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DEVELOPMENT OF REGRESSION 

TECHNOLOGY FOR ASSESSING THE 

STATE OF SEMI-MARKOV SYSTEMS 

UNDER CONDITIONS OF A SMALL 

SAMPLE OF INITIAL DATA

The object of research is to assess the state of semi-Markov systems in conditions of a small sample of initial data.
This paper addresses the problem of assessing the state of a multi-element multifactorial stochastic object under conditions of a small 

sample of fuzzy initial data. Known methods for solving similar problems are ineffective in practical conditions of a small sample of 
initial data. A real possibility for identifying the relationship between explanatory and explained variables lies in the use of artificial 
orthogonalization of the results of a passive experiment. In this case, a full factorial experiment design is constructed, the most important 
property of which is orthogonality. This makes it possible to independently evaluate all the coefficients of the regression equation, which 
determine the degree of influence of factors and all their interactions on the value of the explained variable. This is achieved through 
the development of a technology for artificial orthogonalization of a passive experiment and a method for processing the resulting full 
factorial experiment design. The resulting heterogeneity of the full design is mitigated by finding a truncated representative orthogonal 
subdesign. The research resulted in a method that enables the calculation of all coefficients of the full regression equation with a small 
sample of initial data. This method provides a more accurate solution to the problem compared to known methods. The universality of 
the method lies in the fact that it is implemented in the same way for any set of objective functions. The ability of this method to over-
come the computational complexity arising from the large dimensionality of relevant problems allows it to be applied in a wide range 
of practical areas. The proposed methodology is illustrated step by step by solving an example.
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1. Introduction

A fundamental feature of mathematical models of real technical, 
economic, military, and other systems is that they are not Markov 
models. This means that the distribution laws for the random duration 
of their stay in each of the possible states can be arbitrary. Among the 
wide range of specific problems in the research of semi-Markov sys-
tems, the nontrivial task of assessing the influence of factors and their 
interactions on the state of a multifactor system occupies a special place.  
A rigorous mathematical methodology for solving such problems does 
not exist, although some significant results are known.

In particular, work [1] presents the results of research on optimiz-
ing RFSSW process parameters for AA2024-T3 alloy using analysis 
of variance (ANOVA), machine learning, and multicriteria optimiza-
tion. It is shown that the use of ANOVA allows for a quantitative as-
sessment of the influence of individual process factors on the process 
output characteristics and the identification of statistically significant 
parameters, while integration with the NSGA-II algorithm enables an 
effective search for trade-off solutions. However, issues related to the 
correct allocation of factor contributions in the presence of correla-
tions and complex nonlinear interactions, as well as the unambiguous 
interpretation of factor influences outside the scope of ANOVA, remain 
unresolved. Furthermore, implementing the method requires informa-

tion on the estimation errors of the controlled parameters. Obtaining 
this information is unattainable in practice.

The paper [2] provides an overview of modern mathematical meth-
ods for feature selection, including filtering, wrapper, and embedded 
methods, as well as approaches based on sensitivity analysis. It is shown 
that the use of variation-oriented methods, such as the sensitivity analy-
sis of variance (Sobol Indices), allows for a quantitative assessment of 
the contribution of factors and their interactions to response variation, 
even in nonlinear models. However, issues related to the computational 
complexity of such methods for a large number of factors, as well as 
the ambiguity in the distribution of contributions between correlated 
features, remain unresolved.

The paper [3] presents the research results of the statistical proper-
ties of the SHAP method and its relationship with Functional ANOVA 
Decomposition. It has been shown that the contribution of factors 
to the model can be represented as an orthogonal decomposition of 
the response function into components corresponding to individual 
factors and their interactions, which provides a theoretically sound 
interpretation of factor significance. However, issues related to the com-
putational complexity of calculating contributions for a large number 
of factors, as well as the ambiguity of the distribution of contributions 
under statistically dependent variables, remain unresolved. That is, for 
the correct implementation of the method, the controlled parameters 
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must be independent. Verifying the degree to which this requirement 
is met is impossible.

Among the issues arising when solving the problem of studying 
semi-Markov systems, a significant one is the problem of the high 
dimensionality of the observation space under conditions of a small 
sample of initial data. Various approaches to overcoming this difficulty 
are considered in the modern literature.

The paper [4] considers the problem of online diagnostics of hid-
den states using high-dimensional spectroscopic data. The authors 
note that the initial observation space contains a large number of in-
terconnected features, which significantly complicates the diagnosis 
of the system state. To overcome the dimensionality issue, latent factor 
decomposition is used. The original observation space is transformed 
into a latent low-dimensional representation reflecting the system’s 
key dynamic modes. This reduces computational complexity and im-
proves the robustness of state estimation. A limitation of this approach 
is the potential loss of informative local features during projection into 
the latent space. Furthermore, the quality of the diagnostics depends 
significantly on the correct choice of the latent factor structure and the 
number of hidden components. Insufficiently representative data can 
degrade the interpretability of the results.

In  [5], the authors study the problem of diagnosing the state of 
an HSMM under conditions of incomplete and multivariate obser-
vations. The authors propose using compressed sensing and sparse 
reconstruction as the primary mechanism for combating dimension-
ality. This approach is based on the assumption that the actual dynam-
ics of the system have a sparse structure and can be reconstructed 
from a limited number of observations. This significantly reduces the 
number of required measurements and decreases the computational 
complexity of diagnostics. A disadvantage of this method is its strong 
dependence on the sparsity hypothesis. If the actual data structure is 
not sparse, the quality of reconstruction and diagnostics deteriorates 
sharply. Furthermore, the compressed sensing method is sensitive 
to noise and requires solving computationally complex optimiza-
tion problems.

In  [6] devoted to diagnosing the degradation states of complex 
technical systems based on Hidden Semi-Markov Models. The 
authors demonstrate that an increase in the number of hidden states 
and diagnostic features leads to a rapid increase in the computational 
complexity of statistical inference procedures. Gibbs sampling, proba-
bilistic state aggregation, and hidden-state compression are used to 
reduce dimensionality and stabilize diagnostics. This approach ap-
proximates posterior distributions without explicitly calculating the 
full state space, reducing computational burden. Limitations of the 
method include the high computational complexity of Monte Carlo 
procedures, slow convergence of sampling algorithms, and sensitivity 
to the choice of state aggregation structure. Furthermore, probabilistic 
state space compression can lead to the loss of information about rare 
degradation modes.

Therefore, the problem of studying semi-Markov systems, which 
operational efficiency depends on a large number of factors and their 
interactions, remains relevant.

The object of this research is to assess the state of semi-Markov sys-
tems with a small sample of initial data.

The aim of research is to develop a mathematical framework for 
estimating the coefficients of a regression polynomial that relates the 
values of influencing factors and their interactions to the system state. 
To achieve this aim, the following objectives must be solved:

1) transform the results of a passive experiment to assess the sys-
tem’s state into an orthogonal design for a full factorial experiment;

2)  develop a method for selecting a representative truncated or-
thogonal subdesign from the full factorial experiment design, ensuring 
the determination of the significance level of the selected group of fac-
tors for assessing the system’s state.

2. Materials and Methods

Numerous problems of assessing and predicting the state of systems 
are solved using a specially developed response function. This function 
establishes the dependence of the system’s output variable on the values 
of the input variables that determine the mode, operating conditions, 
and values of the system’s controlled parameters. The set of possible 
factor values forms a factor space. A fairly common situation is when 
a multivariate regression polynomial is used to describe the response 
function [7–9]. The response function coefficient values are estimated 
using the least-squares method [10] using the measured factor values 
and the corresponding response function value in a set of experiments.

The following scientific methods were used in the research:
–	 the least-squares method;
–	 methods for solving Boolean mathematical programming 
problems.
The least-squares method was used to calculate the regression poly-

nomial coefficients.
The method of sequentially enumerating designs of the optimiza-

tion problem, improved at each step, results in a representative trun
cated orthogonal design. In the simplest special case, when the regres-
sion polynomial is linear, it takes the form

y a a x a xm m� � � �0 1 1 .. . 	 (1)

Let’s write the necessary relations for calculating the coefficients of 
the response function (1) in matrix form. For this purpose, it is possible 
to introduce the matrix H and the vectors A and Y:
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Next, it is possible to introduce the least-squares functional  [10]

J HA Y HA YT� � �( ) ( ), 	 (3)

minimizing it with respect to A yields the vector of estimates

A H H H YT T
 � �( ) .1 	 (4)

This relation can be obtained by differentiating (3) with respect 
to the vector A. To differentiate the scalar function (3) with respect to 
the vector A, it is possible to introduce the following useful technique. 
Using (3), it is possible to define an auxiliary scalar function
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Next, it is possible to find

d J H
dt t

d
dt

H A ht Y H A ht Y

d
dt

Y H A ht

T
( ) ( ) ( )

( )

�
� � ��� �� � ��� ��� ��

� � �

0

��� ��� � ��� ����

� � ��� ��� � ��� ����

T

T T T T T

Y H A ht

d
dt

Y A H h H t Y HA Hht

( )

�� ��� � � � �

� � �

d
dt

Y Y Y HA Y Hht A H Y A H HA

A H Hht h H Yt h H HAt

T T T T T T T

T T T T T T �� �� �
�

� � � �

h H Hht
t

Y Hh A H Hh h H Y h H HA

T T

T T T T T T T

2

0

.



INFORMATION AND CONTROL SYSTEMS:
SYSTEMS AND CONTROL PROCESSES

115TECHNOLOGY AUDIT AND PRODUCTION RESERVES — No. 3/2(89), 2026

ISSN-L 2664-9969; E-ISSN 2706-5448

Since Y Hh h H Y A H Hh h H HAT T T T T T T, , ,  are scalars, then h H Y Y HhT T T= 
h H Y Y HhT T T=  and h H HA A H HhT T T T= .  Then

dJ t
dt t

Y Hh A H Hh Y H A H H hT T T T T T( ) ( ) ( ) .
�

� � � � �
0

2 2

Thus, the desired derivative dJ A dA( )  is a matrix operator acting on h.
Therefore

dJ A
dA

Y H A H HT T T( ) ( ).� � �2 	 (5)

Equating this ratio to zero leads to an equation for A. So � � �Y H A H HT T T 0.  
� � �Y H A H HT T T 0. From this A H H Y HT T T= , or, transposing, H HA H YT T= , 

from which, it is possible to obtain the desired estimate for vector A

A H H H YT T� �( ) .1 	 (6)

The described technology is implemented in a standard manner and 
enables the analytical dependence of the response function values on the 
values of factors influencing the system’s state. It should be noted that the 
successful implementation of this technology depends significantly on the 
dimensionality of the response function, and in many practical problems, 
the corresponding complexity becomes difficult to overcome.

3. Results and Discussion

A possible method for solving these problems with a small sample 
of initial data is as follows.

For each factor of the regression polynomial, the boundaries of 
the range of possible values and their levels are determined. In the 
simplest case, there are two: lower and upper. For each factor, scaling is 
performed using the formula

x
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max min

According to this: x xj j
 min , max .�� �1 1

As a result, in all experiments, all factors will take on extreme 
values. Then, the design matrix, for example, in a three-factor two-level 
experiment, will have the form shown in Table 1.

Table 1

Design of a complete three-factor experiment

No. F F F1 2 3 F F2 3 F F1 3 F F1 2 F3 F2 F1 y

0 – + + + – – – y0

1 + + – – – – + y1

2 + – + – – + – y2

3 – – – + – + + y3

4 + – – + + – – y4

5 – – + – + – + y5

6 – + – – + + – y6

7 + + + + + + + y7

Let xej be the value of the j-th factor in the i-th experiment 
i N j m� � �0 1 1 1 2, , .., , , , .., .  Important properties of the resulting ex-
perimental design should be noted [11]:

1.	 Symmetry relative to the center of the experiment
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3.	 Rotatability – the accuracy of predicting the response func-
tion value at equal distances from the center of the experiment (0; 0)  
is the same.

4.	 Orthogonality of the column vectors of the design matrix .
This last property is crucial; it determines the potential feasibility 

of constructing an experimental design with a small sample of initial 
data. The orthogonality of the design matrix radically simplifies the 
procedure for calculating the coefficients of the regression polynomial. 
Taking (1) into account, the planning matrix is written column-wise
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Substituting (7) into (4) yields

A H H H Y H YT T
m

T

m

 � �

�

�

�
�
�
��

�

�

�
�
�
��

�

�

�
�( )

............
1

1

1
2

1 0
1

0 1

1
2 �� � ��

�

�

�
�
�
�
�

�

�

�
�
�
�
�

�1 1

0

1
1

0

11
2

1
2

H Y

x
x

x

Y

x Y
x YT

m

T

T

m
T

m

T

T

.... ....
xx Ym

T

�

�

�
�
�
�
�

�

�

�
�
�
�
�

. 	 (8)

Thus, the calculation relationship for calculating the coefficient aj 
of the regression polynomial (1) is
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An orthogonal design of a full n-factorial design in a 2m-dimension-
al factor space corresponds to 2m hypercube vertices. To implement the 
standard technology for finding the regression polynomial coefficients, 
it is necessary to conduct the appropriate number of experiments in 
each of the subspaces adjacent to the corresponding vertices of the  
m-dimensional hypercube. However, implementing such an active ex-
periment is not always feasible. In practice, to solve problems of assess-
ing the condition of objects during their operation, the results of passive 
experiments are used as available initial data. The main drawback of 
such experiments is the difficulty of achieving a satisfactory ratio be-
tween the number of polynomial coefficients and the number of experi-
ments. In a situation where the degrees of influence of factors x x xm1 2, , ..,  
and their interactions on the value of the output variable are not known 
in advance, the required excess of the number of experiments over the 
number of estimated polynomial parameters is practically impossible to 
achieve [12]. Potential improvements in this situation can be achieved 
in various ways [13].

The first approach is to calculate the correlation matrix between the 
polynomial parameters. If the correlation level for a given pair of factors 
is high, one of these factors can be discarded.

The second approach is as follows. The set of observed factor values 
is divided into two subsets corresponding to two different states of the 
object (H1, H2). The measured factor values in each subset are used to 
calculate histograms, followed by a smooth approximation. The result-
ing function f x( ) for each factor x is normalized using the formula

f x
f x

f x x

( )
( )

( )
.� �

� d
0

	 (10)

The function f x( )  has all the properties of a distribution density 
(it is non-negative and its integral is equal to 1).

Let densities f x Hj
( / )1  and f x Hj

( / )2  be defined for some xj, 
corresponding to the states H1 and H2 of the object. Then, the Kullback-
Leibler measure [14], calculated using the formula
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The shortcomings of measure (11) are obvious. First, the parameter 
τ can take values from the interval [ , ]0 ∞ , meaning this value of τ is not 
standardized, which reduces its informative value. However, a more 
important drawback is the second drawback: measure (11) is asym-
metric, meaning its value depends on the order in which the densities 
f x Hj
( / )1  and are f x Hj

( / )2  entered into formula (11). Moreover, to 
compare the informativeness of factors x1 and x2 to distinguish states H1 
and H2, any of the following options can be chosen:
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It is clear that the calculated values of τ11, τ12, τ21, τ22 can differ 
unpredictably, resulting in different estimates of the informativeness 
of factors x1 and x2.

A possible alternative measure of the informativeness of controlled 
factors when identifying states H1 and H2 is

� � � �
�

�
�

�

�1 1 2
0

1
2

f x H f x H x ( / ) ( / ) .d 	 (12)

The value of the measure ζ is zero if the densities do not intersect, 
i. e., f x H f x H x ( / ) ( / ) , [ ; ]1 2 0 0� � � � , and is equal to 1 if these densities 
coincide, i.  e., if f x H f x H x ( / ) ( / ), [ ; ].1 2 0� � �  Moreover, the value 
monotonically increases as the length of the interval of coincidence of 
the densities decreases.

Both of these approaches to assessing the informativeness of con-
trolled factors are appropriate; however, their results may not be suf-
ficient for correctly assessing the significance of factors remaining after 
screening out those with little informativeness.

Significantly more radical approaches to the problem of reducing 
the number of estimated coefficients of a regression polynomial involve 
using the results of active experiments, as follows.

Problem  1. A procedure for artificially orthogonalizing a passive 
experiment is therefore considered. First, the factor values measured 
during the passive experiment are scaled. Then, using (4), the coeffi-
cients A of the regression polynomial are calculated. The completeness 
of the vector in each specific case is determined by the ratio between 
the number of available experiments and the number of estimated 
parameters of the regression polynomial, which must be no less than 
the required number [15, 16]. The resulting regression polynomial is 
then used to calculate the estimated values of the response function 
at the points in the factor space corresponding to the vertices of the 
orthogonal hypercube. The set of these values determines the vector Y. 
This preparatory work enables the use of specific techniques for reduc-
ing the dimensionality of the problem, determined by the properties of 
orthogonal designs.

Problem 2. The simplest of these techniques involves using replicas 
of the full factorial design [16]. In this case, subdesigns containing only 
those experiments for which some factors or their combinations assume 
a fixed value are selected from the overall full design. For example, if 
in the experimental design matrix (Table 1) only those rows in which 
x2 = 1 are selected and the experiments for which x2 = –1 are deleted, 
the remaining truncated design will contain only four of the eight  
rows (numbered 2, 3, 6, 7). Therefore, such a design is called a semi-
replica. The remaining design will still be orthogonal, and relations (9) 
can be used to estimate the values of the regression polynomial. Using 
such an orthogonal design halves the number of experiments processed 
without reducing the number of estimated regression polynomial coef-
ficients. However, the fundamental design flaw of this method is the 
combination of the influence of certain factors and interactions. Indeed, 
let’s say, for example, a semi-replica is selected for which x2 = 1 for all ex-
periments. Multiplying both sides of this equation by x1 yields x1x2 = x2. 
This means that in all experiments in the remaining design, the values  
of x2 and x1x2 will be identical, and it is impossible to separate the in-
fluence of factor x2 and the pairwise interaction x1x2 on the outcome 
variable. Successively multiplying the equation x2 = 1 by x1x2, x1x3, and  
x2x3 yields the following equations: x2x3 = x3, x1x2 = x1, x1x2x3 = x1x3. 
Thus, the influence of factors is superimposed on the influence of inter-
actions. As the number of factors increases, the number of confounding 
influences of factors and their interactions rapidly increases, degrading 
the accuracy of the resulting regression polynomial.

Another drawback of the technology for processing measurement 
results using fractional replicas is the following. Each replica selects  
a subset of the entire set of experiments, depending on the specific 
factor (or their interaction) selected for subsequent selection of the 
design being processed. Moreover, the subset selected for processing 
may be unsuccessful due to the random nature of the distribution of 
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experiments in the observation space. The total number of ways in 
which a replica of granularity 2–K can be selected is equal to 2

2
Κ ΚC m . 

This number increases rapidly with an increase in the number of factors 
and the level of granularity. For example, if m = 8, K = 3, then it is equal 
to 2 2 103 3

256
7� � �C .  Clearly, enumerating all possible replicas to select 

the most representative one is not feasible in this case.
An alternative approach that radically improves the situation con-

sists of developing a method for constructing and using an orthogonal 
maximally representative replica-like design [17].

Let’s consider possible formulations of the criterion for the feasibil-
ity of selecting a truncated representative orthogonal subdesign from 
a full orthogonal design. The following notation is introduced: j – the 
hypercube vertex number, j = 1, 2, …, 2m; dj – the number of points in 
the subspace adjacent to the j-th vertex of the hypercube;

� j

j
M

� � �
1, if the -th vertex is selected,

"large number" , otherwise,
��
�
�

��

L d
j

m

j j1
1

�
�
� �  – the total number of points in the selected space;

L d
j j j2 �min ;�

L d mind
j j j j j j3 � �max .� �

The formulations of the subdesign formation options are as follows.
Option one: the selected set L1 contains the maximum number 

of points.
In this case, the optimal truncated subdesign corresponds to

L d j j
j

m

1
1

2

� �
�
� � max .

Option two: within the selected set of subspaces, the subspace with 
the minimum saturation in terms of the number of trials contains the 
maximum number of trials

L d
j j j2 � �min max .�

Option three: among the selected subspaces, the difference in satu-
ration level between the most and least saturated subspaces should be 
minimal. That is

L d d
j j j j j j j

j

m

3
1

2

� �� ��

�
��

�

�
���

�
�max min min.� � �

Obviously, other options for selecting a subdesign are also possible.
The meaning and computational procedure for implementing this 

method are most easily explained with a specific example. Let’s conduct 
a six-factor passive experiment, which is transformed into an active one 
using artificial orthogonalization, and thus obtain a hypercube with the 
number of vertices equal to 26 = 64. Now it is possible to formulate the 
problem of extracting from the obtained full-factorial experiment an 
orthogonal subdesign with the number of experiments corresponding 
to the fractional replica 1 4/ .  In this case, the number of experiments 
in such a design will be equal to 64 4 16/ .=  The entire set of factors is 
divided into three subsets A1, A2, A3 with a p m= =/3 2  factor in each. 
Further, for each index i, the set of combinations of factors from the 
subset Ai creates the set Ii, i = 1, 2, 3. Since the number of elements in 
each of the subsets Ai is two, the number of elements in each of the sets 
Ii is four, and the number of elements in the composition of I1, I2, I3,  
is 43 = 64. Thus, each specific combination of elements i I i I i I1 1 2 2 3 3∈ ∈ ∈, ,  
determines the corresponding specific combination of factor values, 
the number of which is 64, and the corresponding row in the design.  

Next, the indicator i1, i2, i3 is introduced, which is set to 1 if the row i1, 
i2, i3 is included in the design, and 0 otherwise.

Next, a system of Diophantine equations is formed:

x i I i I

x i I i I

x

i i i
i I

i i i
i I

i

1 2 3
1 1

1 2 3
2 2

1

1

2 2 3 3

1 1 3 3

� � �

� � �
�

�

�

�

, , ,

, , ,

11 2 3
3 3

1 1 1 2 2i i
i I

i I i I� � �
�
� , , . 	 (13)

A set of elements from a matrix x xi i i= { }
1 2 3

 with fixed values of two 
indices is called a one-dimensional section. If indices i2 and i3 are fixed, 
then the set { }xii i2 3

, i p= { , , .., }1 2 2  is called a row; if i1 and i3 are fixed, 
then the set is called a column { }xi ji1 3

; if i1 and i2 are fixed, then the 
set is called a column { }xi i k1 2

. A set of elements from x xi i i= { }
1 2 3

 with  
a fixed value of one element i1, i2, or i3 is called a two-dimensional sec-
tion, respectively – vertical, frontal, or horizontal.

The solution matrix of system of equations (13) has the property 
that in each of its one-dimensional sections only one element is equal 
to one, while the rest are equal to zero. Moreover, any solution to sys-
tem (13) determines a certain symmetric orthogonal truncated experi-
mental design [17]. This crucial circumstance determines the possibility 
of using the resulting truncated design of a full factorial experiment for 
independent estimation of all coefficients of the regression polynomial. 

To solve system of equations (13), all matrix elements { }xi i i1 2 3
 are 

numbered in order, with a specific matrix cross-section selected, for 
example, the horizontal cross-section. The result of this numbering is 
shown in Table 2.

Table 2

Horizontal cross-sections

Cross-section 1 Cross-section 2 Cross-section 3 Cross-section 4

13 14 15 16 29 30 31 32 45 46 47 48 61 62 63 64

9 10 11 12 25 26 27 28 41 42 43 44 57 58 59 60

5 6 7 8 21 22 23 24 37 38 39 40 53 54 55 56

1 2 3 4 17 18 19 20 33 34 35 36 49 50 51 52

Let’s assume that after performing the orthogonalization proce-
dure for a passive experiment, it is possible to obtain a distribution of 
the number of experiments across the regions (horizontal sections) of 
the factor space adjacent to the corresponding vertices of the resulting 
three-dimensional cube:

M M

M

1 2

3

3 9 2 8
6 2 6 4
8 2 5 4
3 9 3 8

3 9 2 8
9 2 8 8
1 3 7 9
6 6 8 4

7 9 8 6
8 7 2 7
3 9 7 8
8 6 9

= =

=

; ;

55

8 3 2 6
4 9 8 8
6 8 2 7
9 5 6 2

4; .M = 	 (14)

According to (13), a single element must be selected in each row 
and column of each horizontal section. These elements, taken together, 
define a truncated orthogonal design. The task is to select the best, 
most representative design from a set of possible designs. The level 
of representativeness of a design can be assessed in various ways. The 
simplest way is to determine it by the sum of the number of experiments 
included in the selected subregions. A simple calculation determines 
this sum for each section. In this case, it is possible to obtain n1 = 82, 
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n2 = 93, n3 = 109, n4 = 100. Thus, the natural rational order of solving 
the problem in descending order of the number of experiments for a set 
of horizontal sections is: M3, M4, M2, M1. Accordingly, the problem for 
matrix M3 is solved first. The number of experiments Ci i i1 2 3

 falling within 
the subdomain i i i1 2 3  is introduced. Now, for matrix

M3

7 9 8 6
8 7 2 7
3 9 7 8
8 6 9 5

=

the following problem is solved: find a set { },, ,xi i i1 2 3
 i i i3 1 21 1 2 3 4 1 3 4 4= = =, , , , , , , , , 

i i i3 1 21 1 2 3 4 1 3 4 4= = =, , , , , , , , ,  that maximizes

F C xi i
ii

i i�
��
�� 1 2

21
1 23

1

4

1

4

3

and satisfies the constraints:

x ii i
i

1 2
1

3 2
1

4

1 1 2 3 4� �
�
� , , , , ,

x ii i
i

1 2
2

3 1
1

4

1 1 2 3 4� �
�
� , , , , .

The formulated problem is the so-called "assignment problem", 
which is solved by a well-known algorithm  [17]. For matrix M3, this 
solution has the form

x3

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

= .

The problems for matrices M4, M2, M1 are solved next in turn. Now, 
since each column of the final matrix must contain only one 1 (con-
straints (13)), the columns in these matrices with the numbers (i1  = 1, 
i2 = 3), (i1 = 2, i2 = 1), (i1 = 3, i2 = 1), (i1 = 4, i2 = 3) must be prohibited 
from further selection. For this purpose, the corresponding elements in (14) 
are assigned a value equal to a large negative number in absolute value C.  
In this case, the corresponding matrices (14) are modified to the form:

M

C
C

C
C

M

C
C

C
C

M

C
C

C
C

2 4 1

8 2 6
9 8 8

6 8 2
9 5 2

3 2 8
2 8 8

1 3 7
6 6 4

7 2 8
2 6 4

8 2 5
3 9

= = =; ;

88

. 	 (15)

Solving the assignment problems for matrices M2, M4, M1 in  
a similar manner to the previous one, the corresponding solutions  
are obtained:

x x x2 4 1

0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

0 0 0 1
0 0 1 0
1 0 0 0
0 1 0 0

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0

= = =; ;

11

. 	 (16)

The resulting matrices x x x x1 2 3 4, , ,  uniquely define the truncated 
design by matching the positions of the selected elements of these ma-
trices with the row numbers in the full factorial design (Table 2). Thus, 
the matrices x x x x1 2 3 4, , ,  form a truncated orthogonal subdesign con-
taining the following rows of the full factorial design, numbered 4, 7, 
10, 13, 18, 21, 27, 32, 35, 40, 41, 46, 49, 54, 60, 63. A fragment of the full 
factorial design is described in Table 3, and a fragment of the truncated 
orthogonal subdesign in Table 4. The right column of Table 5 lists the 

numbers of experiments falling within each region, taken from (14) in 
the right column.

Table 3

Full six-factor experimental design (fragment)

Number of rows F6 F5 F4 F3 F2 F1 y

1 – – – – – – 3

2 – – – – – + 9

3 – – – – + – 3

4 – – – – + + 8

5 – – – + – – 8

6 – – – + – + 2

7 – – – + + – 5

8 – – – + + + 4

9 – – + – – – 6

10 – – + – – – 2

11 – – + – + – 6

12 – – + – + + 4

.. .. .. .. .. .. .. ..

18 – + – – – – 6

19 – + – – + – 8

20 – + – – – + 4

.. .. .. .. .. .. .. ..

58 + + + – – + 9

59 + + + – + – 8

60 + + + – + + 8

61 + + + + – – 8

62 + + + + – + 3

63 + + + + + – 2

64 + + + + + + 6

From this full factorial design, the resulting orthogonal subdesign 
is extracted.

Table 4

Truncated orthogonal experiment design

No. F6 F5 F4 F3 F2 F1 y

4 – – – – + + y4

7 – – – + + – y7

10 – – + – – + y10

13 – – + + – – y13

18 – + – – – + y18

21 – + – + – – y21

27 – + + – + – y27

32 – + + + + + y32

35 + – – – + – y35

40 + – – + + + y40

41 + – + – – – y41

46 + – + + – + y46

49 + + – – – – y49

54 + + – + – + y54

60 + + + – + + y60

63 + + + + + – y63

Table 4 contains the response function values corresponding to the 
selected rows of the resulting truncated design, forming the vector y01. 
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Below is a fragment of the factor interaction table, which includes all 
pairwise interactions of factor F1 with other factors, as well as one of the 
triple interactions (Table 5).

Table 5

Pairwise interaction design of factor F1 with other factors  

and one of the triple interactions

No. F1F2 F1F3 F1F4 F1F5 F1F6 F1F2F3

4 + – – – – –

7 – – + + + –

10 – – + – – +

13 + – – + + +

18 + – – + – +

21 – – + – + +

27 + + – – + +

32 – – + + – +

35 + + + + – +

40 – + – – + +

41 + + – + – –

46 + + + – + –

49 + + + – – –

54 – + – – + –

60 + – + + + –

63 – – – + – –

It is easy to see that the columns of this matrix are mutually or-
thogonal. This circumstance allows to use the significantly simpler 
relation  (9) instead of the general relation (3) when calculating the 
regression polynomial coefficients.

As a result of solving Problem 1, a standard procedure for trans-
forming the original passive experimental design into an orthogonal 
design was implemented. The most important advantage of this design 
is that it provides an extremely simple computational procedure for 
estimating the values of the regression polynomial coefficients.

As a result of solving Problem 2, a representative orthogonal subde-
sign for identifying the regression polynomial was obtained.

In interpreting the results, it should be noted that the proposed 
method allows to solve the problem in the unique situation where the 
number of experiments is smaller than the number of coefficients be-
ing estimated.

A distinctive feature of the proposed methods is that their struc-
tural, analytical, and software implementation are not significantly 
dependent on the problem dimension, transforming this factor from 
one that has a significant influence to one of second-order importance. 
Another important advantage of the proposed methods is that as the 
problem dimension increases, the number of options for selecting 
a truncated subdesign does not decrease, but rather increases, increas-
ing the potential effectiveness of the result.

Thus, the stated problem of developing a correct method for pro-
cessing passive experiment results with a small sample of initial data 
has been solved.

The practical significance of the obtained results lies in the devel-
opment of a universal computational technology for processing passive 
experiment results with a limited amount of initial data. The proposed 
approach enables the transformation of unstructured experimental 
observations into an orthogonal factorial design, followed by the extrac-
tion of a representative truncated subdesign suitable for independent 
estimation of regression polynomial coefficients.

This creates the possibility of quantitatively assessing the signifi-
cance of factors and their interactions without conducting expensive 
and difficult-to-implement active experiments. The method can be used 

in diagnosing the condition of technical objects, analyzing the operat-
ing modes of complex systems, and predicting equipment condition. 
An additional advantage is the reduced computational complexity of 
calculations due to the use of orthogonal structures, which is especially 
important for multivariate problems with a large number of factors.

A distinctive feature of the obtained results is the following: the 
proposed approach consists of a combination of two different methods 
of multivariate regression analysis.

The use of the proposed techniques allows to solve a relevant re-
gression analysis problem (statistical assessment of the state of semi-
Markov systems) under conditions of severe insufficiency of initial data.

The proposed technology overcomes the shortcomings of known 
approaches to solving similar problems, described in [1–6].

Limitations of the research: The proposed method is focused on 
cases where the studied dependence can be adequately approximated 
by a finite-order regression polynomial.

The effectiveness of constructing a truncated orthogonal subdesign 
also depends on the completeness of coverage of the factor space by 
the initial observations of the passive experiment. If the experimental 
data are concentrated only in a limited region of the factor space, the 
representativeness of the resulting subdesign decreases. The direction 
of further research is to extend the obtained results to the case where 
the initial data of a passive experiment are given by fuzzy numbers with 
known membership functions.

4. Conclusions

1.	 A technology for transforming the results of a passive experi-
ment into an orthogonal design for a full factorial experiment has been 
developed. It is implemented as follows. The variable space is scaled to 
the interval [–1, 1]. The initial space of the initial experiment is trans-
formed into an orthogonal hypercube with 2m vertices, where m is the 
number of problem factors. A truncated orthogonal representative 
subdesign is then extracted from this hypercube, used to calculate the 
coefficients of the regression polynomial. The proposed technology is 
universal and can be implemented uniformly regardless of the prob-
lem dimension, which determines its significant qualitative advantage.

2.	 A method for selecting a representative truncated orthogonal sub-
design from a full factorial experiment design has been developed. This 
method ensures the determination of the significance level of a selected 
group of factors for assessing the state of the system. A significant qualita-
tive advantage of the proposed method is the linear dependence of the 
complexity of the technology implementation on the problem dimension.
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