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DEVELOPMENT OF AN ANALYTICAL
MODEL FOR PREDICTING THE
TRAJECTORY AND ENERGY
DISSIPATION OF BEE BREAD
GRANULES IN A ROTARY IMPACT
SEPARATOR

The object of this research is the impact interaction between a bee bread granule and a hammer-type working element in a rotary sepa-
rator. The practical relevance of the research arises from the need to ensure reliable release of granules while preventing their mechanical
damage, since even partial destruction leads to deterioration of product quality and a decrease in its commercial value. Such an approach
does not allow reliable prediction of energy transfer during impact or the subsequent trajectory of the granule. As a consequence, rotor speed
and hammer mass are often selected without sufficient theoretical justification, which limits the efficiency and controllability of the separation
process. To overcome these limitations, an analytical model describing granule impact and its post-impact motion in a rotating reference
[frame was developed. The mathematical formulation accounts for the combined action of centrifugal, Coriolis, gravitational, and friction
forces, which made it possible to derive parametric relationships for velocity and displacement as functions of time. It was established that
the post-impact motion follows a damped pattern, with the displacement amplitude decreasing by more than 60% within the first 0.02 s
and exceeding an 80% reduction after 0.05 s. It was also found that energy transfer efficiency strongly depends on hammer mass. At a mass
of 5 g, the efficiency reaches approximately 0.7-0.8%, whereas at 100 g it decreases to about 0.1%, and at 200 g it falls below 0.05%. These
trends are explained by increasing dissipative losses within the rotating system. The proposed model enables prediction of granule trajectory,
velocity, and energy dissipation under different operating conditions. Its practical value lies in providing a scientifically grounded basis for
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selecting hammer mass and rotor speed to achieve efficient and gentle separation of bee bread granules.
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1. Introduction

Research on granular media traditionally relies on simplified me-
chanical models. These models are useful, but they rarely account for
biological heterogeneity. Bee bread represents a granular system with
internal porosity and variable material properties. In practice, its sepa-
ration from wax combs inevitably involves impact interaction with ro-
tating elements. The main difficulty is not only fragmentation. It is also
the subsequent motion of the granule after impact. Impact penetration
into granular beds has been described as a process of energy redistri-
bution through compaction and rearrangement of particles [1]. Such
results clarify general dissipation mechanisms, although they are mostly
obtained for homogeneous systems. Rotation introduces additional
mechanical effects. The behavior of soft porous bodies under rotational
loading demonstrates that stress distribution depends on structural
compliance [2]. This observation is relevant, but those models are not
developed for repeated impact conditions. Interaction softness influ-
ences collective dynamics in particulate systems [3]. The implication is
clear: contact mechanics cannot be neglected. At the same time, hydro-
dynamic effects may modify particle transport in flow-driven environ-
ments [4]. Therefore, motion in rotary devices cannot be interpreted
as purely inertial. Contact duration and local deformation determine
impulse transmission efficiency [5]. This is especially important for
fragile materials. External excitation also reorganizes stress distribu-
tion inside particulate assemblies [6], although the direct connection

between these stress changes and post-impact trajectory remains in-
sufficiently clarified. Even a simplified two-particle collision model
shows that motion after impact is governed by competition between
translational energy and dissipation [7]. Impact experiments in granu-
lar beds confirm strong dependence on velocity and material proper-
ties [8]. However, these studies typically consider bulk layers rather than
single granules interacting with moving tools. Granular rotor systems
operate in nonequilibrium regimes under continuous rotation [9]. In
industrial crushers, rotor-induced airflow alters fragmentation intensi-
ty [10]. Numerical simulations demonstrate that rotor geometry affects
circulation and residence time [11]. Experimental analysis of hammer
elements confirms that configuration parameters determine load distri-
bution [12]. Structural optimization improves stability and wear resis-
tance [13]. Yet, an analytical link between geometry and particle-scale
trajectory is still lacking. Design investigations of rotor-based systems
show that impact and rotation act simultaneously [14]. Productivity
of hammer mills depends strongly on operating parameters [15]. Dis-
sipative mechanisms due to friction and internal deformation dominate
post-impact evolution [16]. Repeated collisions accelerate attenuation
of kinetic energy [17]. In hammer systems, concave geometry affects
breakage intensity [18], and degradation results from combined impact
and shear [19]. Discrete element simulations confirm the influence of
velocity and contact configuration on fragmentation probability [20].
Transport and separation remain central engineering problems [21].
Machine stability affects material flow behavior [22]. Transporting
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capability determines technological efficiency [23]. Rotor geometry
and kinematic parameters govern controlled motion in rotary mecha-
nisms [24]. Thus, although experimental and numerical investigations
are numerous, a consistent analytical description of post-impact motion
of structurally fragile biological granules in rotary systems has not been
sufficiently developed. This limitation complicates the rational selection
of operating parameters for bee bread separation.

The object of research is the process of impact interaction between
abee bread granule and a rotating working element of a rotary separator.

The aim of research is to develop an analytical model describing
impact interaction and post-impact motion of a bee bread granule in
arotary separation system.

Research objectives:

1. To derive analytical relationships describing the post-impact
motion of a bee bread granule.

2. To determine the influence of impact parameters and rotor
operating conditions on energy dissipation and particle trajectory.

2. Materials and Methods

The object considered is a single bee bread granule interacting
with a hammer element inside a rotary impact device. The granule
is treated as a soft deformable particle, which is consistent with com-
mon modeling approaches for biological and viscoelastic materi-
als under impact and compression [1-3, 19]. Bee bread granules,
formed through natural fermentation and characterized by internal
heterogeneity, can exhibit a combined elastic—plastic response with
pronounced damping, comparable in a general mechanical sense
to soft porous spheres and biological composites discussed in the
literature [2, 3, 6].

The methodology is based on analytical mechanics. To represent
the actual operating environment of a rotary device, the motion is de-
scribed in a non-inertial Cartesian coordinate system rigidly attached
to the rotating frame. This formulation allows centrifugal and Coriolis
terms to enter the equations of motion explicitly, rather than being
introduced as secondary corrections [2, 4, 9, 11, 16]. Such a choice
is standard in modern studies of particle motion in rotating systems,
where rotation can alter trajectories and dissipation mechanisms even
when the contact event itself is short [4, 9, 10].

The contact interaction between the granule and the hammer is
represented using an impulse-based formulation consistent with non-
linear contact mechanics for deformable particles [1, 7, 8]. The normal
contact force is written through a nonlinear stiffness—damping relation,
capturing both deformation during compression and partial recovery
after unloading, as is typical in soft-particle impact models and discrete
element approaches [1, 3, 19]. Tangential interaction is described using
the Coulomb friction law with a constant coeflicient of friction, which
provides a transparent and widely used baseline for impact systems
involving sliding at contact [5, 12, 15].

After the contact stage, the granule is assumed to move freely
within the rotating frame under the combined action of inertial
forces, gravity, and frictional resistance. The post-impact motion is
reduced to a second-order non-homogeneous differential equation
for the displacement along the radial direction of the rotating coor-
dinate system. Analytical solutions are obtained using the method
of variation of parameters, and the resulting expressions are used to
discuss trajectories both in the rotating frame and in an inertial frame
for interpretation [2, 4, 10, 14]. This approach follows established
treatments of particle-rotor dynamics and granular motion in rotat-
ing environments [10, 11, 13, 20].

Symbolic verification of derived relations and numerical checks,
together with visualization of key dynamic quantities, are performed in
Mathcad 15 (PTC Inc., USA) and Statistica 10.0 (StatSoft Inc., USA).
The model assumes uniform rotor angular velocity, and the impact is

treated as a short-duration event, which supports a quasi-static ap-
proximation during the contact interval — an assumption commonly
used in analytical descriptions of rotary impact mechanisms when the
goal is to obtain interpretable parametric dependencies [10, 12, 13, 17].
To keep the formulation analytically tractable while retaining the es-
sential kinematics, the hammer-rotor geometry is simplified; at the
same time, the relationships required to represent the impact conditions
and the subsequent motion are preserved. Overall, the modeling strat-
egy combines elements of soft-particle mechanics, impact theory, and
rotating-frame dynamics in a form suitable for engineering analysis and
design-oriented optimization of rotary processing systems for biological
granular materials [19-24].

3. Results and Discussion

3.1. Post-impact motion, trajectory, and velocity of the bee
bread granule

It is possible to consider the motion of a bee bread granule inside
the working chamber of a rotary system immediately after its detach-
ment from the wax matrix, caused by impulse-contact interaction with
a hammer element. In the adopted formulation, the impact phase de-
termines the initial conditions for the granule’s motion, which is further
analyzed in a non-inertial coordinate system Oxyz rigidly attached to
the uniformly rotating rotor.

Additional contacts of the granule with chamber walls are neglect-
ed; only the motion in the field of inertial forces and in the contact zone
with the hammer surface is considered (Fig. 1).
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Fig. 1. Schematic diagram of forces acting on the bee bread granule
in the contact zone with the hammer (top view): 1 - rotor, 2 — hammer,
3 — granule

The rotor rotates in a horizontal plane with constant angular veloc-
ity ew. The granule of mass m undergoes translational motion with the
rotor and relative motion along the x-axis of the rotating coordinate
system. Since the rotation is uniform, it is possible to assume quasi-
static behavior along the y-axis, taking acceleration in that direction
as zero. The force balance along the y and z axes is used to derive the
normal reactions.

The system of equations describing the relative motion of the gran-
ule is written as

mi=F —F —F,
F =mw’x,

1)

F =2mwx,
Ep :fmg’

where x(#) - the relative displacement of the granule; Fy, - the dry fric-
tion force in the contact zone “granule-hammer’; F, - the centrifugal
force; Fy — the Coriolis force; f - the coefficient of friction; e — the
angular velocity; g is the gravitational acceleration.

The centrifugal force in the rotating coordinate system is expressed as

E.=ma?x. 2

2%
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The Coriolis force arising due to relative velocity is given by
F, =2mox, ©)

where @ — the angular velocity of the rotor and & — the relative velocity
of the granule along the x-axis.

From the second equation in system (1), considering equation (3),
itis possible to obtain the normal reaction along the y-axis explicitly as

N, =F, =2mot, (4)

where N, - the normal reaction force, m — the mass of the granule,
¢ - the gravitational acceleration, and e and x as defined earlier.

The dry friction force in the contact zone is modeled using Cou-
lombs law with friction coefficient f, written in an expanded form to
preserve the link with inertial components

Fyy = fmg. (5)

Substituting equations (2) and (5) into the first equation of sys-
tem (1), it is possible to obtain the equation of motion in the form

mi =2mf wx —mo’x, (6)

where the right-hand side combines centrifugal acceleration, gravity,
and velocity-dependent friction.
Using the geometric identification of radial coordinate as r = x, it is

possible to simplify (6) to
mi +2mf ox —me’x = fmg. (7)

Dividing equation (7) by the nonzero mass mmm, it is possible to
obtain the final form of the relative motion equation

i+2foi-o'x=fg, ®)

where ¥ represents the granule acceleration in the rotating frame; the
term 2 fox characterizes dissipative effects associated with friction and
Zx corresponds to the centrifu-
gal inertial component acting on the granule. To analyze the dynamics
of the granule’s post-impact motion in the rotating system, it is possible
to solve equation (8) as a linear non-homogeneous differential equa-
tion with constant coefficients. The associated homogeneous equation

the Coriolis interaction; and the term

¥+2fox-0’x=0,

yields the characteristic equation
22+ 2fwl - w?=0. )
The discriminant of the characteristic equation is given explicitly as

D =(2fw)* + 4* = 402’ (f + 1), (10)
where A = (2fw)2 + 4w? defines the type of solution (overdamped,
underdamped, or critically damped).

Solving the characteristic equation, it is possible to obtain the roots

:—Zfa)i-\/Bz

2'1,2 2

—fotayf*+1, (11)

where A; and A, - the exponential rates of decay or growth, depending
on the sign of the real parts. These roots define the fundamental modes
of the system.

Accordingly, the general solution of the homogeneous equation can
be written in the exponential form

x,()=Ce™ +Ce™, (12)
where Cy and C, - arbitrary constants to be determined from initial
conditions; 4, A, are the roots obtained from equation (11); and xo(f)
is the homogeneous part of the solution.

This solution captures the damped oscillatory behavior or exponen-
tial decay of the granules displacement in the absence of external forcing,

To construct the complete solution of the non-homogeneous dif-
ferential equation (8), it is possible to apply the method of variation of
constants (variation of parameters), retaining the exponential basis
{eilr ’ellz ]

The particular solution is represented in the form

xp(t):ul(t)el" +u,(t)e™, (13)
where x,(t) - the particular solution, and uy(#), u,(t) - unknown func-
tions replacing the constants Cj, C; in the homogeneous solution.

According to the method of variation of constants, the derivatives
of uy (1), u () satisfy the following system

ul (e +ul (1)e™ =0,
O ) = "
u (A +ul (DA™ =—fg,
where the non-homogeneous term is formally expressed through a gen-
eralized loading parameter fg, and the fundamental system is {el",ew} .
The Wronskian of the fundamental system is computed as

It At

wir)=|

_ (A +2)t
ﬂ,elw _(;LZ_;Ll)e ‘ >
1

o 09
»€

where W(f) - the determinant of the matrix composed of fundamental
solutions and their derivatives.
Given the exponential nature of the basis, there is the equivalent form

W(t)=2w4 f* +1e,

(16)

which simplifies the computation of the integrals in the next step.
From expressions (14)-(16), the derivatives of the variable coef-
ficients are obtained as

r _ ,fge)?l
uy(t)= W) (17)
and
, __fge/llt
J(t)= W' (18)

where u] and i) represent the rates of variation of constants corre-
sponding to each fundamental mode.
Substituting equation (16) into (17)—(18), it is possible to obtain in-
tegrable expressions for the unknown functions

u{(t):Lze%”f‘”)’, (19)
204 f7+1
and
N —— (20)
204 f7+1
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where the exponential denominators reflect the influence of the dy-
namic damping terms.
Integrating the expressions in (19), (20)

(L, +2fo)t
(- : 1)
Zw\/fz-i—l A+2fo
and
(W42 fo)
()=t (22)

2041 A+2fo

where the integration constants can be omitted, as they are already
included in the homogeneous part of the general solution.
Finally, substituting equations (21), (22) into expression (13), it is
possible to obtain the particular solution in explicit form
x,(H)=u, (t)e™ +u,(t)e™". (23)
Multiplying out the exponentials, the full expression is conve-
niently rewritten in a format that matches the structure of the original
derivation

x(t)= Cle212 +Czelzf —%. (24)

Applying the initial condition at the moment of separation #, = 0,
where the granule has displacement x(0) = xo, it is possible to substitute
this into expression (24) and obtain

I/

x0)=x,=C +C,—==x,. (25)
[0}
From this, it is possible to isolate the constant of integration
C=x+ & _c, (26)
[0}

where xo — the initial displacement of the granule after impact; this
constant defines the amplitude of the motion.

Substituting equation (26) into (24), it is possible to obtain the final
analytical expression for the post-impact displacement of the granule
in the contact zone

x(t)=Cleﬂ“'+(xO+L%—Cl]elz'—L%, (27)
® ®

400
200 300

0
o 100 xw

a

Y, m

where x(f) - the radial displacement of the granule in the rotating co-
ordinate system, expressed as a decaying function of time due to the
damping effect of friction and inelastic impact losses.
For uniform rotor rotation, the angular displacement over time is
defined by the simple kinematic relationship
@(t) =@+ ot, (28)
where ¢(f) = t + ¢ - the angular position of the rotor at time t; e — the
constant angular velocity; ¢, — the angular phase at the moment of impact.
Thus, the radial displacement of the granule in the rotating coor-
dinate system is given in a parametric form, convenient for trajectory
reconstruction
1(t) = R+ x(1), (29)
where #(f) corresponds to the radial coordinate of the granule, which
is identical to the displacement x(¢) in the rotating coordinate system.
To describe the motion of the granule in the fixed (laboratory)
frame, it is possible to convert from the rotating coordinate system Oxyz
to the horizontal plane OXY. The transformation leads to the following
parametric trajectory equations

X(t) = (R + x(t))cose(t), (30)
and
Y(¢) = (R +x(£))sing (1), (31)
X(t)=(R+x(t))cos(p, + @t),
{Y(t) =(R+x(1))sin(g, + wt), (2)

where X(t), Y(t) - the coordinates of the granule in the stationary system;
#(t) - the radial displacement obtained from equation (29); ¢(t) - the
angular displacement defined in (28).

Using the parametric relations (30)—(32), the trajectory of the granule
in the coordinate system was reconstructed. The resulting space-time rep-
resentation of motion and its planar projection are shown in Fig. 2. As can
be seen, the granule follows a strongly curved, spiral-like path with a rapidly
decreasing radial amplitude, which reflects the combined action of inertial
forces and intensive energy dissipation after impact. The color-coded time
distribution along the trajectory demonstrates that the main part of the
displacement occurs within a very short time interval, while the subsequent
motion is characterized by rapid deceleration and convergence toward the
rotor center. This confirms that the post-impact dynamics of the granule is
highly non-uniform in time and dominated by dissipative effects.

600 0.076
500 0.068
400 0.060
300 0.052
200 0.044 ~
0.036
100
0.028
0
0.020
200 400 0012
X.m
b

Fig. 2. Parametric trajectory of the granule in the stationary coordinate system: 2 — three-dimensional space-time representation X(¢), Y(#);
b - planar trajectory X(#), Y with time-coded color scale
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These expressions allow the reconstruction of the granule’s path in
space as a time-dependent spiral-like curve with damping amplitude.

To evaluate the transport intensity, it is possible to define the modu-
lus of the granules velocity vector as

V(t)=

X(t)? +Y (1) (33)

Since ¢(f) = wt + @, its derivative with respect to time is

p(t)=w, §(t)=0, (34)
where @ - the constant rotor speed.

By differentiating equations (30) and (31) with respect to time and
substituting from (34), it is possible to obtain the explicit components
of velocity

{X(t)zfc(t)cos((po +0t)—o(R+x(t))sin(¢, + o), 35)

Y ()= x(t)sin(g, + @t) + o(R+x(t))cos(p, + o),

where x(f) represents the time derivative of the radial displacement; e
is the angular velocity of the rotor; and the sine and cosine functions
define the geometric transformation of radial and circumferential ve-
locity components from the rotating frame to the stationary coordinate
system OXY.

To evaluate 7(t), it is possible to differentiate equation (29) and write

5 _

() =ACeM + 2, (xﬂ +22 lje“. (36)
1)

Substituting (35) into (33) and applying trigonometric identities,
itis possible to obtain a time-invariant expression for the velocity mag-
nitude

V) =X +Y (). (37)

Vmax, M S
[3S)

200

160 &
6%
A

140 .8

After expanding and regrouping the squares and mixed terms, it
is possible to find

V2 (t)=5(t)cos’ (¢, +ot)—

—2wx(t)x(t)sin(p, + ot )cos(p, + ot )+

+ o % (t)sin’ (@, + o)+ (t)sin* (¢, + @t +

+20x(1)x(t)sin(p, + ot)cos(p, + ot )+

+ &’ x*(t)cos’* (@, + @t). (38)

The mixed terms cancel due to orthogonality, and using the identity

sin?6 + cos’0 = 1,0 = g + ot (39)
itis possible to arrive at the final invariant form of velocity
Vi) =x(t) +o*(R+x(t)). (40)

Using expression (40), the maximum attainable velocity of the gran-
ule was evaluated in a wide range of rotor angular velocities c and
friction coefficients f. The resulting parametric dependence viyx(@,f)
is shown in Fig. 3. It can be seen that the maximum velocity increases
sharply with increasing @ and decreasing £, forming a strongly non-
linear response surface. This demonstrates the high sensitivity of the
impact kinematics to both rotor speed and contact friction conditions.

The results shown in Fig. 4 demonstrate that with increasing ham-
mer mass, the efficiency of energy transfer to the granule decreases
sharply. At a hammer mass of 5 g, efficiency is around 0.7-0.8%; at
100 g, it drops to approximately 0.1%; and at 200 g, to below 0.05%. This
confirms the inelastic nature of impact and suggests the presence of an
optimal mass for maximum energy utilization.

The trajectories demonstrate rapidly decaying oscillations caused
by strong internal dissipation and inelastic losses during impact and
subsequent motion.

160
w,rad s

b

180

-1

Fig. 3. Maximum velocity of the granule after impact as a function of the rotor angular velocity @ and the friction coeflicient f:
a - 3D surface representation; & — contour map of vy (@,f)

—— Impact efficiency
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Energy transfer efficiency, %

0 50 100

Hammer mass, g
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—=— x({) — along X-axis

80 -~ y(f) — along Y-axis
60 —— r(¢) — radial displacement
g
g 40
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—40
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Time, s
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Fig. 4. Energy transfer efficiency and post-impact kinematics of a bee bread granule in the rotating coordinate system: 2 — dependence of the impact energy
transfer efficiency on the hammer mass; 4 - time evolution of the granule displacement along the X and ¥ axes and the radial coordinate 7(z)
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The granules displacement exhibits exponentially decaying behavior.
For an initial deviation of 80 mm, the amplitude drops by over 60% with-
in 0.02 s and by more than 80% within 0.05 s. The radial component r(f)
decreases monotonically from =80 mm to less than 20 mm in the same
interval, indicating rapid dissipation and a short-lived dynamic phase.

3.2. Influence of impact and operating parameters on granule
motion and energy dissipation

To fully characterize the motion of the hammer and its interaction
with the bee bread granule, it is possible to formulate the kinematics in
terms of generalized coordinates and velocities.

The generalized coordinate vector of the system is given by

q<t>={z(§)’ )

(),

where (1) — the angular position of the rotor; a(t) - the angular dis-
placement of the hammer relative to the radial direction of the rotor;
tis time.

The generalized velocities and accelerations are expressed as

- o(t), - o(t),
qt)= {d o), q(1)= {a o), (42)
where ¢(t) and @(t) - the first and second time derivatives of the rotor
angular position, respectively; x(t) and X¥(t) are the first and second
time derivatives of the hammer angular displacement; # is time.

The position of the hammer’s pivot point A, located at radius R, in
the fixed coordinate system OXY, is given by

Rcoso(t),
r,()=1 (43)
Rsing(t),
where ¢(f) = @t + @ - the angular position of the rotor, as defined
earlier.
The velocity and acceleration of point A are computed as

| Re(t)sing(t),
rl\(t)_{ Re(t)cose(t), (44)
and
i’/\(t):{_ Rﬁ.b(t)sinﬁl)(t)—R?ZZ(t)éosw(t), )
R(t)cosp(t) =R (H)sing(t),

where the radial direction and its orthogonal complement define the
local basis for expressing linear quantities in the rotating frame.

To analyze the hammer’s motion in full, it is possible to define the
position of its center of mass C, which is located a distance L from point
A, and depends on the relative angular position a(r)

t)+o(t
e (0)=r,()+1 colpt)+al) (46)
sin(p()+a(t))s
where L - the length from the joint to the center of mass.
The velocity of point C is then derived from equation (46)
: : —si t)+alt)),
re(®)=ra(t)+ L(p(0) +a(r)) sinlp(0)+a(0) (47)
colp(t)+a(t)).

The square of the center of mass velocity is expressed in expanded
form as

V() =R )+ (g(t)+a () +

+2RL(1)(§(1) +a(t) )cosar(t). (48)

After simplification and grouping of terms, let’s arrive at an equiva-
lent expression: (48) (repeated with reduced notation).

To formulate the impact law, it is necessary to determine the veloc-
ity components of the hammer surface at the contact point with the
granule.

The position of the contact point K on the hammer is determined as

cofp(H)+a(t)),
+a
sin(p()+a(t)),

where A - the hinge point of the hammer (from (43)); a - the distance
from point A to the contact point K along the hammer’s axis; a(t) - the
angular position of the hammer.

Substituting from equation (43), it is possible to obtain the explicit
coordinates of K

r.()=r,(t) (49)

%, (t)=Reosp(t)+acod (1) + (1)),

(50)
Y (t)=Rsing(t)+ asin((p(t) + a(t)).

Differentiating with respect to time, the velocity of point K'is given by

sin(p(t)+a (1)),

e () =ra(t)+a((t)+ (1)) (olrat)
cos\p(t)+a(t)),

(51)

where @(t)=w is the angular speed of the rotor; d(t) is the angular
velocity of the hammer relative to the rotor.
Squaring the velocity vector

V(0 =rx(t) e () =12 (1) + 52 (1), (52)

which expresses the total kinetic energy of the contact point before
interaction.

To determine the interaction mechanics, it is possible to extract the
normal component of the contact velocity. Assuming that the hammer
surface is locally perpendicular to the radial direction, it is possible to
define the normal direction and compute the projection:

| codo(t) +a(),
n(t)=
sin(p(t)+a(t)),
_ —sin((p(t)+a(t)>,
cofp(H)+alr)).

Similarly, the tangential component of the velocity is found as:

V(D =rx(6)-n(t),

Ve, () =rx(t)-(1). (54)
Lets now turn to the impulsive interaction between the rotating
hammer and the bee bread granule. During the interaction, the force acts
in a direction that is approximately normal to the local hammer surface.
Let the unit normal vector be oriented along the local radial direc-
tion from the rotor center to the contact point. Then the interaction
force vector 7 can be represented as

ST

—E -, (55)

1

where EI — the normal impact force, ii - the normal unit vector,
F, - the scalar magnitude of the force.

2
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According to the impulse-momentum theorem, the change in mo-
mentum of the granule in the normal direction is given by

m(vln _V()n):]n’ (56)
where ], — the normal impulse applied over the impact duration At, vy,
v1, — the normal velocity components before and after impact, m is the
mass of the granule.

The relationship between pre-impact and post-impact normal ve-
locities is established using the coefficient of restitution e

Vin =7, (57)

where e € [0,1] - a phenomenological parameter that describes energy
loss during impact. For biological granules, e ~ 0.6-0.8 [17,18].
From equations (56)-(57), it is possible to derive the impulse as

(58)

], = m(vln —VOn)z -m(l+e)v,,.

The change in the granule’s tangential velocity due to frictional
interaction is computed analogously. Assuming dry friction with coef-
ficient f, the tangential impulse is

J,==f1,lsgl,. ), (59)

where /,, = f],, under Coulombs law; this impulse changes the tangential
velocity component of the granule.

The total change in kinetic energy of the granule due to the impact
is expressed as

1
AE :Em(vé -v;), (60)

where AE - the net energy loss; v, ¥,
granule before and after contact.

The results demonstrate that for inelastic impacts with e = 0.7, the
granule loses more than 20% of its kinetic energy in a single interaction,
primarily due to deformation and internal damping. These results are
consistent with experimental observations for granular plant-based
particles [20, 21].

Lets now consider the sequence of four successive impacts of the
granule with different hammer elements during its motion inside the
rotor. Each impact resets the initial condition for the post-impact mo-
tion described by equations (27)—(29).

To model this, it is possible to define a recursive structure for
the trajectory segments. Let the i-th impact occur at time f;, and
the corresponding parameters after impact are xg;, o Then the
radial displacement and angular position after each impact are de-
scribed as

— the full velocity vectors of the

x(O)=x, e " 21, (61)
and

p()=w(t—t)+e,, (62)
where i =1,2, 3, 4; x); - the post-impact radial offset; ¢; — the angular
reset depending on rotor position at impact.

The parametric trajectory in the stationary coordinate system for
each segment is expressed as

X.(0)=(R+x,(t) )cosp, (1), (63)

and
Y(t)=(R+x,(1) )sing, (1), (64)
for coordinates Xi(f) and Y,(t), respectively.
The velocity magnitude for each segment is computed as
v (O =20+ 0 (R+x (), (65)

with analogous formulas to equations (33)-(40).

The cumulative kinetic energy loss over four impacts is computed
recursively by applying energy loss ratios at each stage, assuming con-
stant restitution e and identical rotor angular velocity e.

As illustrated in Fig. 5, the granule trajectory forms a multi-spiral
pattern, with decreasing amplitude after each impact. The radial dis-
tance after the first impact was =80 mm, reducing to =45 mm after the
second, ~28 mm after the third, and =15 mm after the fourth. Energy
drops sharply, especially after the first and second impacts, with more
than 70% of initial energy dissipated by the third impact.

100.0
50.0
8
2 00
>
-50.0
-100.0
-150.0 -100.0 -50.0 0.0  50.0 100.0 150.0
X (mm)
Rotor shaft — Edge 3 -= Center 3
Hammer length — Edge4 Center 4
— Edge 1 -~ Center 1 Center of rotation
__ Edge2 Center 2
a
0.030 — Energy
----- Cumulative losses
—13.17mJ .
Relative energy (%)
0.025 |
2 0.020 s
=1 ’
m ,
I,/(
0.015 —6/46 mJ
r
’
7
0.010 /
’
=3.16mJ
/Il
0.005 i —1.55mJ
'l
,l
0-0007"Eg El E2 E3 E4
Impact (phase)
b

Fig. 5. Post-impact motion and energy dissipation of a bee bread granule
during successive collisions inside the rotor: 2 — planar trajectories of the

granule projected onto the

OXY plane for four consecutive impacts;

b — stepwise decay of the mechanical energy after each impact stage

This modeling result confirms the efficiency of energy attenuation

in the rotor system and highl

ights the self-regulating nature of granule

trajectory convergence toward the rotor center.
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3.3. Discussion

The results of the analytical modeling help to understand the me-
chanics of bee bread granule impact in a rotary device. The displacement
of the granule after the impact follows an exponential decay pattern,
which is typical for viscoelastic materials and agrees with the behavior
of low-modulus biological materials [3, 5, 6, 17, 19]. The limited elas-
tic restitution is in line with the soft organic systems and biomimetic
materials [5, 19]. The trajectory analysis showed a distinct amplitude
reduction with each impact, which confirms that the rotor-based sys-
tem facilitates granule movement towards the rotation axis and prevents
rebound or scattering. The damping effect is typical for soft or granular
materials in cyclic collision processes [1, 4, 9, 19, 20]. The energy de-
cay and trajectory stabilization pattern agrees with DEM simulations of
particle flow in rotary and hammer machines [10, 11, 13]. The optimal
hammer mass range was found, beyond which the increase in mass re-
duces the efficiency of energy transfer due to increased inelastic deforma-
tion. Similar results were obtained in rotary impact simulations, where
the use of lighter impactors resulted in better preservation of product
integrity [10, 12, 15, 19]. These data are in line with previous studies
on granule separation and agricultural material processing (7,8, 14].
The data obtained have significant practical applications for the design
of energy-efhicient rotary devices for granule separation. Based on the
equations obtained, engineers can simulate granule behavior at dif-
ferent rotor speeds and optimize hammer mass, angle of rotation, and
surface elasticity for maximum efficiency [14, 21-24]. The model can
also be used for the development of predictive control algorithms for
automated separation devices [20, 22, 23]. Limitations of the model
include the assumption of planar motion and constant material prop-
erties, which do not accurately represent the effects of moisture and
inhomogeneity on impact dynamics [16, 18, 19]. Future research will
generalize the model to three-dimensional motion, time-varying res-
titution coefficients, and experimental verification using high-speed
imaging and DEM analysis [1, 9-11]. These advances will improve the
understanding of granular mechanics and facilitate the development of
sophisticated rotary separators for biological materials.

4. Conclusions

1. Analytical relationships describing the post-impact motion,
velocity, and trajectory of a bee bread granule in a rotary separator
were obtained. It was established that the granule motion has a strongly
damped character. In particular, for an initial displacement of 80 mm,
the amplitude decreases by more than 60% within the first 0.02 s and by
more than 80% within 0.05 s. The radial coordinate decreases from ap-
proximately 80 mm to less than 20 mm over the same time interval. This
confirms rapid attenuation of motion and stabilization of the granule
trajectory due to dissipative effects associated with friction and internal
damping.

2. The influence of impact parameters and rotor operating condi-
tions on energy dissipation and granule motion was determined. It
was found that the efficiency of energy transfer depends strongly on
hammer mass and equals approximately 0.7-0.8% for a hammer mass of
5 g, decreases to about 0.1% at 100 g, and falls below 0.05% at 200 g. In
addition, during successive impacts, the radial displacement decreases
from about 80 mm after the first impact to approximately 15 mm after
the fourth impact, with more than 70% of the initial mechanical energy
dissipated. These results demonstrate the dominant role of inelastic
deformation and friction in the energy dissipation process and provide
a quantitative basis for selecting rational rotor parameters.
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