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Дослідження особливостей формування та 
властивостей покриттів заліза з тугоплавкими 
металами на сірому чавуні СЧ18

Досліджено особливості електроосадження багатокомпо-
нентних покриттів заліза з тугоплавкими металами (моліб-
деном і вольфрамом) із цитратних електролітів заліза(ІІІ) 
на підкладках із сірого чавуну. Показано, що вміст легуючих 
компонентів, їх розподіл по поверхні та морфологія покриттів 
залежать від режиму нанесення. Встановлено,  що функціо-
нальні властивості багатокомпонентних сплавів заліза (коро-
зійна стійкість, мікротвердість, зносостійкість) перевищують 
показники підкладки та визначаються складом тонкоплівкових 
матеріалів.

Ключові слова: покриття заліза, сірий чавун, тугоплавкі 
метали, електроосадження, електролітичний сплав, корозійна 
стійкість.
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Construction of mathematical 
model of dissolution process 
of solids under action of 
ultrasound

Показано результати напівнатурних випробувань при розчиненні твердих речовин в рідких 
розчинниках в умовах дії ультразвуку в рідкому середовищі та запропонована математична 
модель процесу. Виявлено появу знакозмінного тиску, течії, кавітації, що сприяють інтенсифі-
кації процесів масопереносу. Доведено, що швидкість розчинення твердих речовин залежить від 
інтенсивності, частоти та амплітуди ультразвукових коливань.

Ключові слова: розчинення, ультразвук, дифузія, масоперенос, інтенсифікація, кавітація, 
бульбашки, тверда гранула, швидкість.
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1. I ntroduction

Dissolution process of solids in liquid solvents are widely 
used in biotechnology and pharmaceutical industries to pre-
pare nutrient medium components, semi-finished products 
and auxiliary products at different stages of technological 
production of finished products.

Dissolution is considered as unauthorized diffusion ki-
nematic process that occurs in the collision of dissolved 
material and solvent [1]. Dissolution of insoluble sub-
stances in liquids is very long, labor-intensive and slow 
process [2, 3].

Analysis of dissolution process of solids in liquid sol-
vents can provide the following steps [4, 5]:

1.	 Contact of solid surface with a solvent, which is 
accompanied by wetting, adsorption and solvent penetra-
tion in the micropores of the particles of solids.

2.	 Solvent molecules interact with layers of material 
at the phase boundary. Solvation of molecules or ions 
and their separation from the phase boundary is observed 
during this process.

3.	 Solvated molecules and ions pass into the liquid phase.
4.	 Equalization of the solute concentration in all layers 

of solvent.
Duration of dissolution process generally depends on 

the rate of the individual stages. The second and third 
stages are determined mainly by chemical processes, and 
the first and fourth – by diffusion processes (mass transfer 
process). In practice, dissolution rate depends mainly on the 
rate of mass transfer processes during dissolution process.

The various methods are used to intensify the dis-
solution process:

1.	 Direct flow.
2.	 Dissolution in suspended state of the particles.
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3.	 Dissolution at rotary motion of the liquid.
4.	 Dissolution in a changing direction and flow rate of 

the liquid associated with inertia of the particles, such as:
–	 Dissolution using mechanical vibrations.
–	 Dissolution using electric spark in the liquid.
–	 Dissolution of the flow rate changes periodically.
One of the promising areas for intensification of dis-

solution process of solids in the liquid solvents are use 
of acoustic vibrations, or, as they are traditionally called, 
ultrasonic vibrations [6]. Ultrasonic vibrations have an 
influence on dissolution process through the frequency, 
intensity, velocity of acoustic vibrations, and promote the 
mass transfer process due to the emergence of cavitation 
and acoustic flows in the liquid. The choice of acoustic 
device for dissolution process of solids in liquid solvents 
and modes of its operation necessitates the study of the 
influence of ultrasound treatment factors by developing 
a mathematical model of the process [7, 8].

2. �T he object of research and its 
technological audit

The object of research is an influence of the ultrasound 
beam on the process, dissolution of solids in liquid sol-
vents and mass transfer of frequency, intensity, velocity 
of acoustic vibrations, cavitation and acoustic flows.

Dissolution process is considered for granules of soluble 
inorganic compounds, such as superphosphate and calcium 
carbonate, magnesium sulfate, calcium.

Disadvantages include long duration of dissolution pro-
cess, which only partially enhanced by mechanical stirring. 
And for dissolution, in terms of ultrasound, intensification 
is achieved only in conditions of the flows, cavitation, 
but also by changing the properties of water as a solvent.

3. T he aim and objectives of research

The aim of research is the development of a mathe
matical model of dissolution process of solids in liquid 
solvents under ultrasonic vibrations and determination of 
influence of frequency, intensity, acoustic vibrations rate, 
cavitation and acoustic flows on mass transfer process. This 
will help develop a methodology for calculating process 
equipment for dissolution of solids in liquid solvents in 
terms of the source of ultrasonic irradiation.

To achieve this aim it is necessary to perform the fol
lowing tasks:

1.	 Analyze the dissolution process of solids in liquid 
solvents in terms of ultrasound.

2.	 Find out what determines the dissolution rate of 
the granules in conditions of acoustic turbulence flow.

3.	 Find out what determines the dissolution rate of 
the granules in conditions of cavitation.

4. �R esearch of existing solutions of the 
problem

There are studies of the effectiveness of ultrasonic ir-
radiation frequency of 20 kHz to increase the mass transfer 
coefficient and dissolution of benzoic acid in water or in 
24 % aqueous solution of glycerol [9]. In [10] the influence 
of ultrasonic irradiation is studied at a frequency of 19 kHz  
and power of 475  W on solid dispersion and increase of 
the solubility of insoluble drugs in water. Reduction of 

ferric iron (Fe3+ to ferric iron (Fe2+) at zinc production is 
carried out using ultrasound. It is proved that mass trans-
fer coefficient is greatly increased under the influence of 
ultrasound in any media [11]. Salt secretion from building 
materials under ultrasonic irradiation is analyzed in [12].

Method using vibration machine for salt extraction in the 
water (72 hours) and the proposed method using ultrasound, 
which reduces this period to less than 1 hour are compared. 
Research of dissolution of cellulose components in ionic liquids  
under the influence of ultrasound is carried out in [13].  
Ultrasound power of 30 W reduced dissolution time from 
60 minutes to 20 minutes. An intensification of oil extrac-
tion process from process oilseeds under the influence of 
ultrasound is carried out in [14]. Solubility of oil in the 
solvent is increased using ultrasound. Ultrasound treatment 
of cellulose and starch is analyzed in [15]. It violates their 
structure to improve fermentation hydrolysis. According to 
data obtained in the work it is shown that fermentation is 
better and the final yield increases significantly.

Analysis of the literature shows that the generalized 
equation that describes the dissolution process for high 
rate of phase-boundary transition has the form [16]:

− = ⋅ −( )dm

d
F c c

τ
β * , 	 (1)

where m – weight of dissolved granule; F – surface of 
the granule; β – mass transfer coefficient; c* and c – 
concentrations of dissolved material in saturation state 
and in the solution, accordingly.

Mass transfer coefficient β depends on the thickness 
of the diffusion boundary layer, which in turn depends 
on the hydrodynamic boundary layer of liquid velocity 
at the surface of dissolved granule.

In general, the mass transfer coefficient is determined 
by the equation:

β
δ

=
D

.

Criterion equations are used to determine the mass trans-
fer coefficient. They take into account the properties of the 
solvent and hydrodynamic conditions during the process.

The next equation for dissolution processes of spherical 
granules under free convection is proposed in the litera-
ture [9]:

Nu Gr Pr* , * ,
,= ⋅( )0 6

0 25
	 (2)

where:
–	 Grashof number:

Gr
gd

=
3

2ν
ρ

ρ
Δ

;

–	 Diffusion Prandtl number:
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D

* ;=
ν

–	 Diffusion Nusselt number:
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d

D
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β
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Ultrasonic vibrations can intensify the mass transfer 
process due to the flow occurrence in stationary liquid 
and destruction of boundary layer near the surface of 
the dissolved granule.

Analysis of ultrasound influence on the liquid shows 
that periodical displacement of the particles and constant 
flows with different character and origin are observed in 
the acoustic flow.

Such flows are occurred in real viscous media as in 
free field and around the obstructions. Particular inte
rest in terms of the dissolution process has a character 
of interaction of viscous liquid with solid walls of the 
obstructions due to which tangential displacement rate of 
the particles in the medium (liquid layers) adjacent to the 
wall (obstruction surface) should be converted to zero. 
It is assumed that the thickness of the layer, in which 
this interaction occurs, has the order of the penetration 
depth of the shear waves in the liquid and the absorption 
coefficient of shear waves in the liquid αc is determined 
by the equation [17]:

α
ρ
ηc

c

W
=











0

1
2

2
. 	 (3)

The distance at which the wave damps that is the 
depth of its penetration is estimated by relation [17]:

Δ ≈ 





12
0

1
2η

ρ
c
W . 	 (4)

Turbulent flows that occur in a layer of Δ  thickness 
are observed mainly at low audio frequencies.

Ultrasonic fields are characterized by the flows that 
occur in a free ultrasound beam with high intensity, imple-
mented in the ultrasonic frequency range.

Flow is caused by irradiation pressure along the ultra
sonic beam associated with the power absorption of ultra
sonic waves by the medium.

Irradiation force on liquid volume unit (absorbing 
medium) along the direction of ultrasonic waves is de-
termined by the formula [17]:

F
d

dx
=

ω
. 	 (5)

This force causes a stationary flow, which rate can 
be calculated on the basis of hydrodynamic equations of 
motion for an ideal fluid. Let’s denote stationary acous-
tic flow rate as V0. Then the equation of motion for an 
ideal fluid [17]:

− = +
d

dx

dV

dt
V

dV

dx

ω
ρ ρ0

0
0

. 	 (6)

For fluid that is not compressed if:

ρ ρ= =0 const,  
dV

dt
0

0= . 	 (7)

The equation of motion takes the form:

− =
d

dx
V

dV

dx

ω
ρ0 0

0
. 	 (8)

Let’s integrate equation within: x  =  0 – emitter loca-
tion; x – current location.

Taking into account that at x  =  0 – ultrasonic wind 
rate is 0, let’s write energy conservation equation [2]:

ρ
ω ω0 0

2

2
0

V x
x

( )
( ) ( ).= − 	 (9)

Stationary acoustic flow rate on the basis of obtained 
equation is written as [17]:

V P xRt0
2 4= ⋅( )Δ η , 	 (10)

where Rt – radius of the beam tube; ΔP – pressure dif-
ference in points at a distance x, which is determined 
by the equation:

ΔP x e x= ( ) − ( ) = ( ) − ( )⋅ 
−ω ω ω ω α0 0 1 0 2 0 . 	 (11)

Given the connection of energy density and ultrasound 
intensity [17]:

V I R Cc0 0
2

0 02= ( )трα η , 	 (12)

where I0 – intensity of the ultrasound beam or ultrasound 
source; α 0 – amplitude absorption coefficient of ultrasound; 
C0 – speed of sound in the medium.

Ultrasonic influence are intensified mass transfer pro-
cesses in the boundary layer of granules at low frequencies 
and promoted mixing and averaging of dissolved material 
concentration in the liquid at high frequencies.

5. M ethods of research

The basis of the test bench is submersible unit of 
ultrasonic transducer УЗП-6-1 (Ukraine), which forms 
the ultrasound beam of 42  kHz frequency with a flat 
front.

Cylindrical plate with liquid is placed inside the water-
filled body of the test bench.

Research of dissolution process is carried out for or-
ganic salts in the field of ultrasonic cavitation on the 
test bench (Fig.  1,  2). 

The experimental setup in Fig. 1 consists of ultrasonic 
generator 1 and ultrasonic transducer 2. The ultrasonic 
transducer is submersible unit that is mounted in a con-
tainer 3 with a working fluid. Flask 5 is mounted on 
a support 4 (volume V  =  120  ml). Thermocouple 6 is 
measured the temperature.

The source of ultrasonic vibrations is low ultrasonic 
generator 1 (Fig. 2, a) with irradiation frequency of ultra
sonic vibrations 36  kHz, power 300  W and intensity of 
ultrasonic vibrations 1,65  W/cm3.

Ultrasonic transducer 2 (submersible unit) (Fig. 2, b) 
is made of stainless steel and consists of 6 ultrasonic 
transducers that convert electrical energy into ultrasonic 
vibrations. Submersible unit is connected to the ultra-
sonic generator 1 and installed in container 3 in a way 
that it is completely covered by the working fluid. This 
is due to the fact that ultrasonic vibrations are used 
in the processes associated with liquid reagents states, 
because only they have a specific process – ultrasonic 
cavitation, providing maximum power influence on dif-
ferent matters.
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100  ml of water is poured in the flask 5. Fill 1, 3, 
5, 10, 15 mg of inorganic salt, such as superphosphate. 
Switch the ultrasonic generator 1. Cavitation is occurred 
under the influence of ultrasonic vibrations in liquid, and 
as a result, dissolution of salts is accelerated and heat-
mass transfer process is intensified. During experimental 
studies determine the time during which there is dis-
solution of salt and change of solution temperature in 
the test volume.

6. R esearch results

Let’s consider the process of convective diffusion in 
terms of acoustic influence and occurrence of acoustic flows 
and microflows for dissolution of solids in the water. Solid 
particles have spherical granule shape. It is established 
that in acoustic field, acoustic flows (turbulent statio
nary flows) occur both in free space (in a non-uniform 
acoustic field), and close to various kinds of obstructions.

Analysis of mass transfer processes in terms of ultra-
sound treatment shows that the concentration equalization 
of dissolved material in the liquid is intensified under 
the influence of acoustic flows and microflows. In the 
boundary layer, near granules, reduction of mass transfer 
resistance is due to the occurrence of cavitation bubbles.

As shown in [18], 102…103 items/cm3 of cavitation bubbles 
are formed at advanced acoustic cavitation in water, and 
the average distance between the bubbles is defined by:

r
n0 1 3

3 1
1

10 10= = − −
 . 	 (13)

Reynolds number is within Re  =  0,1…1. So in case of 
cavitation, increase of the dissolution rate of fine particles 

is explained by periodic variable, in magnitude 
and direction of flows around the cavitation 
bubble.

Dissolution rate of solid granules in water 
in the face of acoustic flows depends on the 
ratio of the granules and the maximum tur-
bulence scale λ0, defined by the formula [18]:

λ
ρ ε0

3 4

3 4 1 4=
b

, 	 (14)

where b – acoustic viscosity that takes into 
account viscous energy losses and losses that 
are inherent to vibration media.

Acoustic viscosity is calculated using the 
formula [3]:

b
CP

= +
−

+ ′
3

4

1
η

g
χ η , 	 (15)

where η, η′ – shear and bulk viscosity; g  =

g = +
K

P R P

1
 – bulk modulus of elasticity of 

the liquid at atmospheric pressure within its 
internal pressure; Cp – heat capacity at con-
stant pressure; χ – heat conduction coefficient;  
ε – dissipation of energy in the medium is 
given by:

ε
λ

=
V

f

3

, 	 (16)

where V – liquid velocity in the acoustic flow, which 
can be defined by the formula (12); λ f –  flow scale;  
ρ –  liquid density.

The rate of dissolution of the granules in terms of 
acoustic turbulence flow for size dgr  >>  λ0 and dgr  <<  λ0 
without cavitation is determined by formulas [18]:

d
dm

d

r S U C

Prlim  λ
τ0 3 2=

⋅ max

* ,
Δ

	 (17)

d
dm

d
C D d Ulim gr λ

τ0
2 438= Δ , 	 (18)

where m – the mass of granule; r – resistance coefficient; 
S = πR2 – сross-sectional area of the granule; Pr D* = υ  –  
diffusion Prandtl number; D – diffusion coefficient; dgr = 2R –  
diameter of granule; ΔC  =  (c–c*)  – difference of concen-
trations; Umax and U – velocity and relative velocity of 
the liquid relative to the granule:

U
d

r
s gr

s
max ,=

−









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ρ ρ
ρ

ε
ρ

2 3 1 3

	 (19)

U ds gr= −( ) 




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2 3 3 2 0
3

5

1

4

ρ ρ ρ
ε
υ

/ . 	 (20)

Dissolution rate of the granules in cavitation conditions 
accompanying the laminar stationary flow of granules is 
determined by the formula [11]:

Fig. 1. Schematic diagram of the test bench: 1 – ultrasonic generator; 2 – ultrasonic 
transducer; 3 – container; 4 – support; 5 – flask; 6 – thermocouple

Fig. 2. Ultrasound device photo: a – ultrasonic generator; b – ultrasound  
transducer 2 (submersible unit)

а b
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dm

dt
D d Cgr= 3 3 1 3 2 3 1 3, .π υ Δ 	 (21)

Given that volume, cross-sectional area and mass of 
granule are determined by:

V
R

gr =
4

3

3π
, 	 (22)

S Rgr = π 2, 	 (23)

m
R

s=
4

3

3π
ρ . 	 (24)

Equation (19)–(21) will be written as:
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


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1 65
2 3 1 3

, .Δ 	 (27)

These equations can be used for theoretical research 
of dissolution processes of solids in liquid solvents under 
action of ultrasound and for design of new equipment for 
the preparation of solutions.

Equations (25)–(27) determine a change of granule 
radius during the dissolution that it is determined by the 
time and the conditions of the process. Because radius is  
a variable, the selection of equation for the calculation will 
be determined by the ratio of the radius and maximum 
turbulence scale λ0. This will get more accurate results, 
and choose the initial granule size to significantly reduce 
the time of dissolution, thus improving productivity of 
equipment.

The results of experimental studies, methods of proces
sing, comparison of research results with calculated results 
by equations (25)–(27) will be presented in subsequent 
studies of the authors.

7. S WOT analysis of research results

Strengths. Analysis of research results of mass transfer 
processes in terms of ultrasound treatment reveals the 
nature of the phenomenon under study, and shows that 
equalization of solute concentration in the liquid is intensi-
fied under the influence of acoustic flows and microflows. 
In the boundary layer, near granules, reduction of mass 
transfer resistance is due to the occurrence of cavitation 
bubbles. This phenomenon allows to intensify the dissolu-
tion process of solids in liquid solvents and reduce the 
time of dissolution of solid substances in liquid solvents 
under the action of ultrasonic irradiation.

Weaknesses. Multi-aggregate mechanical system under 
action of ultrasonic irradiation creates a complex and am-
biguous understanding of the dissolution process of solids 
in liquid solvents and at the same time there is a steady 
increase in temperature.

Opportunities. The mathematical model will enable use 
in conducting numerous studies as a basis of equipment 

calculation methods for dissolution process of granular 
material.

Threats. Properties of ultrasonic influence on liquid 
were effectively studied since the 90s of last century by 
German specialists (Hielscher – Ultraschall – Technolo-
gie) [19], namely, for purification, such as from oil. The 
specialists of «Alexandra-Plus», LTD (Russia) is studying 
the possibility of using ultrasound equipment for a wide 
range of applications in the food industry and medicine, 
and nuclear power engineering, metallurgy and municipal 
services. U-sonic company (Russia) supplies the Russian 
market by ultrasound equipment for the pharmaceutical 
and food industries from 2002.

Due to the fact that the direction of research is narrow, 
the above-mentioned foreign companies make Ukrainian 
enterprises uncompetitive.

8. C onclusions

1.	 Dissolution process of solids in liquid solvents under 
action of ultrasound is analyzed. The analysis shows that 
intensification is influenced by acoustic flows and micro-
flows and by the occurrence of cavitation bubbles. It is 
found that dissolution process under action of cavitation 
with decreasing particle diameter is most intensive.

2.	 It is established that dissolution rate of solid gra
nules in water in the face of acoustic flows depends on 
the ratio of the granules and the maximum turbulence 
scale.

3.	 It is established that dissolution rate of the granules 
in cavitation conditions accompanying the laminar statio
nary flow of granules depends on the diffusion coefficient 
and viscosity.

Research results will be useful for calculation of equip-
ment for manufacturing operations of preparation of solu-
tions in the biotechnological and pharmaceutical industries.
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Построение математической модели процесса 
растворения твердых веществ под действием 
ультразвука

Представлены результаты полунатурных испытаний при 
растворении твердых веществ в жидких растворителях в ус-
ловиях действия ультразвука в жидкой среде и предложена 
математическая модель процесса. Выявлено появление знако-
переменного давления, течения, кавитация, что способствуют 
интенсификации процессов массопереноса. Доказано, что ско-
рость растворения твердых веществ зависит от интенсивности, 
частоты и амплитуды ультразвуковых колебаний.

Ключевые слова: растворение, ультразвук, диффузия, мас-
соперенос, интенсификация, кавитация, пузырьки, твердая гра
нула, скорость.
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