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MATHEMATICAL AND GRAPHICAL 

APPROACHES TO IMPROVE THE 

PROCESS OF SATURATION OF 

FLUSHING FLUID WITH AIR 

IN  THE CIRCULATION SYSTEM 

OF  A  DRILLING RIG UNIT

The object of research is the process of air saturation of the flushing fluid using a multi-nozzle foam generator in the circulation 
systems of drilling rigs.

One of the most problematic areas in the known designs of foam generators is the insufficient efficiency of air saturation of the fluid, 
which is solved by the design proposed in the work. The design of a multi-nozzle foam generator is proposed by improving the mixing 
chamber. This design allowed to provide improved foam formation, more efficient air saturation of the flushing fluid, reduce the time of 
well development and increase the productivity of the device without changing the pressure and supply of fluid and air.

During the study, computer mathematical modeling was used (in the Maple 9.5 software environment), a study of the dependence 
of air flow on pressure and fluid flow at nozzle diameters of 4 mm and 6 mm was performed. The studies considered graphical analysis 
to determine the optimal operating modes of the foam generator.

An improved multi-nozzle foam generator with improved foaming efficiency, uniform saturation of the flushing fluid with air, reduced 
energy consumption and reduced well development time was obtained. This is due to the improvement of the design of the mixing chamber, 
which has a number of features. The proposed design provides intense turbulence, uniform mixing of the fluid with air, optimization of 
the geometric parameters of the nozzles and feed channels, as well as reduction of hydraulic losses in the foaming process.

Thanks to this research, it is possible to obtain indicators that characterize the pattern of increasing air flow in proportion to increasing 
pressure. Compared with known analogues, the proposed foam generator, thanks to the variable geometric parameters of the mixing cham-
ber and nozzles, allows to obtain foam mixtures with a wider range of properties. Such geometric changes provide better saturation of the 
fluid with air, create more intense turbulence, reduce hydraulic losses, and also increase the productivity and efficiency of well development. 
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1. Introduction

The research considers an analogue of the well-known foam gener-
ating device [1], which was used during the development of wells. The 
disadvantage of this device is the unchanging geometric dimensions of 
the nozzle diameters and the lengths of the mixing chambers, which 
does not allow obtaining foam mixtures with a wide range of properties 
that are necessary during the development of oil and gas wells.

The main task of research is to improve the design of the foam gen-
erator to increase the efficiency of foam formation using a liquid and air 
mixer. This is the main reason why many manufacturers are looking for 
ways to improve the operation of circulation systems, for more efficient 
use of cleaning units, with minimal and reasonable costs. This topic was 
considered using the example of Ukrainian facilities, namely domestic 
scientists from oil and gas equipment  [1, 2], studying the experience 
of scientists from other countries. Thus, in the paper [3] the authors, 
solving this problem, investigated how the geometric parameters of the 

foam generating device affect its operation. They analyze various design 
features and their impact on the efficiency of foam generation, which is 
important for optimizing well drilling processes.

Work [4] is devoted to increasing the efficiency of foam generating 
devices used in pumping and circulation systems of drilling rigs. The 
authors analyze existing designs and propose improvements to improve 
the performance and reliability of these systems.

The authors in work [5] conducted an experimental study of a  new 
foam generator designed for drilling with reduced pressure. They evaluate 
its performance and efficiency in comparison with traditional methods, 
which can improve drilling processes under low pressure conditions.  
In work [6], the authors provide recommendations for the use of foam-
ing surfactants.

In the work, the issue of improving the foam generator was solved 
by increasing the spectrum of properties of the foam mixture at the 
outlet without changing the pressure and fluid and air supply at the inlet 
to the foam generator. The design of the liquid and air mixer is made 
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in such a way that it allows simultaneous supply of liquid and air to the 
pre-mixing chamber, where fields of developed turbulence are created 
in the working mixing zone. Such a technical solution makes it possible 
to increase the productivity of the device and its efficiency.

Fig. 1 shows the proposed design of the foam generator consisting 
of a cylindrical housing 1, in which a liquid and air mixer 2 with sealing 
rings 3 is placed. The pre-mixing chamber 4 is connected to a channel 5 
for air supply, spacer rings 6, pressure rings 7, a foam mixture swirler 8,  
a diffuser 9 with a turbulent mixing chamber. Vertical holes 10 for 
liquid supply and horizontal 11 and vertical 12 holes for air supply are 
drilled in the liquid and air mixer.

The foam generator for saturating a liquid with air with subsequent 
foam formation works as follows. The liquid enters the housing 1 of the 
device and then through the holes 10 of the liquid and air mixer 2 into 
the pre-mixing chambers 4. Compressed air is simultaneously supplied 
to the mixer through the channel 5 in the housing 1 and openings 11 
and 12 of the liquid and air mixer 2. After leaving the mixer, the air also 
enters the pre-mixing chambers 4, where fields of developed turbulence 
are created in the working mixing zone. In the mixing chambers from 
the spacer rings 6 and pressure rings 7, intensive turbulence of the jets 
occurs, air is mixed with the solution and foam is formed. The mixture 
then passes through the foam mixture swirler 8, which contributes to 
high-quality mixing and the formation of a foam mixture in the mixing 
chamber, which is placed in the diffuser 9, where the liquid moves in 
a  turbulent mode and the effect of foam saturation with air is fixed.

a

b

Fig. 1. ПГП-100x25-5 modernized multi-nozzle foam generator:  

a – longitudinal section; b – section along the plane A–A of the longitudinal 

section; 1 – housing; 2 – mixer; 3 – rings; 4 – pre-mixing chamber;  

5 – channel; 6 – spacer rings; 7 – pressure rings; 8 – foam mixture swirler;  

9 – diffuser; 10 – vertical holes; 11 – horizontal holes; 12 – air supply holes

Therefore, when implementing this design of a multi-nozzle foam 
generator equipped with a modernized mixing chamber, a high-quality 
aeration and foaming process is expected [7, 8]. Such a technical solu-
tion makes it possible to increase the productivity of the device [9] and 
the efficiency of the equipment.

The aim of research is to modernize a multi-nozzle foam generator. 
The task is solved using a new proposed design, namely an improved 
mixing chamber, which allows to increase the quality of the processes: 

foaming and aeration, as well as reduce the time spent on the well 
development process.

Modern requirements for the efficiency of drilling processes in-
volve the use of technologies that provide high productivity and energy 
efficiency. One of the important components of such processes is foam-
ing and high-quality aeration of the flushing fluid in the circulation 
systems of drilling rigs. Existing designs of foam generators often have 
limited efficiency of liquid saturation with air, which reduces the overall 
productivity of the equipment and increases the time spent on well 
development. Therefore, the task of improving the designs of foam gen-
erators is relevant in order to increase the efficiency of their operation.

Thus, the aim of research is to modernize the multi-nozzle foam 
generator by improving the design of the mixing chamber. The pro-
posed technical solution allows to increase the efficiency of the foaming 
and aeration processes, ensure uniform saturation of the liquid with air, 
reduce energy losses and reduce the time required for well develop-
ment, without changing the parameters of the air and liquid supply.

2. Materials and Methods

The object of research is the process of saturation of the flushing 
liquid with air using a multi-nozzle foam generator in the circulation 
systems of drilling rigs.

The study of the dynamics of the two-phase flow in the mixing chamber 
and the influence of geometric parameters and operating characteristics.  
A model with a central supply of liquid flowing from the nozzle is 
considered (Fig. 2). In this case, the air jet is supplied under pressure 
from the side channels of rectangular cross-section and in the mixing 
chamber is connected to the working fluid.
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Fig. 2. Calculation scheme of the process of mixing flows

The working flow jet flowing out of the nozzle gradually expands 
due to the addition of air and at a certain distance from the inlet sec-
tion of the mixing chamber (section bb) connects to its walls. As studies 
show, the boundaries of the jet are outlined by straight lines, and they 
have an unequal inclination to the axis in the sections of the mixing 
chamber Z1 and Z2. At the initial section of the mixing chamber in the 
central part of the jet there is a potential core A, the width of which 
decreases at a constant speed along the flow and at point O1 takes zero 
values. The air flow moving in the chamber (region B) has the shape of 
a ring confuser. Between regions A and B, region C is formed, in which 
the two flows are mixed. In region D, the process of mixing the working 
fluid and air is completed. Depending on the geometric dimensions 
of the nozzles for supplying liquid and the channel for supplying air,  
point O1 can be located (Fig. 2) to the right of section bb. In this case, 
the length of the section between sections aa and bb is Z2 = 0.

In the model with a central liquid supply, a two-phase bubble 
flow flows along the axis, and in the peripheral zones – a droplet flow.  
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Let’s assume a simplified one-dimensional scheme of two co-current 
flows in the mixing chamber at the initial and main sections: an air 
flow with a uniform velocity, temperature and density condenses on 
a  liquid flow, which is also uniform in the cross section. Thus, the veloc-
ity, temperature and density of air and liquid are functions only of the 
longitudinal coordinate.

Let’s carry out calculations under the following boundary as-
sumptions:

1.	 The air flow does not contain moisture.
2.	 The liquid flow does not contain air bubbles.
3.	 The losses in the boundary layer on the wall are infinitely small.
4.	 The length of the initial and main sections is known and given 

by the experimental equation.
5.	 The mass of condensing air is added to the liquid at the air velocity.
6.	 The static pressure is constant in the cross section of the mixing 

chamber.
The results of the studies allow to conclude that their improvement 

will contribute not only to increasing the efficiency of drilling processes, 
but also to creating more economically profitable and environmentally 
safe technologies.

3. Results and Discussion

For the relative length of the initial section, the Lyshevskiy equation 
gives the best match with the experimental data
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where C1 = 50.3, C2 = 0.83, С4 = 0.096; W p de � �� �1 1
2

2� �  – Weber num-
ber; Δϑ = ϑ3−ϑ1; d1, d2 – diameters of air and liquid jets; σ2 – surface 
tension of the liquid; μ2 – viscosity of the liquid; ρ1, ρ2 – densities of air 
and liquid; ϑ3−ϑ1 – difference of phase velocities; L C dp � 5 2 2 2 2

2� � �  – 
Laplace criterion.

The length of the main section can be found from the experimental 
dependence

L
D

C MR
C� �

1
2 ,	 (2)

where MR – dimensionless criterion characterizing the interaction of 
phases (momentum ratio). The length of the main section L is deter-
mined by the phase ratio, and the coefficients 18.36 and 0.181 are experi-
mental; C1 = 18.36, C2 = 0.181; MR � � � � �2 2 1 1  – ratio of the products 
of pressure and velocity of the liquid to the pressure and velocity of the 
air; D – diameter of the mixing chamber.

Let’s write down the system of basic equations.
The equation of jet continuity:
–	 for air
d
dz

S Sc k� � � ��1 0 1 �� max , 	 (3)

–	 for liquid

� � � � �2 0 21 1d
dz

S Sc k�� � � �� �max ,	 (4)

where �� �dm dt dV1  – condensation rate, i. e. the mass of air condensed 
per unit time per unit volume; � � � �� �� �� � � � �� �2 12T T R zs max  – 
here it is assumed that the air phase has a temperature equal to the 
saturation temperature Ts at ρ = const; αʺ – heat transfer coefficient 
during condensation; φmax – maximum value of vapor capacity at the 
exit from the main section of the mixing chamber; φ0 – value of vapor 
capacity at the exit from the nozzle at the transition to the main section 
of the mixing chamber; Sk – cross-sectional area of the mixing chamber; 
Sc – areas of the inlet nozzles.

Change in the amount of movement:
–	 for the air phase

� � �
�

�1 0 1
1d

dz
F

dp
dz

�� � max , 	 (5)

–	 for the liquid phase

� � �
�

� � � �2 0 2
2
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dz

F
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dzmax ,	 (6)

where F – friction force on the interface surface relative to the unit 
volume of the two-phase system;

F
C

R z
f�

�� � �� �
� �

� � � �1 2 1
2

1 max ,	 (7)

where R(z) – radius of the mixing chamber; Cf – drag coefficient at 
the interface.

When air flows around a liquid stream near the nozzle cut, a lami-
nar boundary layer is formed.

The drag coefficient in this zone is determined by the Blasius formula:
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,	 (8)
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where µ1  – dynamic viscosity of air.
At numbers greater than 5 ⋅ 105 the boundary layer becomes turbu-

lent, in which the drag coefficient

C f
z

= 0 0576 1
5

.
Re

.	 (10)

Energy conservation equation for a thermally insulated chamber 
without taking into account friction on the walls:

–	 for the air phase
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–	 for the liquid phase
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where q1 – amount of heat transferred by convection from air to liquid, 
relative to unit volume;

–	 enthalpy of complete braking of the air phase

i i01 1
1
2

2
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�
,	 (13)

–	 enthalpy of complete braking for the liquid

i i02 2
2
2

2
� �

�
,	 (14)

where Ts – saturation temperature at a given pressure (depends on z);  
sʺ, sʹ – entropies of saturated air and liquid at a given pressure.

In the initial and main section of the chamber, q1 can be approxi-
mately calculated taking into account forced convection on a longitu-
dinally streamlined undeformed cylinder

q
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1
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� �max .	 (15)
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Here it is assumed that the air phase has a temperature equal to 
the saturation temperature at ρ = const, and the liquid temperature is 
constant in the cross section. In reality, the temperature of the liquid 
layers of the liquid is lower, and at the surface it approaches the satura-
tion temperature, so that the convective heat transfer from the air to the 
liquid, which is blocked by the heated surface layer on the jet surface, 
will become significantly lower.

The volumetric vapor capacity ϑ0 is defined as the cross-sectional 
area of the mixing chamber occupied by air vapor in the nozzle cross sec-
tion at z = 0; the channel profile was given analytically as a function of z.  
For a conical chamber

S z R zc� � � � �� �� �tg ,
2

	 (16)

where β – half-opening angle of the mixing chamber; Rc – cut radius.
After the liquid jet was crushed at the cross section of the main 

chamber, a bubble or foam flow was formed. The input data for the 
analysis of this flow are the values obtained as a result of the numerical 
calculation of the system of equations (16).

It was assumed that the change in the structural flow is not accom-
panied by intensive condensation, i. e. the volumetric vapor capacity 
changes mainly due to the change in velocity when passing through the 
cross section of the main chamber.

To find the velocity of the homogeneous flow in the cross section 
of the main chamber, the momentum conservation equation is used

�� � �� �� � �� � �x x1 21 ,	 (17)

where ϑ1, ϑ2 – velocities of the air and liquid phases in the cross section 
before the liquid jet breaks up.

The density and degree of dryness of the two-phase flow were deter-
mined from the continuity equations:
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The initial vapor capacity φ0 at the cross section was determined 
for � �1 2 1�  as

� � �int � �� �1 2 .	 (19)

These equations allowed to establish the velocity, degree of dryness 
and vapor capacity at the entrance to the homogeneous section at the 
cross section. The mass, momentum and energy conservation equa-
tions for a bubble homogeneous flow have the following form. 

The mass conservation equation
d dS

S
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� � � 0.	 (20)

Differentiating equation (20)
d d�
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,	 (21)

and substituting the obtained equation into equation (20), let’s obtain

d d dS
S
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�

�
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1

. 	 (22)

The momentum conservation equation, taking into account the 
friction on the channel walls, has the form

dp
m m

S
d D

S
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�1 2 � � , 	 (23)

where D – channel perimeter; τw – tangential stress on the walls.

Using equations (19) and (22), it is possible to find
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For a conical mixing chamber there is the system
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Additional equations of the relationship between ρ, x and J were 
found from the relation for the density of the substance, namely

� � � � � �x x� �� � � �� �1 21 1and .	 (26)

Dividing the first equation by the second, it is possible to obtain
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Differentiating (27) it is possible to obtain
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x x
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Using the polytrope equation for the vapor phase in diff. form

dp
np

d
�
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1

1

, 	 (29)

and substituting it into equation (28) let’s obtain an equation that relates 
pressure, dryness and vapor capacity in the following form
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d dp
np1 1�� �
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.	 (30)

The left-hand side of this equation expresses the rate of relative 
change of the air phase and can be determined using the heat balance 
equation

� �dm T T S1 1 2�� �� � ,	 (31)
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where α – heat transfer coefficient during condensation, S/(m1+m2) – 
surface area of the bubbles in a given cross section relative to the mass 
flow rate of the two-phase medium.

Let’s express the surface S/(m1+m2) in terms of the number of bub-
bles currently in the intersection

S
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Expressing the air density from the polytropic equation and substi-
tuting (34) into (31), it is possible to obtain approximately
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Equations (25) and (35) express the dependence of pressure on 
the volumetric vapor capacity and the passage channel. Combining 
these equations
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 – heat multiplier, or in this form
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The speed of sound in a two-phase bubble medium in the absence 
of phase changes has the form

a
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Then the last equation of the influence on pressure will be
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where М – Mach number, which is calculated at the speed of sound for 
a two-component medium.

Integrating (39) using the Maple 9.5 program, it is possible to ob-
tain an equation that determines the relationship between the pressure 
of the mixture at the outlet of the mixing chamber and its length

p Z C e
L S D l
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3
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2
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where l2 – length of the main section of the mixing chamber.
The coefficient C3 is determined from the condition that at the 

entrance to the mixing chamber of the ejection-type device l2 = 0, and 
therefore ρ(0) = –C3 and therefore C3 = –ρ2(z).

With a determined coefficient C3, equation (40) makes it possible 
to predict the pressure level of the foam mixture at the stage of prelimi-
nary calculation and selection of the main equipment for drilling wells 
using foam. This prediction occurs at the outlet of the ejection-type 
device with a certain length of the mixing chamber.

The length of the mixing chamber of the liquid-air mixer directly 
affects its parameters. To obtain maximum efficiency, a rational choice 
of the length of the mixing chamber is important [10].

The length of the mixing chamber was determined by the formula

L l lk � �1 2 , 	 (41)

where l1 – length of the initial section of the mixing chamber; l2 – length 
of the main section of the mixing chamber.

To determine the length of the initial section of the mixing cham-
ber, it is possible to use the formula

l Z Z1 1 2� � .	 (42)

The relative length of the initial section of the working jet in 
the mixing chamber of the ejection-type device was determined by  
the formula
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where u – ejection coefficient; Kmc – geometric parameter of the mix-
ing chamber of the ejection-type device, determined by the formula

K S
Smc =

2

,	 (44)

where S – cross-sectional area of the mixing chamber; S2 – cross-sec-
tional area of the nozzle for supplying liquid.

The relative length of the section of the mixing chamber, in the 
final cross-section of which the boundaries of the working jet were 
connected to its walls, was determined by the formula
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For the relative length of the main section, the experimental depen-
dence gives a better match with the experimental data

ln ln( . ) . ln ,
l
D

MR
2 18 36 0 181�

�
�

�

�
� � � 	 (46)

where MR – ratio of the air momentum at the nozzle outlet to the fluid 
momentum, determined by the formula
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2

1

2

1

2

,	 (47)

where ρ2/ρ1 – density ratio; (υ2/υ1)2 – square of the velocity ratio.
The results of calculations in the Maple 9.5 software package 

for each operating mode of the mud pump and different diameters 
of the holes of the multi-nozzle ejection type inserts are shown  
in Fig . 3–8.

So, for the graphs (Fig. 3–8) the regularity of increasing the air flow 
rate is characteristic in proportion to the increase in its supply pressure 
and liquid flow rate. The fact of the presence of the phenomenon of 
"separation" of the curves for values of 0.2 MPa from another array of 
the obtained graphs is of interest. Such a phenomenon is characteristic 
of the graphical dependencies shown in Fig. 4, 6. This opens up avenues 
for further research of the developed equipment in the direction of 
optimizing its operating parameters [11–13].
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Fig. 4. Dependence of air flow rate on liquid flow rate at dc = 4 mm

Practical significance. The mechanism of foam formation and op-
erational characteristics, which take into account the flow of liquid 
through the nozzle and gas from the supply pipe to the foam generating 
device, demonstrate the interaction of these flows. Due to turbulent 
transverse velocity pulsations, liquid dispersion occurs in the transverse 
direction and the jet is aerated by air.

Subsequently, its decomposition into an air-droplet mixture, the 
formation of an air-droplet homogeneous flow and its movement to 
the seal jump occur. The jump is accompanied by the transformation 
of the air-droplet mixture into a liquid-bubble mixture, in which the 
air bubbles have approximately the same diameter and are separated by 

liquid films. To obtain a compaction jump, it is necessary that the speed 
of the air-droplet flow exceeds the speed of sound in it. Given this, 
the practical significance of the research is that the geometric shapes, 
dimensions of the foam generator components, as well as modes and 
parameters are decisive for the efficiency of its operation.

Research limitations. It has been theoretically established that with 
a gas (air) content of 20–80% in a liquid (water) with surfactants, for 
the formation of fine foam, the flow velocity of the mixture before the 
compaction jump should reach 30–40  m/s. In the case when the gas 
content is 80–95%, the required speed increases to 40–60 m/s. When 
the liquid flow rate increases above the set limit, the foaming efficiency 
decreases, since the flow speed before the compression jump increases 
and the Mach number increases accordingly.
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Prospects for further research. To continue theoretical studies of the 
foaming process, it is planned to conduct computer modeling. This will 
allow a deeper study of the processes occurring during the movement 
of liquid, gas and gas-liquid mixture flows along the foam generator, 
in comparison with experimental studies. In the future, experimental 
studies of the foam generator with optimal geometric dimensions will 
be conducted.

4. Conclusions

The conducted research of the processes of mixing flows in the 
mixing chamber of the ejection-type device allowed to identify key 
patterns that determine the efficiency of the system. Analysis of the geo-
metric parameters of the mixing chamber, as well as the dependences 
of the air flow rate on the pressure and liquid flow rate, showed that the 
efficiency of the process is significantly affected by the ratio between the 
parameters of the air and liquid supply, as well as the design features of 
the nozzles and the mixing chamber.

It was established that the air flow rate increases proportionally to 
the increase in its supply pressure, and the liquid flow rate determines 
the nature of the flow distribution in the chamber. The presence of 
a "separation" of the curves at low air pressure values (0.2 MPa) indi-
cates a complex interaction of flows in certain operating modes, which 
opens up prospects for further study of the process and improvement 
of the design parameters of the system.

Experimental dependencies confirmed that the length of the mix-
ing chamber is a critical parameter for achieving the optimal coefficient 
of performance (efficiency) of the system. The rational choice of the 
length of the initial and main sections of the mixing chamber allows 
to significantly improve the mixing performance of the flows, ensuring 
uniform pressure distribution and reducing energy losses.

The results of calculations in the software environment "Maple 9.5" 
showed that the foam pressure at the outlet of the mixing chamber 
depends on the geometry of the device, the operating modes of the 
pump and the diameter of the nozzles. This confirms the importance of 
integrating numerical modeling methods for predicting the parameters 
of the system at the design stage.

The results obtained open up new opportunities for optimizing 
the operating characteristics of ejection-type devices. Improving the 
design and operating parameters will increase the efficiency of their 
use in drilling rigs, reduce energy costs, and also ensure a high level of 
environmental safety due to accurate prediction of the parameters of 
the two-phase flow at the outlet.
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