interest begins with 
the calculation of the electric field gradient according to formula (13). 
Based on this, critical zones are determined where GE(z) > ε. In the 
identified critical regions, the mesh is densified, and the calculation 
region is reduced if the field decreases to |E(zout)| < Δ.

4. The coordination of the TMM and FDTD/FEM domains in-
volves the establishment of coordinated boundary conditions accord-
ing to formula (15) and the formation of a hybrid system of equations 
according to formula (17).

5. Iterative matching of the solution begins with performing calcu-
lations in the TMM domain and transferring the boundary conditions 
to FEM/FDTD. Then, calculations are performed in the FEM/FDTD 
domain with the transfer of updated values to TMM. After that, the 
inconsistency is calculated according to formula (18), and the solu-
tion is updated according to formula (19). The convergence criterion 
is checked according to formula (20), and the process is repeated until 
convergence is achieved.

6. Optimization of numerical stability of calculations includes the use 
of QR decomposition for the transfer matrix according to formula (8) and 
the application of parallel calculations on GPU to accelerate the process.

The output results include the distribution of electric and magnetic 
fields in the structure, refractive, reflection and transmission coeffi-
cients, discretization density and field intensity maps in critical zones, 
optimized matching structure between regions and emission spectra.

The block diagram of the algorithm is shown in Fig. 1. The ac-
curacy of the algorithm was verified by comparison with analytical 
solutions, test cases and experimental data. The efficiency of the de-
veloped adaptive algorithm and its speed of operation when using  
a hybrid approach were also analyzed, as well as the scalability of the 
algorithm when increasing the number of layers and the complexity of 
the geometry.
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3. Results and Discussion

3.1. The known analytical solution
At the first stage (example 1), a multi-

layered structure with a known analytical 
solution was selected [16, 17]. The model-
ing conditions for the multilayered structure 
are as follows: the structure consists of three  
layers with thicknesses of 100 nm, 200 nm, 
and 150 nm for the first, second, and third 
layers, respectively. The refractive indices of 
the layers are 1.5, 2.0, and 1.7, respectively. 
The wavelength is 600 nm. For this structure, 
analytical calculations of the reflection and 
transmission coefficients are provided, al-
lowing a comparison between the simulation 
results and the theoretical values for a planar 
multilayered structure.

The reflection R and transmission T coef-
ficients obtained using the model match the  
analytical calculations with an error of less 
than 1 %. The relative error between the ana-
lytical and numerical results is ΔR < 0.8 %, 
ΔT < 0.9 %. Grid optimization reduced the 
number of discretization points from 500 
to 300 without loss of accuracy. The plot in  
Fig. 2 illustrates the electric field distribution 
within the multilayered structure.

Red vertical lines indicate the boundaries 
between layers with different refractive indi-
ces. The plot shows the spatial distribution 
of the electric field magnitude |E(z)| along 
the thickness of the multilayered structure. 
The red vertical lines on the graph indicate 
the boundaries between layers with different 
refractive indices. The graph shows changes 
in the amplitude of the electric field in dif-
ferent regions, which indicates reflection and 
interference of waves at the boundaries of the 
layers. Within each individual layer, a certain 
form of standing waves is observed, which 
is explained by the difference in the phase 
velocity of wave propagation in media with 
different refractive indices. The increase or 
decrease in amplitude after each boundary 
can be associated with partial reflection of 
the wave and a change in its wavelength ac-
cording to the optical properties of each layer. 
Regarding the differences between the layers, 
it is possible to see that in regions with a lower 
refractive index, the electric field has a larger 
amplitude, since the wave propagates with  
a higher speed and less attenuation. On the 
contrary, in layers with a higher refractive in-
dex, a decrease in amplitude is observed due 
to a larger contribution of reflection and ab-
sorption. As a limitation, it should be noted 
that the obtained results may be sensitive to 
the accuracy of numerical modeling , espe-
cially in regions with sharp changes in param-
eters. In addition, when taking into account 
nonlinear effects or material dispersion, ad-
ditional calculations are necessary to correctly 
describe the behavior of the waves.

 
Fig. 1. Algorithm of the adaptive hybrid model
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3.2. Adaptive test
At the second stage (example 2), a structure with a gradient re-

fractive index profile was selected [16–18]. The modeling condi-
tions include a 500 nm-thick layer, where the refractive index varies 
according to the law n(z) = 1.5+0.005z. The wavelength is 550 nm.  
In this example, the refractive index depends linearly on the coordi-
nate in the z-direction, which can significantly affect wave propagation 
in the material.

The simulation results demonstrated the detection of high-gradient 
zones, dynamic mesh compaction, and improved calculation accuracy 
without a significant increase in computational costs. In regions with  
a gradient above the Gmax threshold, the number of discretization 
points increased from 100 to 400, automatic mesh change allowed 
to reduce the total calculations by 35 %, and the execution time was 
reduced from 12 seconds to 7 seconds compared to a uniform mesh. 
The graph in Fig. 3 shows the change in the refractive index n(z) along 
the layer thickness. It demonstrates a smooth gradient of the refractive 

index, which emphasizes the need to use adaptive mesh division to 
ensure modeling accuracy.

Fig. 4 shows the mesh discretization density before and after adap-
tation. It is clearly seen that in critical areas where parameters change 
rapidly, the mesh is dense, which allows achieving high accuracy, while 
in areas with smooth parameter changes, a sparser mesh is used to 
reduce computational costs.

3.3. Realistic test
At the third stage (example 3), a complex geometry was selected using 

the hybrid approach [19]. The modeling conditions for the multilayer 
structure include a homogeneous layer with a thickness of 100 nm and  
a complex nanostructured zone with dimensions of 500×500 nm2, which 
is modeled using FEM. The wavelength is 700 nm. An important condi-
tion is the consistent boundary conditions between the regions where the 
TMM and FEM methods are used, which allows for a correct transition 
between different approaches for effective modeling of wave processes.

 
Fig. 2. Electric field distribution in a multilayer structure

 
Fig. 3. Dependence of the refractive index

 
Fig. 4. Discretization density before and after adaptation
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The obtained results gave correct docking of solutions between 
the methods and effective calculation of wave scattering and reflec-
tion. The use of an iterative matching scheme showed convergence  
after 6 iterations. The error at the docking boundary did not exceed 
0.5 %, and memory consumption was reduced by 40 % due to the use of 
TMM for simple regions. The graph in Fig. 5 demonstrates the agree-
ment of the electromagnetic field distribution between the regions pro-
cessed by the TMM and FEM methods. A smooth transition is observed 
at the docking boundary, which confirms the correctness of the boun-
dary condition agreement.

3.4. Experimental data approbation
Particular attention should be given to studies [20–24] that focus 

on the formation of thin films of various materials using gas-discharge 
and laser methods. However, numerical modeling of these processes 
is crucial for understanding the complex physicochemical mecha-
nisms occurring during synthesis. Study [20] investigates the emission 
spectra of a nanosecond discharge between zinc electrodes, enabling 
the analysis of cluster and molecule formation, including Zn, ZnO, and 
Zn₃N₂, which are deposited onto substrates. The study [21] considers the 
plasma between aluminum and chalcopyrite electrodes for the syn-
thesis of CuAlInSe₂ films, while [22] analyzes laser-formed structured 
floats of medium sulfate. The features of the gas-discharge synthesis 
of Ag₂S films in the air atmosphere are studied in [23], where the in-
fluence of discharge parameters on the electrical conductivity and 
structure of the floats is noticeable, which is critically important for 
the development of electronic devices. In the article [24], a method 
for the deposition of WO₃ in a gas-vapor mixture without the use of 

vacuum technology is presented, which significantly improves the syn-
thesis process, but requires detailed numerical analysis to determine 
the optimal conditions. All the above works demonstrate that model-
ing of gas-discharge synthesis processes is necessary for optimizing 
plasma parameters, predicting film morphology, and increasing the 
efficiency of technological processes. In connection with the above, 
in the fourth step, the model was tested on experimental data from  
the work [24].

Graphical analysis of the calculated and experimental spectra 
comparison (Fig. 6) shows that the main peaks in the experimental 
spectrum correlate well with the calculated positions of the spectral 
lines, which confirms the correctness of the theoretical approaches. 
Minor discrepancies in intensity can be due to the features of the 
experimental setup, such as the effects of plasma self-absorption. The 
continuum emission in the range of 400–500 nm is consistent with 
calculations based on Planck’s law. The main sources of errors are 
the simplification of models that neglect particle collisions, measure-
ment errors of experimental spectra, and grid discretization during 
numerical calculation. An assessment of the cost of computational 
resources showed that the use of a uniform grid requires 15 seconds,  
while the adaptive grid reduces the time to 7 seconds. The hybrid 
approach allows saving memory up to 40 % compared to the FDTD 
method. Overall , the hybrid model provides high accuracy, ef-
fectively combining TMM for simple zones and FEM for complex 
structures, with a relative error of less than 5 %. Adaptive discretiza-
tion allows for optimization of calculations without loss of accuracy,  
and automatic region of interest detection helps reduce the compu-
tational domain. 

 
Fig. 5. Coordination between TMM and FEM domains

 
Fig. 6. Comparison of experimental and calculated plasma emission spectrum
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3.5. Efficiency analysis and comparative characteristics
To assess the efficiency of the developed adaptive approach, addi-

tional studies were conducted for the previously analyzed stages. The 
results are summarized in Table 1.

From the table it is possible to see that the adaptive model allows 
to reduce computational costs without loss of accuracy, and the hybrid 
approach significantly increases efficiency for complex structures. The 
results of comparing the developed method with other methods are 
given in Table 2.

It is possible to see that the hybrid approach demonstrates the opti-
mal balance between accuracy and performance, significantly reducing 
the amount of computation compared to traditional methods.

3.6. Discussion
It should be noted that the obtained results indicate the high accu-

racy of the proposed adaptive hybrid model. The developed model al-
gorithm using adaptive discretization significantly reduced the number 
of computational points without loss of accuracy, which is confirmed by 
the data in Table 1. Optimization of the grid resolution according to lo-
cal gradients of physical parameters ensured an accurate representation 
of the behavior of wave processes in critical zones, which illustrate the 
results in Fig. 2 and Fig. 4. The hybrid approach combining TMM and 
FEM demonstrated correct matching of boundary conditions between 
regions, which is confirmed by the graphical results in Fig. 5. The use 
of an iterative matching scheme allowed to achieve convergence after  
6 iterations, and the error at the docking boundary did not exceed 0.5 %. 
At the same time, the memory consumption was reduced by 40 % due to 
the use of TMM for simple regions, which confirms the results in Table 2.  
Testing the model on test structures (Fig. 3) confirmed its ability to cor-
rectly reflect wave processes in structures with gradient changes in the 
refractive index, reducing the overall computational costs by 35 % and 
reducing the calculation time from 12 to 7 seconds. The use of the pro-
posed algorithm for modeling realistic nanostructured media showed 
a high accuracy of agreement of the results with analytical calculations, 
as can be seen from the comparison of experimental and numerical 
spectra in Fig. 6. In general, the results of comparison with traditional 
methods (Table 2) demonstrate that the hybrid model provides an 
optimal balance between accuracy and performance, significantly re-
ducing the amount of calculations compared to the full use of FDTD or 
FEM methods. This makes the proposed hybrid algorithm promising 
for the analysis of complex multilayer optical structures with minimal 
computational costs. 

Despite its significant advantages, the model has certain limi-
tations. In this work , the model for numerical simulation of wave 
processes in multilayer structures is based on the assumption of 
plane-parallelity of layers, which limits its application to structures 
with complex surface topography. In addition, the medium was 
considered linear, which means that nonlinear effects of wave in-
teraction and multiphoton processes were not taken into account. 
Another important limitation is the use of adaptive discretization, 
which improves accuracy, but its effectiveness depends on the algo-

rithm settings. In cases with very high 
gradients of physical parameters, it may 
be necessary to further modify the grid 
splitting algorithms. Also, the hybrid 
approach (combination of TMM with 
FEM) works effectively provided that 
the boundary conditions are correctly 
agreed, but in the case of highly inho-
mogeneous structures or nanoscale ele-
ments, additional difficulties may arise 
with the correct docking of regions. 
Numerical limitations include the use 
of QR decomposition to improve the 
stability of matrix operations, which 
reduces instability when multiplying 
large matrices, but with a large number 
of layers, errors can still accumulate. 
In addition, the efficiency of GPU ac-
celeration depends on the specifics of 
the hardware, and when working with 
extremely large structures, a problem 
with limited memory may arise. 

Thus, when using the obtained results in practical or theoretical 
studies, the above limitations should be taken into account to avoid 
situations where incorrect application of the model can lead to incor-
rect results or discrepancies with the expected experimental data.

In practice, the results obtained can be used for the design of opti-
cal devices such as filters, sensors, anti-reflective coatings and pho-
tonic crystals. Due to the adaptive approach to mesh discretization, the 
model can be used in the field of nanotechnology, where high accuracy 
of displaying structural inhomogeneities is required. The use of GPU 
acceleration provides the possibility of implementing the model in 
real production processes for operational analysis and optimization 
of structures.

In the future, further research may be aimed at implementing 
machine learning methods for automatic adjustment of discretization 
parameters and detection of regions of interest. Another promising 
direction is the development of combined approaches that combine 
adaptive algorithms with neural networks to predict the behavior of 
wave processes in complex structures. Expanding the functionality of 
the software developed as part of the research through integration with 
cloud computing will significantly increase the efficiency of analysis for 
large-scale systems.

4. Conclusions

As a result of the study, an adaptive hybrid model for numerical 
simulation of wave processes in multilayer structures was developed, 
which combines TMM and FEM. Key achievements of the study in-
clude adaptive discretization, which optimized numerical calculations 
by reducing the number of computational points without losing accu-
racy. The hybrid TMM+FEM approach provided accurate simulation 
of wave processes in complex multilayer structures, effectively com-
bining TMM in simple regions and FEM in complex ones. Automatic 
determination of the region of interest allowed focusing computational 

Table 1

Analysis of the effectiveness of the adaptive approach

Test case Discretization method Number of points Calculation time (sec) Relative error (%)

Example 1

Uniform 500 5.2 1.2

Adaptive 300 3.5 0.8

Example 2

Uniform 1000 12.0 1.5

Adaptive 400 7.0 0.9

Example 3

Uniform 1500 25.0 1.0

Hybrid (TMM+FEM) 800 (TMM)+400 (FEM) 15.0 0.5

Table 2

Comparison with other methods

Method Execution time (sec) Accuracy (%) Memory usage (MB)

TMM (traditional) 10.5 98.0 50

FDTD (traditional) 35.0 99.5 250

FEM (traditional) 40.0 99.8 300

Adaptive hybrid 15.0 99.6 120
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resources on critical zones, which reduced the overall computational 
costs by 35 % and halved the calculation execution time. Optimization 
of numerical stability through QR-decomposition increased the stabi-
lity of matrix multiplication with a large number of layers, minimizing 
the accumulation of errors. 

The obtained results are explained by the use of adaptive algo-
rithms, which allowed to automatically change the mesh resolution in 
accordance with the gradient of physical parameters, concentrating 
computational resources in critical zones and reducing them in more 
homogeneous areas. The combination of TMM with FEM provided the 
optimal balance between the speed of calculations and the accuracy of 
modeling, which made it possible to effectively describe both simple 
multilayer structures and complex heterogeneous areas. Due to this, 
it was possible to achieve high accuracy of calculations with minimal 
computational costs, which is confirmed by the consistency of the ob-
tained results with analytical solutions and experimental data.

Thus, the proposed model is an effective tool for modeling complex 
multilayer structures and has significant potential for further develop-
ment, including the implementation of machine learning for automatic 
tuning of mesh adaptation parameters and the use of GPU acceleration 
to speed up calculations.
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