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DEVELOPMENT A MATHEMATICAL 

MODEL OF PROCESSES INSIDE 

RF HOLLOW CATHODE TAKING 

VISCOSITY INTO ACCOUNT IN 

ELECTRON DYNAMICS

The object of research is high-frequency hollow cathode as electron sources in plasma-ion thrusters and Hall effect thrusters with 
relatively low-power.

Publications devoted to high-frequency (helicon) thrusters consider Trivelpiece-Gould waves, helicon waves, as well as ion-cyclotron 
and electron-cyclotron resonance, as mechanisms for absorbing electromagnetic energy. In this case, electron scattering by atoms and ions 
within the thruster channel is considered a factor in plasma thermalization. The discharge conditions and the dimensions of the low-power 
cathode cavity virtually eliminate the occurrence of these effects, while significantly enhancing the relaxation of electron momentum due 
to non-mirror reflection from the potential barrier in the boundary bipolar layer. The parameters describing the results of this reflection 
within the cavity volume are the axial-azimuth and radial-azimuth components of the electron viscosity tensor, corresponding to the 
electron momentum flux in the direction of zero mass flow. It is shown that viscous electron momentum transport facilitates magnetic 
field penetration deeper into the plasma than is predicted by classical skin-layer theory, which considers the relaxation of electrons mo-
tion only because of collisions in the volume. Conditions under which rotation-cyclotron resonance is possible are identified. The input 
of viscosity into electrons thermalization process is shown.

The results obtained in the work can be used in predicting operating parameters and narrowing the range of parameter variations 
when developing laboratory models.
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1. Introduction

The expansion of astronautics tasks at last decade of X X century 
has resulted in creation of the whole series of narrowly specialized 
satellites, as on an example CubeSat, with small mass and simultane-
ously low power produced by solar arrays. The samples of electric 
propulsion thrusters, developed before used for orbits correction 
and operating in a mode of the arc discharge, were characterized  
by increase of thrust power cost at reduction of scale parameters of 
the thruster.

Ablative pulse plasma thrusters [1] and plasma-ion thrusters (PIT) 
with high-frequency (HF) ionization [2] proved to be satisfactory in 
terms of life-time at low thrusts and powers. Also, the use of RF cathodes 
as electron sources for PIT ionization chambers and neutralizers in PIT 
and Hall effect thrusters (HET) made it possible to reduce the electron 
power cost at low thrust levels.

1.  The paper  [3] represents ion cyclotron resonance (ICR) in 
which the cyclotron frequency of ions in the constant component of 
the magnetic field coincides with the frequency of the time-varying 
component of the magnetic field. However, the realization of such 
a resonance is possible only by chance in limited volumes, since, 
unlike the time-variable component, the cyclotron frequency in the 
constant component depends on the coordinate.

2. The paper [4] represents electron cyclotron (ECR) resonance – 
a similar coincidence exists in ion dynamics and with the same property 
of randomness and limited space.

3. The paper [5] represents helicon (spiral) low-frequency electro-
magnetic waves that arise and propagate with relatively weak attenua-
tion in metallic conductors and plasma placed in an external magnetic 
field. In this case, however, as in all works related to helicon thrusters, 
the propagation of helicon waves is described by expressions that  
are valid only in unlimited space with a uniform distribution of  
plasma parameters.

4. The paper [6] represents low-frequency potential Trivelpeace-
Gould waves excited by helicon waves, which strongly damp and heat 
the plasma. Just as in work [5], quantitative characteristics were found 
for a homogeneous plasma in an unlimited space.

The paper [7] represents skin effect, also responsible for the func-
tioning of high-frequency devices, but, as in all known classical expres-
sions, it describes the skin effect without taking into account the viscous 
transfer of momentum along and across the magnetic lines.

The description of the processes in the listed works does not relate to 
the specifics of hollow RF cathodes, is of a general theoretical nature and 
is not implemented in mathematical models and calculation methods.

The work [8] presents the results of the development of high-fre-
quency hollow cathodes for processing large-area double-sided foil in 
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a pressure range ten of times greater than those typical for cathodes of 
electric propulsion thrusters.

The work [9] presents the results of the development of a high-fre-
quency hollow cathode for use in a plasma-chemical reactor at electron 
current values significantly higher than in hollow cathodes of electric 
propulsion thrusters.

The work [10] is devoted to the development of a hollow RF cath-
ode-neutralizer for a plasma-ion thruster, containing only the results of 
an experimental research.

A common characteristic of these studies is that they consider par-
ticle scattering only within the volume, the effect of which is negligible 
in the case of cathode sizes small compared to thrusters. At small sizes, 
the relaxation of electron momentum as a result of their non-mirror 
reflection from the potential barrier in the bipolar layer adjacent to the 
plasma becomes significant [11].

All this allows to state that it is advisable to conduct a research 
devoted to development of mathematic model of viscous electron 
momentum transport in electric propulsion devices with closed 
electron drift. The relevance of this research stems from the lack of  
consideration in existing mathematical models of the specific  
of electrons momentum transport in rarefied plasma under action of 
magnetic field and at presence of potential barrier inside boundary 
bipolar layer.

The aim of research is to develop a mathematical model of processes 
inside radio-frequency (RF) hollow cathode taking viscosity into ac-
count in electron dynamics. The objectives of research are:

1.	 To write the azimuth projection of the electron motion equa-
tion, taking into account the influence of a magnetic field on viscous 
momentum transport and viscous components of the electrons mo-
mentum flux density.

2.	 To write the equation of radial-azimuth component of electrons 
viscosity tensor.

3.	 To write the expressions for electrons energy equation com-
pounds, which represent the input of viscosity into process of electrons 
thermalization.

2. Materials and Methods

2.1. Current state
The object of research is high-frequency hollow cathode as electron 

sources in plasma-ion thrusters and Hall effect thrusters with relatively 
low-power.

The following scientific methods were used in the research:
–	 analysis method when studying existing models of processes in 
high-frequency electric propulsion devices, with the determination 
of the limits of their applicability in the rarefied plasma of high-fre-
quency hollow cathodes at relatively low currents;
–	 theoretical methods in formulating a mathematical model of vis-
cous momentum transport and its integration into a comprehensive 
mathematical model of processes in a high-frequency hollow cath-
ode of a low-power electric propulsion thruster.
The use of high-frequency discharge is also proposed directly in 

thrusters called "helicon" ones (Fig. 1).
Here the acceleration of the propellant is the result of the following 

series of processes: alternating azimuth current in the inductor Ii → al-
ternating axially symmetric magnetic field i B i Bx x r r+  → alternating 
azimuth electric field j Eψ ψ  → alternating azimuth current jy → axial 
force Fx  as a result of the interaction j Brψ .

Here Ii, Bx, Br, Eψ, jψ are periodic and alternating with zero average 
values for one period of the source. But the product j Brψ  and, accord-
ingly, the axial force Fx  remain to be of constant sign – the processes 
listed above are sufficient to create the thrust. However, some mecha-
nism for relaxing the azimuth projection of the electron momentum 
is necessary, since in the absence of resistance factors, the inductor’s 

magnetic field does not penetrate the plasma. Ionization of the pro-
pellant is also impossible, which is especially important in the case of  
a HF electron source.

 
Fig. 1. Helicon thruster

When describing processes in conductors (including plasma) in 
a time-varying magnetic field, the concept of a skin layer  [7] arises, 
which is determined by the following series of processes (Fig. 1):

–	 a time-varying external magnetic field created by a current Ic  
in an inductor, which induces a time-varying electric field in the 
conductor;
–	 the induced electric field excites a current Ip in the conductor op-
posite in direction to the current Ic;
–	 the current excited by the electric field creates a magnetic field 
opposite in sign to the external field.
As a result, it turns out that in the direction deep into the conduc-

tor, the magnetic field weakens more intensively, the higher the conduc-
tivity – significant values of the magnetic field are present in the surface 
layer – the magnetic layer, the skin layer. The depth of the skin layer is 
usually determined from the following considerations. 

The azimuth projection of the electrons motion equation in classic 
theory of skin layer has the form
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where ne, Veψ – population and azimuth projection of the mass-averaged 
electron velocity.

Neglecting viscosity, equation (1) takes on a simplified form
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If the electric field strength varies in time harmonically with fre-
quency and amplitude EψA, the current density will also vary harmoni-
cally with amplitude jψA, equal to
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Thus, the description in neglect of viscosity shows the proportion 
between the amplitudes of the current and the electric field strength. 
The maximum EψA at the periphery with attenuation deep into the 
channel means the same jψA behavior.
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The vector potential, magnetic induction and, accordingly, the electric 
current when deepening into the conductor have the form of decaying 
waves with a decrement of attenuation and a wavelength of the δs order

�
�
��s

p

c
� 0

2

. 	 (5)

The depth of the skin layer can often be small compared to the size 
of the discharge volume – ionization occurs in the peripheral region of 
the discharge, and the central region is filled with ions and electrons due 
to their diffusion from the peripheral region. 

In ground-based applications, in technological plasma systems with 
a stagnant atmosphere, plasma generation only at the periphery of the 
discharge is not a problem. In electric propulsion thrusters (expenditure 
systems) and their components (e. g., cathodes), such a phenomenon 
would mean an unacceptable reduction in specific impulse and efficien-
cy – the neutral component from the central region would exit the de-
vice channel, not participating in the generation of ions and electrons.

For hollow RF cathodes with relatively low power and small cavity 
dimensions, the scattering effect within the volume is negligible. Moreover, 
the cavity’s nearly closed volume, opened by a small-diameter orifice, 
eliminates the presence of traveling waves, such as helicon waves and Triv-
elpiece-Gould waves. Significant in this case are the boundary processes of 
electron momentum relaxation as a result of non-mirror reflection from 
the potential barrier in the bipolar layer bordering the plasma [11]. In gas 
dynamics, this process is represented by the axial-azimuth (� �

e s
x( ) ) and 

radial-azimuth � �
e s
r( )  components of the viscosity tensor.

2.2. Formation of equations set
A mathematical model of viscous momentum transport in a high-

frequency hollow cathode has been developed as a component of the 
first developed holistic plasma dynamic model based on the compromise 
kinetic-fluid method [12] using the boundary conditions for the transport 
of momentum and electron energy formulated in it in the presence of 
potential barriers in the bipolar layer boundary with the plasma.

The dependence of magnetic induction on time at the upper 
boundary of the plasma (Fig. 2) can be written as follows

B R B R ts I� � � � �sin ,� 	 (6)

where ωI – circular frequency of the inductor.

 
Fig. 2. Cathode cavity configuration

When moving deep into the plasma, the phase of oscillations shifts 
against (6):

B B t B ts I c I� �sin cos ;� � 	 (7)

E E t E ts I c I� � �� �sin cos ; 	 (8)

j j t j ts I c I� � �� �sin cos ; 	 (9)

V V t V te e s I ec I� � �� �sin cos . 	 (10)

Considering the axial projection 


B  and azimuth projections 


j  and 


A  as the main ones, it is possible to write:
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In this case at each point in the volume of the cavity:

1
r r

E r Bs I c
�
�
� � � �� , 	 (13)

1
r r

E r Bc I s
�
�
� � �� , 	 (14)

�
�

�
B
r

en V

c
s e e s

�0
2 , 	 (15)

�
�

�
B
r

en V

c
c e ec

�0
2 . 	 (16)

One can notice the in-phase change in the values of magnetic in-
duction and the azimuth projection of the electrons mass flux velocity.

3. Results and Discussions

3.1. The azimuth projection of electrons motion equation
The electrons motion equation can be written in the zero-mass 

approximation of the electron, preserving non-stationarity and mo-
mentum loss in collisions only for the azimuth projection
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Closing the system of equations requires approximate notations 
for the dissipative quantity π. Using expression results of  [11], it is 
possible to write
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where L – the length of the cathode cavity; �e
p� �  – effective coefficient 

of electrons momentum relaxation because of non-mirror reflection of 
potential barrier.

In this case, for the azimuth projection of the equation of mo-
tion (17) and for the pressure scalar equation
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where � e
tr
�
� �  – effective time of electrons momentum relaxation
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Substituting (8)–(14) into (19) allows to write:
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In writing the equation of the radial-azimuth component � �
e
r� �  of 

the viscosity tensor for an arbitrary point in the volume of the cavity,  
it is convenient to represent expressions (7), (10) as follows:
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3.2. Equation of radial-azimuth component of electrons viscos-
ity tensor

In this case, taking into account the pressure tensor equation in 
work [13] and the coincidence of the off-diagonal components of the 
pressure and viscosity tensors
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It is possible to obtain a solution to the system of equations (30), 
(33) in three extreme cases:
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It can be seen that in the case � �I e
d
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� � ��1  the quantity � �
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r� �  does 

not depend on any external factors, i.e. the trivial solution is � �
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For an arbitrary case, expressions (34)–(36) can be approximately 
combined into one
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In this case, the average over the half-period with fixed signs Veψ and 
B values � �
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r� � is equal to:
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which, when substituting equations (23)–(25), allows to write:
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3.3. Electrons energy equation compounds, which represent the 
input of viscosity into process of electrons thermalization

The average values over the period of the last two terms of the right-
hand side of the electron energy equation are then defined as
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With an error of no more than 1.5%, dependence (45) is approxi-
mated by the expression
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Expressions (34), (35) and (38) demonstrate a tendency to trans-
form the electron rotation into a "solid-state" one – Veψ ~ r, reducing the 
azimuth current at the periphery and increasing – in the middle part 
of the cavity. The depth of penetration of the magnetic field into the 
plasma increases in this case [14].

Expression (31) shows in the case of eB m V ra e ea� �0  a pos-
sibility of rotational-cyclotron resonance in the cylindrical layers in 
the cathode cavity.

Substituting expressions (44)–(46) into the electrons motion and 
energy equations allows to close the equation system of the mathemati-
cal model of processes in a high-frequency electron source. A promising 
future research opportunity is to analyze the parameters under which 
rotational-cyclotron resonance is possible.

The first-developed model of viscous momentum transfer in a high-
frequency hollow cathode presented in this paper is incorporated into 
a newly developed comprehensive mathematical model and used in 
calculations. The calculation results are presented in [15]. In particu-
lar, a comparison is provided between the calculated current-voltage 
characteristic and the one measured one during testing of the high-
frequency hollow cathode developed by the author (Fig. 3).

 
Fig. 3. Current-voltage characteristic of the cathode at a mass flow rate  

of 0.2 mg/s, RF power of 50 W, current in the external coil of 2.2 A

The experimental curve saturates at I ≈ 7 mA at a voltage of 50 V. 
In this vicinity, there is good agreement between the calculated and 
experimental results. The noticeable discrepancies at low and high 
voltages can be explained by the fact that the only empirical parameter 
in the calculations was the electron momentum relaxation coefficient 
from the potential barrier in the boundary layer.

The boundary layer depth typical for electric propulsion plasma is 
approximately 1 micron. A cube with the same side length contains no 
more than a dozen electrons, making it impossible to solve the problem 
of electron behavior in this layer using continuum mechanics. 

3.4. Discussion
The viscous transport of the azimuth projection of the electron 

momentum and the azimuth electron current in the radial direction 
into the cavity (represented by the radial-azimuth component of the 

viscosity tensor � �
e
r( ) ) increases the skin depth compared to the classi-

cal theory, in which viscosity is not taken into account and the current 
is caused only by scattering in the volume.

Expressions (30) and (31) demonstrate a negative feedback loop 
between � �

e
r( )  on the one hand and ∂ ∂r V rea( )  (the difference be-

tween the electron rotation and that of a solid) and eB m V ra e ea−  (the 
locking of electron motion across magnetic lines) on the other hand. 
That is, in the limiting case of viscosity, the locking effect disappears 
( )eB m V ra e ea� �0  and the decrease in electron current as it moves 
deeper into the channel becomes smoother (V reψ ~ ) than in classical 
skin layer theory.

In the absence of conditions of occurrence of Trivelpiece-Gould 
waves, and also ICR and ECR , the expression (31) demonstrates an 
opportunity of occurrence of rotation-cyclotron resonance at equality 
of amplitudes of electrons angular velocity and cyclotron frequency 
from a variable component of a magnetic field.

The originality of the model presented in this paper lies in its being 
an integral part of the only currently available comprehensive plasma dy-
namic model of processes in a high-frequency hollow cathode. The calcu-
lation results presented here demonstrate qualitative agreement with mea-
surements and can be used to predict operating parameters and narrow 
the range of parameters variations when developing laboratory models.

The limits and conditions of applicability of the model are deter-
mined by the specifics of the processes in electric propulsion devices, 
characterized by: 

–	 the small size of the device compared to the mean free paths 
relative to all collision processes and the cyclotron radii of ions;

–	 the smallness of the cyclotron radii of electrons compared to the 
size of the device.

Thus, there are limitations in the application of the model to high-
frequency ion-plasma technological devices; in some of them, the above 
conditions are not realized.

In future developments of high-frequency hollow cathodes, the 
values of this coefficient may be refined based on measurements in 
various operating modes.

4. Conclusions

1.	 The azimuth projection of the electron motion equation, taking 
into account the influence of a magnetic field on viscous momentum 
transport and viscous components of the electrons momentum flux 
density have been written, which permitted to analyze the viscous elec-
trons momentum transport deeper into cathode cavity.

2.	 The equation of radial-azimuth component of electrons viscos-
ity tensor has been written, which demonstrate the increase of skin layer 
depth comparatively with classic theory.

3.	 The expressions for electrons energy equation compounds, 
which represent the input of viscosity into process of electrons ther-
malization have been written, which allowed to close the mathemati-
cal model equations set. In the discharge current saturation region, in 
the anode circuit voltage range of 50–80 V, the difference between the 
calculated and measured current values does not exceed 3.5%. The 
noticeable difference in the low-voltage region is due to the transition 
process from the neutral to ionized states. In the high-voltage region, 
the superiority of the calculated current over the anode circuit current 
can be explained by its partial short-circuiting through the "vacuum 
chamber wall – voltage source" circuit. This drawback can be eliminated 
by increasing the size of the computational domain during simulation.
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