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ANALYTICAL DETERMINATION OF
ABSOLUTE DEFORMATIONS AND
BOUNDARIES OF THE CONTACT
ZONE OF A DEFORMABLE WHEEL
WITH A DEFORMABLE SURFACE

The object of research is the contact interaction between a deformable wheel (tire) and a deformable supporting surface. One of the
most problematic areas is defining the boundaries of the contact zone as a function of applied loads, wheel geometry, and the mechanical
properties of the contacting surfaces, as well as the increasing need to reduce energy consumption and soil compaction in the context of
vehicle running gear systems.

During the research, methods from the mechanics of continuous deformable media were used to identify the deformable properties
of contacting surfaces. The investigations were founded on previously published research concerning the distribution of contact forces,
obtained using biharmonic potential analytical functions based on methods employed by Boussinesq and Cerruti.

Analytical dependencies have been derived that relate the leading and trailing edges of the deformable wheel’s (tire’s) contact with the
deformable surface. This is because the proposed approach, which considers the relationship between forces and displacements on the
surface and deformations and stresses within the contacting bodies, taking into account their mechanical properties, is more informa-
tive compared to methods of theoretical and analytical mechanics. The research revealed that the potential for improving the object’s
functioning lies in optimizing the selection of parameters and operating modes for running gear systems.

Thanks to this, it becomes possible to obtain optimized values for the geometric size of the contact surface. Compared to analogous
known approaches, this ensures an enhancement in the tractive efficiency of driving wheels, minimizing wheel slip to acceptable levels, which
directly addresses key challenges in agricultural and off-road machinery by contributing to reduced energy consumption and soil compaction.
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1. Introduction

The accuracy in defining the boundaries of the contact zone be-
tween deformable bodies with individual geometries in contact me-
chanics is a decisive part of many thematic publications. Quite logically,
within this contact zone, the interacting bodies are under deformation,
so the challenge lies in the correct analysis of the existing boundaries,
especially when the interacting bodies have different Poisson’s ratios
and moduli of elasticity.

The basic principles, mathematical tools, and theories can be found
in the fundamental work of contact mechanics [1] that influenced the
development of existing methods for determining the contact zones [2].
Empirical methods use experiments that are done under specific condi-
tions of load, material properties, and geometry. Well-known numerical
methods, such as FEM (Finite Element Method) or DEM (Discrete
Element Method) are able to determine specific contact characteristics
for the conditions mentioned above. Both methods are widely used.

For example, this study [3] showed an interesting experiment for
observing a tire deformation in real time. A system of high-speed cam-
eras and a specially made stability aid was used to create a 3D profile of
the tire and its deformations, showing promising data for characteristics
of the contact zone. Such experiments are important for getting results

in real-life conditions, cause later they can be used for more in-depth
numerical models. In contrast, they are often focused on developing
simulations used for explaining the tire-soil interactions [4]. These
simulations can be proven accurate through comparison with exist-
ing test results for soil particle mobility that show significant likeness
between empirical and numerical data. At the same time, formulating
general dependencies for contact zone interactions needs using both
extensive experiments and difficult mathematical calculations that are
inconvenient and excessive [5]. Furthermore, the reliability of the ob-
tained results can vary due to the starting hypothesis.

Analytical methods for solving elastic contact problems often use the
functions of Boussinesq and Cerruti. They provide basic mathematical
solutions for concentrated normal and tangential loads, showing an
important beginning for later analysis [6]. All these studies are used
for further advancement in the circuit. Specific geometries, material
properties, and applied loads are the basis for modelling equations for
contact zones and rolling resistance of the wheel-support surface in-
teractions [7]. A considerably new study shows how using biharmonic
functions that take into account equations for distributed and concen-
trated forces can determine the force distribution at the contact zone [8].

But using only simplified assumptions and selective omissions can
significantly influence the predictive accuracy. This study [9] demonstrates
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valid experimentation that shows how ESWL (Equivalent Single-Wheel
Load) simplifies pavement design, combining multiple loads into one,
neglecting critical present longitudinal and transversal stresses. In the
same manner, existing empirical models can be found efficient, but
lacking in taking into consideration complex non-linear relationships
in deformations in the wheel-soil contact zone, potentially leading to
faulty mobility predictions [10].

One of the most important parameters of possible solutions is the
boundaries of the contact zone, because of its significance in describ-
ing force distributions, body deformation, and internal stresses. These
boundaries are, in turn, functions of the applied loads, the mechanical
properties, and geometry of the interacting bodies. Therefore, develop-
ing a sound method for determining these boundaries is pivotal for the
circuit of contact mechanics.

Thus, the object of research is the contact interaction between a de-
formable wheel (tire) and a deformable supporting surface.

The aim of research is to establish an analytical relationship for
determining the boundaries of the contact zone as a function of ap-
plied loads, the geometric parameters of the wheel, and the mechanical
properties of the contacting surfaces.

The tasks of this research were as follows:

1) to determine the absolute vertical components of deformation
for both the tire and the supporting surface, based on the dependencies
presented in the previous publication;

2) to ascertain the magnitude of the maximum absolute vertical
deformation of the deformed tire at the trailing edge of the contact
patch, considering that the deformation of the supporting surface at
this point is finite;

3) to determine the horizontal boundary of the finite tire deforma-
tion at the trailing edge of the contact patch;

4) to determine the leading edge of the contact zone, given the
known magnitude of the trailing edge and considering that the cumu-
lative deformation of the tire and the supporting surface at this point
is zero and derive the final equations for the boundaries of the leading
and trailing contact points.

2. Materials and Methods

This research extends the work initiated in paper [8] on the con-
tact interaction between a deformable wheel (tire) and a deformable
surface. The primary objective of this extension is to establish ana-
lytical expressions for the absolute deformations of both the wheel and
the supporting surface. These expressions are critical, as they can be
analytically transformed to define the boundaries of the contact zone
as a function of applied loads, wheel geometry, and the mechanical
properties of the interacting materials.

The methodology leverages analytical force distributions previ-
ously developed for non-conforming bodies. These are integrated with
transformed Boussinesq and Cerruti equations [8] within a planar
problem formulation. This synthesis yields the components of absolute
deformation for both the wheel and the supporting surface. Crucially,
these deformation components are biharmonic analytical functions,
representing the solution to the first boundary value problem for a half-
space. As the initial force distributions are functions of the system’s
loads, geometry, and material properties, the resulting deformation
fields are likewise dependent on these same parameters.

This analytical approach offers significant advantages over purely
numerical or experimental methods. It provides a more general solu-
tion, offers deeper insight into the underlying physical mechanisms of
contact, and furnishes a robust foundation for subsequent theoretical
developments and parametric studies.

The general case of the interaction between a deformable wheel
and soil, which considers all the acting forces, is shown in Fig. 1. This
model can be used for both driving and passive wheels.

The mathematical equations for absolute surface deformation
previously published in paper [7], made for a planar problem, can be
used as the basis for created analytical relationships for displacement.
At the same time, these relationships allow for a systematic analysis of
the resulting deformation. They also can look into key parameters and
surface properties that influence these deformations.
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Fig. 1. Schematic of the wheel-soil interaction, illustrating the forces
in the general case for both driving and passive wheel conditions

Fig. 1 illustrates the interaction scheme of a deformable wheel
within the & coordinate system, which coincides with the xz coordi-
nate system of the deformable surface. The division of the coordinate
systems is made to allow for the description of the geometric para-
meters of both the wheel and support surfaces.

The following forces act on the wheel’s center of rotation: the weight
acting on the wheel G = mg, the pushing force (for a passive wheel)
exerted from the frame F, the traction force applied to the wheel from
the frame caused by the tractive force Fr, and the torque that causes the
wheel to rotate (for the active wheel, for the passive wheel M = 0).

The distributed forces in the wheel-surface contact zone are desig-
nated as follows: F,, — wheel rolling resistance, where the action center
is located at a & distance from the wheel axis. The symbol U indicates
the direction of the wheel's movement.

The geometric parameters of the contact zone interaction are as fol-
lows: a, a; - the front and the rear contact boundaries, i — the support
surface deformation, /. — deformation of the deformable wheel [8]. The
presented solution is a continuation of the previously published study [8].

3. Results and Discussion

Vertical displacements of the wheel surface:
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where G — elastic modulus of the wheel material; a, a; — front and
rear contact boundaries; v — Poisson’s ratio of the wheel material;
b, by - transverse wheel boundaries (axis OyidemOn); r — wheel radius;
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& - longitudinal coordinate of the deformable wheel system; k — coeffi-
cient characterizing the ellipticity of the contact zone surface; 77 — trans-
verse coordinate of the deformable wheel system; x - longitudinal
axis of the coordinate system under consideration; y — transverse axis
of the coordinate system under consideration; z — vertical axis of the
coordinate system under consideration; d - final total deformation of
the supporting surface; F.i — component of the total function for the
vertically distributed forces acting on the wheels; Fy — component of
the total function for the horizontally distributed forces acting on the
wheels; Fr - tractive force; F; — pushing force; ¢ — gravitational accel-
eration; m — mass per wheel; M. — torque; i, — component of the final
deformation of the deformable wheel.

The fully expanded analytical solution to this integral is omitted
due to its considerable length and complexity. However, the solution
can be evaluated numerically to visualize the deformation profile.
Fig. 2 illustrates the resulting vertical displacement of the wheel surface
across the contact zone.

An analysis of the vertical wheel deformation, governed by (1) and
illustrated in Fig. 2, reveals the influence of key system parameters on
the magnitude of displacement. The primary relationships observed
are that the magnitude of the wheels absolute surface deformation
increases with increases in the applied torque M,, tractive force Fr, and
mass m. Conversely, an increase in the wheel’s surface elastic modu-
lus Gy results in a decrease in the vertical deformation component.

Vertical displacements of the support surface in the contact zone:
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where G, - elastic modulus of shear deformation of the support
surface; v, — Poissons ratio of the support surface; Fy,,, — component
of the total function for the horizontally distributed forces acting on
the supporting surface; F.,, - component of the total function for
the vertically distributed forces acting on the supporting surface,
h - component of the final deformation of the deformable support-
ing surface.

Fig. 3 illustrates the resulting vertical displacement of the support
surface across the contact zone.

Analysis of the vertical deformation of the support surface, as de-
scribed by (2) and visualized in Fig. 3, yields the following key find-
ings: the absolute deformation of the support surface increases with an
increase in any of the applied loads. This includes the wheel torque M,,
tractive force Fr, pushing force F, (for a passive wheel), and mass m per
wheel. An increase in the elastic modulus of the support surface G,
results in reduced vertical deformation. As expected, a stiffer surface
material is more resistant to indentation under load.

Increasing the wheel radius r leads to a decrease in deformation
of the support surface. This occurs because a larger radius distributes
the vertical load over a longer contact patch, which reduces the peak
contact pressure exerted on the surface.

Horizontal movements of the wheel surface:
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Fig. 4 illustrates the horizontal displacement profile of the wheel
surface within the contact zone.
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Fig. 2. Graphical representation of the vertical displacement profile of the wheel surface within the contact zone by its parameters and properties:
a — 3D visualization of the vertical displacement of the wheel surface; & — influence of applied torque and traction force; ¢ — influence of mass and elastic
modulus of the wheel; 4 — influence of width and radius of the wheel; ¢ — influence of traction and pushing forces; /- influence of mass and pushing force
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Fig. 3. Graphical representation of the vertical displacement profile of the support surface within the contact zone by its parameters and properties:
a - 3D visualization of the vertical displacement profile of the support surface; & — influence of applied torque and traction force; ¢ - influence of elastic
moduli of the wheel material and support surface; & — influence of mass and elastic modulus of the support surface; ¢ - influence of width
and radius of the wheel; /- influence of traction and pushing forces

Arriving from (3), Fig. 4 demonstrates the following dependen-
cies: horizontal deformations increase with the increase in the applied
torque M., tractive force Fy, pushing force F; (for a passive wheel), and
mass m per wheel. This increase will cause the wheel to deform hori-
zontally, as it'll initiate the shear stresses in the contact zone.

Contrarily, an increase in the wheel’s elastic modulus Gy or its ra-
dius r will lead to a decrease in horizontal deformations, as a larger
radius can change the distribution of shear stresses.

Horizontal displacements of the support surface in the contact zone:
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Fig. 5 illustrates the horizontal displacement profile of the support
surface within the contact zone.

Analyzing Fig. 5, arriving from (4), it’s possible to grasp that an in-
crease in the wheel torque M,, the resultant tractive force Fr, the push-
ing force in the case of a passive wheel F, or the mass m per wheel leads
to a more noticeable horizontal deformation of the support surface.
This can be seen as a direct result of the increase in shear stress acting in
the contact zone, which is needed to create traction and overcome the
rolling resistance. The illustrations also show that some parameters can
have an abating effect. For example, an increase in the elastic modulus
of the support surface G, boosts the material’s natural resistance to

shear, reducing the horizontal displacement. Similarly, increasing the
wheel radius r will distribute the contact pressures and shear stresses
over a larger area, which will lead to a decrease in the top deformation
of the support surface.

The longitudinal range on the contact zone of the deformable
wheel with the deforming surface is along the axis OyidemOn. This
allows to look at the existing problem as a planar problem formulation.
It will also simplify the equations, because under the conditions of the
problem, on the rear (trailing) edge of the contact zone a;, that is, when
x = & = ay, the maximum displacement of the wheel surface in the first
approximation is wije - = o1 = af/2r.

At the leading edge of the contact zone x = & = a, the sum of the
surface displacements represents the total gap closure and is equal to
ZErO: Wi+ Wyjg=x=q = 0.

Determining the contact zone boundaries requires evaluating the
vertical displacement fields for both the wheel and the bearing surface
at the specified points.

To calculate the boundaries of the contact zone between the
wheel and the support surface, it is necessary to determine the com-
ponents of the vertical displacements of the wheel surface and the
support surface at the contact zone boundary points x = & = g,
and x = & = a. The vertical component of the wheel displacement is
simplified under the assumption of small deformations. This allows
the higher-order terms in the expression to be neglected, resulting
in the form presented in (1), and given that E = 2(1 + v)G, the last
expression will take the form:
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Fig. 4. Graphical representation of the horizontal displacement profile of the wheel surface within the contact zone by its parameters and properties:
a - 3D visualization of the horizontal displacement of the wheel surface; & — influence of applied torque and traction force; ¢ — influence of mass and elastic
modulus of the wheel; 4 — influence of width and radius of the wheel; e — influence of traction and pushing forces
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Fig. 5. Graphical representation of the horizontal displacement profile of the support surface within the contact zone by its parameters and properties:
a - 3D visualization of the horizontal displacement profile of the support surface; & — influence of applied torque and traction force; ¢ — influence of elastic
moduli of the wheel material and support surface; & — influence of mass and elastic modulus of the support surface; ¢ — influence of width and radius
of the wheel; /- influence of traction and pushing forces

Equating the previously derived expression with the vertical wheel
deformation at the point ay: wye— v = a1 - a?/2r, and subsequently solv-
ing the resulting equation for ay, it is possible to obtain an expression
for the coordinate of the rear boundary of the contact zone

2a(wBE, (h,—r)-LE (v, =1)r)—
2y, —1)—
e,
—2v, + ©)
x(h,—r)+m (v, —1)x
E(h —r)+
X
+FE(r=h)+M,
The dependency of the rear contact boundary’s location on key
wheel parameters is illustrated in Fig. 6.

. 2(vk* =1)r(h, —r)x ;
| x(aF+ M)

The analysis of the dependence illustrates that:

- with an increase in the wheel radius r, the length of the rear
boundary of the contact zone a increases linearly;

- with an increase in the wheel’s modulus of curvature Ej, the con-
tact area a; decreases inversely;

- with increasing tractor mass applied to the wheel m, the size of
the rear boundary of the contact area a; decreases linearly;

- with increasing tractive force F, the coordinate of the rear
boundary of the contact area a; increases linearly;

- with a decrease in the width of the wheel B, the coordinate of the
rear boundary of the contact zone a; increases inversely;

- anincrease in the applied torque M,, leads to a non-linear in-
crease in the rear boundary coordinate a;.

To determine the front boundary of the contact zone, the func-

tions of the sum of the vertical displacements of the wheel and the
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bearing surface from (1) and (2) must be reduced to zeroatx = &= a.
An expression for the coordinate of the front boundary is derived by
applying the governing contact condition wy + wy¢s— - = 0 and using
the solution for the rear boundary a;. This final expression is simplified
by neglecting higher-order terms, which are considered insignificant
for this analysis, but taking into account that E = 2(1 + v)G

ZME(h—r)(r—hk)x
§ 2E, (v’ —1)+

+E, (vk2 —1)

Ek(vnz—l)x
/| =2a| X(E+FE, )(h—r)+ |+
+E,F (Vi ~1)(h-r)
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not

—gm(n'ﬁ (2vn—l)+2(vn—l))(h—r)—
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gm( f,(2vk=1)=2vk+2)(h —r)+
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—FT(27rvl<+2vk—ﬂ: —2)(hk —r)

Fig. 7 illustrates how the location of the front boundary varies as a
function of the wheel’s geometric and material properties.

The analysis of the dependence illustrates that:

- the modulus of wheels curvature, E,, is inversely proportional to

the front boundary coordinate of the contact zone a;

- the front boundary of the contact zone, g, increases linearly with

the applied torque M;

— the front boundary of the contact zone, a, increases linearly with

the wheel's modulus of curvature Ey;

— the front boundary of the contact zone, g, is inversely propor-

tional to the wheel radius r;

— the front contact boundary, a, is inversely proportional to the

mass of the tractor, m, applied to the wheel;

- the position of the front contact boundary, a, shows a slight posi-

tive dependence on the applied pushing force Fy;

- the front contact boundary, a, decreases linearly as the tractive

force Fy, increases.

As a result of the conducted research, analytical relationships
have been derived to determine the boundaries of the contact zone as

0
Me,Nm 4

c

a function of applied loads, geometric parameters of the wheel, and
the mechanical properties of the contacting surfaces. Based on the
solutions obtained for this research objectives, the following conclu-
sions can be drawn. The obtained analytical relationships significantly
simplify the prediction of the nature of the contact interaction be-
tween two deformable bodies of non-conformal geometry. This offers
a significant advantage compared to known methods of experimental
research and numerical modelling using FEM and FVM methods. The
latter requires substantial material costs (for experimental methods)
and considerable computations (for numerical methods). The results
obtained enable the investigation of slippage and sliding conditions
of wheeled propulsion systems and the determination of their traffic-
ability, given the known mechanical properties of the support surface.

The research findings presented in this publication can be practi-
cally applied to determine the dimensions of the contact patch between
a deformable wheel (tire) and a deformable supporting surface, given
known wheel loads, geometric dimensions, and the mechanical prop-
erties of both the tire and the supporting surface. This enables the de-
termination of permissible loads on the supporting surface, the wheels
tractive characteristics, and allowable deformations to ensure the req-
uisite off-road capability and tractive effort that the unit can generate.

Furthermore, in comparison to numerical solution methods, they -
while possessing lower costs associated with the absence of extensive
preparatory work and calculations — have sufficient accuracy. They also
offer the possibility of analyzing the influence of various factors on the
result and obtaining the expected nature of contact interaction at the
design stage or for ensuring rational machine operating modes.

The results of the presented research open the possibility for theo-
retical investigations of slippage and sliding issues in the wheel-support
surface contact zone, as well as for determining machine trafficability
and the rational use of mobile machinery.

The research results possess certain limitations, primarily related
to the necessity of determining the mechanical properties of the tire
and the supporting surface. Furthermore, applying these results re-
quires a specialist to possess knowledge of continuum mechanics for
characterizing the mechanical properties of the contacting bodies,
along with a university-level understanding of mathematics relevant
to technical fields.
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Fig. 6. Graphical representation of dependence of the rear contact boundary coordinate 2; on key wheel parameters and properties:
a — influence of wheel radius and mass; & — influence of wheel radius and wheel’s modulus of curvature; ¢ — influence of pushing force and applied torque;
d — influence of applied torque and the width of the wheel; ¢ - influence of traction force and mass

TECHNOLOGY AUDIT AND PRODUCTION RESERVES — No. 6/1(86), 2025

31—



—

MECHANICS

INDUSTRIAL AND TECHNOLOGY SYSTEMS:

ISSN-L 2664-9969; E-ISSN 2706-5448

8x107 1000

m,kg 1500

n kg os00

)

o1of

L.

ooak

i
a,m |
i

Fig. 7. Graphical representation of dependence of the front contact boundary coordinate # on key wheel parameters and properties:
a — influence of wheels curvature and applied torque; & — influence of wheel radius and mass; ¢ — influence of wheel’s modulus of curvature and radius;
d - influence of traction force and mass; ¢ — influence of applied torque and pushing force

The continued application of these research outcomes facili-
tates the optimization of tractive performance in mobile power units
and allows for the prediction of permissible slip characteristics for
wheeled machinery. Moreover, further utilization of the obtained
results will contribute to reducing soil degradation caused by tractive
power units, achieved by minimizing both horizontal and vertical
shear deformations in the soil.

4. Conclusions

1. The absolute vertical deformation components for the tire
and the support surface, which represent biharmonic analytical func-
tions (Fopto Fikto Mis Fenns Fonms 1), are the solution to the first bound-
ary value problem for the plane formulation. Since the initial force
distributions are functions of system loads, geometry, and material
properties, the resulting deformation fields also depend on these
same parameters.

2. The absolute vertical deformation of the wheel surface in-
creases with an increase in applied torque M,, tractive force Fr, and
the system mass m distributed to the wheel. The absolute deforma-
tion of the support surface increases with an increase in any of the
applied loads - including wheel torque M,, tractive force Fy, pushing
force F; (for a passive wheel), and the mass m acting on the wheel.
As expected, surface material with a higher modulus of elasticity is
more resistant to indentation under load.

3. Horizontal deformations of the wheel surface increase with an
increase in applied torque M,, tractive force Fy, pushing force F; (for
a passive wheel), and the mass m acting on the wheel. This increase
leads to horizontal deformation of the wheel, as it causes shear stresses
in the contact zone. An increase in wheel torque M,, tractive force Fr,
pushing force F; in the case of a passive wheel, and the mass m acting
on the wheel also leads to more pronounced horizontal deformation of
the support surface.

4. The final equations for determining the front and rear bound-
aries of contact are functions of the loads applied to the wheel, its
geometric parameters, and the mechanical properties of both the
wheel tire and the support surface. Research results obtained using
continuum mechanics methods and solutions derived from math-

ematical physics methods enabled the determination of analytical
relationships for the absolute deformation components of both the
wheel surface and the support surface. These relationships allow for
the determination of contact conditions to define the nature of the
contact interaction between wheeled propulsion systems and the
support surface. Compared to known solution methods based on
theoretical mechanics, these methods account for the influence of de-
formations on the nature of the interaction, yielding more accurate and
adequate results. Compared to experimental methods, the presented
results are less labor-intensive and possess greater solution generality.
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